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ABSTRACT

We study a class of smoothing filters for image denoising. Expressed

as matrices, these smoothing filters must be row normalized so that

each row sums to unity. Surprisingly, if one applies a column nor-

malization to the matrix before the row normalization, the denoising

quality can often be significantly improved. This column-row nor-

malization corresponds to one iteration of a symmetrization process

called the Sinkhorn-Knopp balancing algorithm. However, a com-

plete understanding of the performance gain phenomenon is lacking.

In this paper, we analyze the performance gain from a Gaussian

mixture model (GMM) perspective. We show that the symmetriza-

tion is equivalent to an expectation-maximization (EM) algorithm

for learning the GMM. Moreover, we make modifications to the

symmetrization procedure and present a new denoising algorithm.

Experimental results show that the new algorithm achieves compa-

rable denoising results to some state-of-the-art methods.

Index Terms— Non-local means, patch-based filtering, Gaus-

sian mixture model, Expectation-Maximization, doubly-stochastic

matrix, symmetric smoothing filter

1. INTRODUCTION

1.1. Motivation: A Surprising Observation

Consider a noisy observation y ∈ R
n of a clean image z ∈ R

n

corrupted by additive i.i.d. Gaussian noise. We like to denoise y

using a non-local weighted average method with the form

ẑ = D
−1

Wy, (1)

where W ∈ R
n×n is a matrix denoting the weights, and D

def
=

diag {W1} is a diagonal matrix for normalization so that each row

of D−1W sums to unity. We refer to W as the smoothing filter.

In general, the matrix D−1W described by (1) is equivalent

to a directed graph [1–3]. This notion of graph operation allows

one to link the smoothing filter to a number of existing denoising

methods, e.g., Gaussian filter [4], bilateral filter [5], non-local means

(NLM) [6], locally adaptive regression kernel (LARK) [7], etc. In-

terested readers can check [8] for a comprehensive discussion.

Now, consider a simple modification of (1) as follows:

ẑ = D
−1
r WD

−1
c y, (2)

where Dc
def
=diag

{
W T

1
}

is a diagonal matrix that normalizes the

columns of W , and Dr
def
= diag

{
WD−1

c 1
}

is a diagonal matrix

that normalizes the rows of WD−1
c . In other words, we modify

(1) by introducing a column normalization before applying the row

normalization. Surprisingly, the column-row normalization in (2),
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which is a simple modification of (1), improves the denoising quality

by some significant margin. Figure 1 shows some examples.

1.2. Sinkhorn-Knopp

To the best of our knowledge, the above performance gain phe-

nomenon was first observed and discussed by Milanfar in [9], where

it was shown that if we repeatedly apply the column-row normal-

ization we would obtain an iterative algorithm called the Sinkhorn-

Knopp balancing algorithm (See Algorithm 1.) The matrix com-

puted by Sinkhorn-Knopp is a doubly-stochastic matrix — a sym-

metric non-negative matrix with unit columns and rows (also called

a symmetric smoothing filter). Symmetric smoothing filters are ad-

missible [10] and are stable in the sense that all their eigenvalues are

bounded in the unit interval [11].

Algorithm 1 Sinkhorn-Knopp Balancing Algorithm

Input: W (0)

while ‖W (m+1) −W (m)‖F > tol do

Dc = diag
{
(W (m))T1

}
% Column Normalize

Dr = diag
{
W (m)D−1

c 1

}
% Row Normalize

W (m+1) = D−1
r W (m)D−1

c

end while

In order to explain the performance gain, Milanfar [9] showed

that symmetric smoothing filters often have higher “effective degrees

of freedom”, and so the reduction in the bias of ẑ is greater than the

gain in variance of ẑ. As a result, the overall mean squared error,

which is the sum of the bias and the variance, is reduced. However,

what is still unclear is a quantitative interpretation of this “effec-

tive degrees of freedom”. In particular, it would be useful if we can

understand what geometrical actions are being applied to the noisy

image by the column-row normalization.

1.3. Contributions

The goal of this paper is to provide an explanation to the perfor-

mance gain phenomenon. Our approach is to formulate the problem

using a Gaussian mixture model (GMM). The two main contribu-

tions of the paper are summarized as follows.

First, we generalize the symmetrization by reformulating the

denoising problem as seeking the cluster centers of a GMM. We

show that the original smoothing filter in (1), the One-step Sinkhorn-

Knopp in (2), and the full Sinkhorn-Knopp in Algorithm 1 are all

sub-routines of the Expectation-Maximization (EM) algorithm [12]

for learning the GMM. By showing that each of methods super-

sedes its previous counterpart, we explain the performance gain phe-

nomenon. (See Section 2.)



Image No. 1 2 3 4 5 6 7 8 9 10

D−1W 34.12 31.60 32.59 25.64 26.36 25.63 22.31 24.98 26.25 22.47

D−1
r WD−1

c 34.56 33.49 36.44 26.50 29.37 27.71 22.92 26.49 27.85 23.52

PSNR Improvement +0.44 +1.89 +3.85 +0.86 +3.01 +2.08 +0.61 +1.51 +1.60 +1.05

Fig. 1: [Top] 100 × 100 testing images. Each image is corrupted by i.i.d Gaussian noise of σ = 20/255. [Bottom] PSNR values of the

denoised image using D−1W and D−1
r WD−1

c .

Second, based on the GMM framework, we propose in Section 3

a new denoising algorithm called Gaussian Mixture Smoothing Fil-

ters (GMSF). We demonstrate in Section 4 that GMSF does not only

subsume a number of smoothing filters, but also has a performance

similar to several state-of-the-art denoising algorithms.

2. GENERALIZE SYMMETRIC SMOOTHING FILTERS

2.1. Notations

Throughout this paper, we use n to denote the number of pixels, and

k to denote the number of clusters of the GMM. We use the vector

xj ∈ R
2 to represent the two-dimensional spatial coordinate of the

jth pixel, the vector yj ∈ R
d to represent a d-dimensional patch

centered at the jth pixel of the noisy image, and the scalar yj ∈ R

to represent the value of the center pixel of jth patch. Without loss

of generality, we assume that all pixel intensity values have been

normalized to the range [0, 1]. Finally, we focus on smoothing filters

of the following form:

Wij = exp

{
−1

2
(pi − pj)

T
Σ

−1(pi − pj)

}
, (3)

where pi ∈ R
p denotes a p-dimensional feature vector of the ith

pixel of the noisy image, and Σ ∈ R
p×p is a positive definite matrix.

For example, in NLM [6], the feature vector and the matrix are

pi =

[
xi

yi

]
, and Σ =

[
h2
sI 0
0 h2

rI

]
def
= ΣNLM, (4)

respectively, where hs and hr are parameters.

2.2. EM Algorithm for GMM

In this paper we are interested in GMM with a known covariance

Σ = ΣNLM. Given a set of n data points p1, . . . ,pn ∈ R
p, we say

that {pj}nj=1 is generated from a GMM of k clusters if the distribu-

tion of pj is a linear combination of k Gaussian distributions with

means {µi}ki=1 ∈ R
p. Mathematically, the distribution is

f(pj |πi,µi,ΣNLM) =
k∑

i=1

πiN (pj |µi,ΣNLM). (5)

where πi is the weight of the ith Gaussian component, andN (p |µ,Σ)
denotes the Gaussian distribution with mean µ and covariance Σ.

Learning the GMM parameter (πi, µi) can be done using the

Algorithm 2 EM Algorithm for Learning GMM [12], with a known

covariance Σ.

Input: Data {pj}nj=1, number of clusters k, covariance Σ.

Output: Parameters {(πi,µi)}ki=1.

while not converge do

E-step: Compute, for i = 1, . . . , k and j = 1, . . . , n

γ
(m)
ij =

π
(m)
i N (pj |µ(m)

i ,Σ)
∑k

l=1 π
(m)
l N (pj |µ(m)

l ,Σ)
(6)

M-step: Compute, for i = 1, . . . , k

π
(m+1)
i =

1

n

n∑

j=1

γ
(m)
ij and µ

(m+1)
i =

∑n

j=1 γ
(m)
ij pj

∑n

j=1 γ
(m)
ij

(7)

Update Counter: m← m+ 1.

end while

Expectation-Maximization (EM) algorithm. EM algorithm is a well-

established technique so we shall not repeat here. Interested readers

can refer to [12] for detailed derivations. A summary of the EM

algorithm is shown in Algorithm 2.

The GMM returned by the EM algorithm is a clustering struc-

ture. In order to perform the actual denoising, it is important to spec-

ify a denoising procedure. To this end, we consider the following

optimization, of which the ith denoised pixel is:

ẑi = argmin
zi

n∑

j=1

γij(zi − yj)
2 =

∑n

j=1 γijyj∑n

j=1 γij
. (8)

Clearly, (8) coincides with (1) if we set γij = Wij using (3) and (4).

2.3. Generalization

We now discuss the generalization of the original filter in (1), the

One-step Sinkhorn-Knopp in (2), and the full Sinkhorn-Knopp in

Algorithm 1. A summary of our results is shown in Table 1.

A. Original Filter: We first study the original filter in (1). To estab-

lish its relationship with GMM, we initialize the EM algorithm with

π
(0)
i = 1/k, µ

(0)
i = pi, and initialize γ

(0)
ij as

γ
(0)
ij = π

(0)
i N (pj |µ(0)

i ,ΣNLM) =
1

k
N (pj |pi,ΣNLM). (9)



Table 1: Generalization and comparisons using EM algorithm for learning GMM with known Σ = ΣNLM.

Original One-step Full GMSF

NLM [6] Sinkhorn-Knopp [13] Sinkhorn-Knopp [14] (generalization)

No. Clusters k = n k = n k = n k < n
(cross-validation)

Initialization π
(0)
i 1/k 1/k 1/k 1/k

µ
(0)
i pi pi pi randomly picked pi

γ
(0)
ij π

(0)
i N (pj |µ(0)

i ,ΣNLM) × × ×
E-step Update γ

(m)
ij × X X (via β

(m)
ij ) X

M-step Update π
(m)
i × × × X

Update µ
(m)
i × × X (implicitly) X

No. Iterations 0 1 Many Many

Denoising ẑi

n∑

j=1
γ
(0)
ij

yj

n∑

j=1
γ
(0)
ij

n∑

j=1
γ
(0)
ij

yj

n∑

j=1
γ
(0)
ij

n∑

j=1
γ
(m+1)
ij

yj

n∑

j=1
γ
(m+1)
ij

Optimization Solution

Substituting (9) into (8), we observe that the denoised image of this

(zero-iteration) EM algorithm is

ẑi = argmin
zi

n∑

j=1

γ
(0)
ij (zi − yj)

2 =

∑n

j=1 Wijyj∑n

j=1 Wij

, (10)

which is exactly (1).

B. One-step Sinkhorn-Knopp: The column normalization of the

One-Step Sinkhorn-Knopp is

[WD
−1
c ]ij =

Wij∑k

i=1 Wij

=
N (pj |pi,ΣNLM)

∑k

i=1N (pj |pi,ΣNLM)
, (11)

which is equivalent to the E-step in (6) with the initializations π
(0)
i =

1/k and µ
(0)
i = pi. By defining γ

(0)
ij = [WD−1

c ]ij , the row nor-

malization becomes

[D−1
r WD

−1
c ]ij =

[WD−1
c ]ij∑n

j=1[WD−1
c ]ij

=
γ
(0)
ij

∑n

j=1 γ
(0)
ij

, (12)

which is equivalent to updating the mean in the M-step of (7).

By comparing (9) and (11), we note that the right hand side of

(11) is a legitimate probability whereas (9) is not. The probability

specifies the likelihood that pj belongs to the ith cluster with cluster

center µi. In other words, the underlying mechanism of the normal-

ization is a clustering process. Since the One-step Sinkhorn-Knopp

corresponds to a legitimate probability, the corresponding clustering

action is better defined than that of the original filter.

C. Full Sinkhorn-Knopp: The full Sinkhorn-Knopp is equivalent

to iteratively apply the steps

E-step: γ
(m)
ij =

β
(m)
ij

∑k

i=1 β
(m)
ij

, (13a)

M-step: β
(m+1)
ij =

γ
(m)
ij

∑n

j=1 γ
(m)
ij

, (13b)

with initializations µ
(0)
i = pi and β

(0)
ij = π

(0)
i N (pj |µ(0)

i ,ΣNLM),

and a fixed mixture weight π
(m)
i = 1/k for all iterations.

While the full Sinkhorn-Knopp is also a clustering process,

the EM steps defined by (13) do not correspond to a complete EM

algorithm. In particular, the mixture weights π
(m)
i are never up-

dated. This means that Sinkhorn-Knopp forces all mixtures to be

equally likely. Moreover, the M-step is only implicitly updated via

an intermediate parameter β
(m)
ij . If we compare (6) with (13a),

we see that β
(m)
ij is an approximation of the actual probability

π
(m)
i N (pj |µ(m)

i ,ΣNLM). The cluster center µ
(m+1)
i , which is

never explicitly calculated in (13), is

µ
(m+1)
i =

∑n

j=1 γ
(m)
ij pj

∑n

j=1 γ
(m)
ij

(a)
=

n∑

j=1

β
(m+1)
ij pj (14)

and it is not used to update γ
(m+1)
ij , where (a) follows from (13b).

Therefore, the EM steps are not completely utilized and so the effec-

tiveness of the algorithm is limited.

Since the full Sinkhorn-Knopp is not a complete EM algorithm,

one cannot guarantee a performance gain. In Figure 2 we show the

PSNR values of running the full Sinkhorn-Knopp for the images

shown in Figure 1. The result shows that having more Sinkhorn-

Knopp iterations does not always improve the PSNR.

3. GAUSSIAN MIXTURE SMOOTHING FILTER

Based on the above observations, it is natural to ask if we can im-

prove the denoising results by utilizing the full EM algorithm. In this

section, we present a new denoising algorithm called the Gaussian

Mixture Smoothing Filter (GMSF).

GMSF applies the complete EM algorithm to learn a GMM

with a known covariance. Once the GMM parameters (πi,µi) are

learned, we solve the following optimization:

ẑ = argmin
z

λ‖z − y‖2 +
n∑

j=1

k∑

i=1

γij

∥∥∥P jz − µ
(r)
i

∥∥∥
2

, (15)

where λ is a parameter, P j ∈ R
d×n is a patch-extract operator that

extracts the jth patch of the image, and µ
(r)
i is the intensity compo-

nent of the GMM cluster center µi

def
= [µ

(s)
i ; µ

(r)
i ]. (See definition

of pi in (4).) If we let λ = 0, µ
(r)
i = yi, and P j be an operator

that extracts the jth pixel of z, then we can show that (8) is a special

case of (15).
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Fig. 2: Extension of the experiment in Figure 1. The PSNR val-

ues does not always increase as more Sinkhorn-Knopp iterations are

used. The curves are averaged over 16 independent trials of different

noise realizations.

The optimization in (15) is closely related to the expected

patch log-likelihood (EPLL) framework [15]. Here, the first term

‖z − y‖2 is the data fidelity term that captures the deviation be-

tween the estimate z and the observed data y. The second term∑n

j=1

∑k

i=1 γij‖P jz − µ
(r)
i ‖2 is the prior distribution of the jth

patch P jz. In EPLL, the prior distribution of P jz is a Gaussian

mixture model learned from an external database, whereas the prior

distribution in (15) is

f(P jz) ∝ exp

{

−
k∑

i=1

γij‖P jz − µ
(r)
i ‖2

}

, (16)

where the parameters γij and µ
(r)
i are learned from the noisy image.

Intuitively, the prior in (16) measures the weighted distance between

P jz and all cluster centers {µ(r)
i }ki=1. Therefore, f(P jz) is small

if P jz is different from most of the cluster centers, i.e., P jz is a

rare patch.

The optimization in (15) is a quadratic problem, and so closed-

form solution exists. In particular, by considering the first order op-

timality condition we obtain a normal equation

(
n∑

j=1

P
T
j P j + λI

)

ẑ =

n∑

j=1

P
T
j wj + λy, (17)

of which the solution is the minimizer of (15). Here in (17), the

vector wj is defined as

wj
def
=

n∑

i=1

γijµ
(r)
i . (18)

As far as parameters are concerned, we note that (15) involves

two parameters: the regularization parameter λ and the number of

clusters k. In this paper, we use Stein’s Unbiased Risk Estimator

(SURE) [16, 17] to optimally determine λ, and a cross-validation

scheme to determine k. Due to space limit, we leave the details of

the parameter selection process to a follow up article.

4. EXPERIMENT

We compare GMSF with several denoising algorithms, including the

original NLM [6], One-step [13], BM3D [18], EPLL [15], Global

image denoising (GLIDE) [19], and SURE-let [20]. We note the

work of Luszczkiewicz-Piatek [21]. However, [21] is fundamentally

different from GMSF as it only uses GMM to model the 2D his-

togram of the chroma-channels of a color image.

For NLM and One-step, we implement the algorithm by setting

the patch size as 5 × 5 (i.e., d = 25). The parameters are hs =
10 and hr = σ

√
d. For BM3D, EPLL, GLIDE and SURE-let, we

downloaded the original MATLAB code from the authors’ websites.

We test the algorithms on 10 images previously used in [22].

The results are shown in Table 2, where we show the average PSNR

over 10 testing images. Comparing NLM and One-step Sinkhorn-

Knopp, we observe that GMSF yields a significantly higher PSNR,

indicating the effectiveness of the complete EM steps. GLIDE has

a full Sinkhorn-Knopp iteration in its algorithm. However, experi-

mental results show that GMSF achieves a higher PSNR. EPLL has

a better performance than GMSF. However, Table 3 shows that the

superiority of EPLL came from the external database. If we use the

noisy image for learning the GMM, GMSF achieves a better result.

Table 2: Average PSNR over 10 testing images of size 128× 128.

NLM 1-step Ours GLIDE BM3D EPLL SURE

σ [6] [13] [19] [18] [15] [20]

20 25.59 26.71 28.89 28.15 28.97 29.09 27.54

40 21.97 22.53 25.38 24.73 25.51 25.75 24.23

60 20.33 20.63 23.60 22.75 23.83 23.93 22.46

80 19.46 19.64 22.39 21.51 22.71 22.70 21.23

100 18.97 19.09 21.47 20.42 21.83 21.77 20.25

Table 3: EPLL with different datasets for learning the GMM:

“Noisy” – noisy image; “BM3D” – BM3D estimate; “Orale” – clean

image; “External” – external database. Testing image is “House”.

EPLL EPLL EPLL EPLL Ours

σ (Noisy) (BM3D) (Oracle) (External)

20 25.40 32.41 32.46 32.47 32.92

40 19.75 28.32 28.31 28.77 28.31

5. CONCLUSION

We studied the performance gain phenomenon of a symmetric

smoothing filter from a Gaussian mixture model (GMM) perspec-

tive. We show that the original NLM, the One-step Sinkhorn-Knopp

and the full Sinkhorn-Knopp are special cases of an EM algorithm

for learning a GMM.

We generalized our observations and proposed a new denoising

algorithm called the Gaussian Mixture Smoothing Filters (GMSF).

GMSF is a simple modification of the NLM optimization framework

by applying the complete EM algorithm. Our preliminary results

indicate that GMSF has a consistently better denoising result than

NLM, One-step Sinkhorn-Knopp and full Sinkhorn-Knopp. While

GMSF has slightly worse performance than state-of-the-art meth-

ods such as BM3D, its simple structure highlights the importance of

clustering in image denoising, which should be explored for future

research.
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