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ABSTRACT

Liquid crystal display (LCD) devices are well known to have slow re-
sponse due to the physical limitations of the liquid crystals. There-
fore, fast moving objects in a scene are often seen blurred on an LCD.
In order to reduce motion blur, an accurate LCD model and an effi-
cient deblurring algorithm are needed. However, existing LCD models
are inadequate to reflect the human eye tracking limitation. Also, the
spatial-temporal equivalence in LCD models is widely used but not
proven directly in the 2D discrete spatial domain. In this paper, we
study the human eye tracking limit by reviewing a number of papers
in the cognitive science literature. We provide both theoretical and
experimental arguments to support our findings. Also, we prove the
spatial-temporal equivalence rigourously and verify the results using
real video sequences.
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1. INTRODUCTION

Liquid crystal display (LCD) devices are well known to have slow re-
sponse due to the physical limitations of liquid crystals (LC). LC are
organic fluids that exhibit both liquid and crystalline like properties.
They do not emit light by themselves, but the polarization phase can be
changed by applying electric fields [1]. A common circuit used in LCD
to control the electric fields is known as the thin film transistor (TFT)
[2]. Although TFT responds quickly, it takes some time for the LC to
change its phase. This latency is known as the fall time if the signal
is changing from high to low or the rise time if the signal is changing
from low to high. Since the fall and rise time are not infinitesimal, the
step response of an LC exhibits a sample-hold characteristic.

Compared to LCD, traditional cathode ray tube (CRT) displays do
not have the sample-hold characteristic. When a phosphor is exposed
to electrons, it starts to emit light. As soon as the electrons leave, the
phosphor stops emitting light. The latency of a phosphor is typical
between 20µs to 50µs [2]. However, for a 60 frame per second video
sequence, the time interval between two frames is 16.67ms. Therefore,
the latency of a phosphor becomes negligible compared to the frame
interval.

There are a number of LCD motion blur reduction methods, such
as back light flashing [3], black frame insertion [4], full frame inser-
tion [5, 6], and motion compensated inverse filters (MCIF) [7, 8]. Be-
sides the methods, there are also efforts in exploring the motion blur
measurements, such as [9, 10]. Yet, most of these methods are based
on experimental results, in a sense that there are not many systematic
studies of the LCD model and analysis.
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1.1. Related works

Klompenhouwer and Velthoven [7] studied the LCD motion blur as a
combination of both LCD response and human visual system (HVS).
They derived an LCD model in the frequency domain. However, fre-
quency domain may not be the best domain to analyze motion blur be-
cause a video sequence is intrinsically a spatial-temporal volume [11].
It is more intuitive to study the motion blur in the spatial-temporal do-
main directly.

In [12], Pan, Feng and Daly showed a fundamental equation of LCD
motion blur (Equation (7) of [12]). However, a limitation of this equa-
tion is that the integration has to be performed in the temporal domain.
Because of this, the time step of the integration should be made small.
Otherwise, the integration cannot be approximated using a finite sum.
In order to make the time step small, we need to interpolate intermedi-
ate frames. However, temporal interpolation can be time consuming. If
the integration time step is 1/10 of the time interval of frames, then 10
intermediate frames are needed. Therefore, the simulation of motion
blur will be difficult unless there is an alternative method. As we will
show in Section II, an alternative method can be derived based on the
spatial-temporal equivalence.

Another limitation of Pan’s paper is that they implicitly assumed
that the human eyes are able to track objects perfectly. This is not true
in general because our eyes only have limited range of tracking speed.
This finding is reported by He et al [13]. However, He et al did not
explain the cause of such a limit. Also, they did not justify their MCIF
design from a human perceptual perspective.

The most relevant paper to our work is [14]. Klompenhouwer drew
a connection between the spatial and temporal aperture in a somewhat
different - and very elegant - manner. However, a precise numerical
approximation scheme for evaluating the continuous time integration
in the discrete spatial domain is not pursued. Also, Klompenhouwer’s
paper is focused on the unit step input signal (which is a 1D signal),
but the theory presented in this paper is focused on general 2D video
sequences.

1.2. Objectives

The purpose of this paper is to address the following questions: (1)
Why is it valid to model the LCD blur (temporal problem) as a spatial
average problem? (2) How to evaluate the LCD blur equation (Equa-
tion (7) of [12])? (3) How does eye tracking limit affect the LCD mo-
tion blur model?

The organization of the paper is as follows. In Section II we discuss
the LCD motion blur model and the main theorem about the spatial-
temporal equivalence. The eye tracking assumption will also be dis-
cussed in later parts of this section. In Section III, we show numerical
simulation results to verify the theoretical findings. Last, a conclusive
remark is given in Section IV.
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Fig. 1. Block diagram of the perception chain: Display device (CRT or LCD) and Human visual system (HVS)

2. LCD MOTION BLUR MODEL

2.1. LCD model

For completeness, we provide a brief introduction to the LCD motion
blur model. Most of the material presented in this subsection is due to
Pan, Feng and Daly [12]. We will emphasize a few implicit assump-
tions made in [12].

When an image is displayed on an LCD, the image is first distorted
by the sample-hold characteristics of the LCD. Then the human visual
system (HVS), which consists of eye tracking and a low pass filter-
ing mechanism, will further distort the observed image. This chain of
processes can be seen in Fig. 1.

Let Ic(x, y, t) be a frame sampled at time t and suppose Ic(x, y, t)
has a motion vector (vx, vy). Let hD(t) be the step response of the
display, where the subscript D can either be CRT or LCD. By Pan,
Feng and Daly [12], the image shown on the display is

Is(x, y, t) =

∫

∞

−∞

hD(τ )Ic(x+vx(t−τ ), y+vy(t−τ ), t−τ )dτ. (1)

An implicit assumption used in [12] is that the human eye tracking
system is perfect, meaning that the eyeball is able to capture any motion
at any speed. Based on this, the motion compensated image (formed
on the retina) becomes

Im(x, y, t) = Is(x− vxt, y − vyt, t) [perfect motion tracking]

=

∫

∞

−∞

hD(τ )Ic(x− vxτ, y − vyτ, t− τ )dτ. (2)

Now assume that there is no low pass filtering of the HVS, then the
observed signal becomes

Io(x, y, y) =

∫

∞

−∞

hD(τ )Ic(x− vxτ, y − vyτ, t− τ )dτ. (3)

If the step response of LCD are given by a boxcar signal, that is
hLCD(t) = 1/T for 0 ≤ t ≤ T and = 0 for otherwise, then the image
shown by an LCD is

ILCD
o (x, y, t) =

1

T

∫ T

0

Ic(x− vxτ, y − vyτ, t− τ )dτ. (4)

The integral (4) can be evaluated by integrating over time 0 ≤ t ≤
T . However, for a digital video sequence the signal Ic(x − vxτ, y −
vyτ, t− τ ) is available only for a few instants tk, where k = 1, 2, · · · .
Therefore, it is never possible to compute the integral exactly. In the
following subsections, we will discuss a numerical method that ap-
proximates the temporal integration accurately. But before we do so,
we would like to provide some intuitive arguments to the readers.

Fig. 2 shows a sequence of the sampled images from a video. When
integrating (4), we are essentially taking average over the pixel val-
ues at a fixed position but different time instants. Since all frames are
identical to each other (assume perfectly motion compensated), we can
approximate the average over different time instants as a spatial aver-
age over the pixel’s neighborhoods. In this sense we can transform the
temporal average into a spatial average problem.

Fig. 2. Illustration of integrating (4) - we first fix a position (x0, y0)
and consider the pixel values at different times t = 0, . . . , 3. The av-
erage is taken over the time, so it is the average across the four marked
pixels on the right hand side. But since these four frames are identi-
cal to each other (after a motion compensation), the temporal average
value is the same as the spatial average value.

2.2. Evaluating the Integral

Definition 1. Given the velocities (vx, vy) and decay time T , and let

K ≫ max{vxT, vyT} be a very large displacement made by vx and

vy in time T , and K should be a common multiple of vxT and vyT ,

we define two sequences

Sx =

{

k, s.t.
kvxT

K
is an integer, where k is an integer.

}

Sy =

{

k, s.t.
kvyT

K
is an integer, where k is an integer.

}

Define S = Sort{Sx,Sy} = {k, s.t. k is taken from

Sx and Sy and k is sorted in an acending order}.
Define the weights h(i, j) using the following algorithm:

For a given k > 0,

• If sk ∈ Sx, then i← i+ 1, and h(i, j) = (sk − sk−1)/K,

• If sk ∈ Sy, then j ← j + 1, and h(i, j) = (sk − sk−1)/K,

• h(0, 0) = s1.

Theorem 1. Let T be the hold time of an LCD. Assume that

Ic(x, y, t) ≈ Ic(x, y, t + δt) for δt < T . Let K ≫ max{vxT, vyT}
be an integer multiple of vxT and vyT . Let M and N be the largest

integer smaller than vxT
K−1

K
and vyT

K−1

K
respectively. That is

M =

⌊

vxT
K − 1

K

⌋

and N =

⌊

vyT
K − 1

K

⌋

,

where ⌊·⌋ is the floor operator. Then the integral (4) can be evaluated
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as

ILCD
o (x, y, t) =

1

T

∫ T

0

Ic(x− vxτ, y − vyτ, t− τ )dτ

≈
M
∑

i=0

N
∑

j=0

Ic(x− i, y − j, t)h(i, j), (5)

where h(i, j) is defined in Definition 1.

Proof. We first explain the assumption that Ic(x, y, t) ≈ Ic(x, y, t +
δt) if δt < T . Digital video is a sequence of temporally sam-
pled images of a continuous scene. Unless the scene contains ex-
tremely high frequency components such as a checkerboard pattern,
typically the correlation between frames is high. Since no intermedi-
ate image is captured between two consecutive frames, we assume that
Ic(x, y, t) ≈ Ic(x, y, t + δt) if δt < T . Other assumptions about
the intermediate images are also possible, such as a linear translation
from frame Ic(x, y, t) to Ic(x, y, t + T ). For simplicity we assume
that Ic(x, y, t) holds until the next sample arrives.

Using this assumption we have

ILCD
o (x, y, t) =

1

T

∫ T

0

Ic(x− vxτ, y − vyτ, t− τ )dτ

≈
1

T

∫ T

0

Ic(x− vxτ, y − vyτ, t)dτ. (6)

Let K ≫ max{vxT, vyT} be an integer multiple of vxT and vyT .
Also let the finite difference interval ∆τ = T

K
. Then the integral in (6)

can be approximated by finite sum

ILCD
o (x, y, t) ≈

1

T

∫ T

0

Ic(x− vxτ, y − vyτ, t)dτ

≈
1

T

K−1
∑

k=0

Ic(x− vxk∆τ, y − vyk∆τ, t)∆τ

=
1

K

K−1
∑

k=0

Ic

(

x− k
vxT

K
, y − k

vyT

K
, t

)

. (7)

Now assume that Ic(x, y, t) is a digital image at a particular time
t. Since the image is composed of a finite number of pixels and each
pixel has a finite size, we have Ic(x, y, t) = Ic(x + ∆x, y + ∆y, t)
if |∆x| < 1 and |∆y| < 1. Therefore, the above sum can be broken
into a few groups, and within each group the values are identical. By
considering Sx, Sy and S = {s1, s2, . . .} as in Definition 1, we have

ILCD
o (x, y, t) =

1

K

K−1
∑

k=0

Ic

(

x− k
vxT

K
, y − k

vyT

K
, t

)

=
1

K

K−1
∑

k=0

Ic

(

x−

⌊

k
vxT

K

⌋

, y −

⌊

k
vyT

K

⌋

, t

)

=
1

K

[

s1−1
∑

k=0

Ic(x, y, t) +

s2−1
∑

k=s1

Ic(x− i1, y − j1, t) + . . .

+

K−1
∑

k=sP

Ic(x− iN , y − jN , t)
]

,

where (ik, jk) are indices whose increment is determined by finding
out whether sk is in Sx or Sy (see Definition 1).

Using the definition of h(i, j) in Definition 1, we can further sim-
plify the above expression as

ILCD
o (x, y, t)

≈
1

K

[

s1−1
∑

k=0

Ic(x, y, t) +

s2−1
∑

k=s1

Ic(x− i1, y − j1, t) + . . .

+

K−1
∑

k=sN

Ic(x− iN , y − jN , t)
]

,

=
M
∑

i=0

N
∑

j=0

Ic(x− i, y − j, t)h(i, j),

where M =
⌊

vxT
K−1

K

⌋

and N =
⌊

vyT
K−1

K

⌋

.

As we explained before, the importance of Theorem 1 is that the
temporal problem is transformed into a spatial problem. Therefore,
the temporal motion blur can now be treated as spatial blur problem.

2.3. Example

To illustrate the meaning of the parameters in the theorem, we show
an example. Suppose an image is subejcted to a diagonal motion of
vx = 180 pixel/sec and vy = 180 pixel/sec. The video is playing at
60 fps and so T = 1/60 sec. Since max{vxT, vyT} = 3, we may
define K = 6 (K can be any integer multiple of max{vxT, vyT}).
Let k = 0, 1, 2, 3, 4, 5, then i = 0, 1, 2 and j = 0, 1, 2, M = 2 and
N = 2.

We define Sx = {0, 2, 4, 6} and Sy = {0, 2, 4, 6}. Concatenate
and sort Sx and Sy we have S = {0, 2, 4, 6}. Therefore, we have

• h(0, 0) = (2− 0)/6 = 1/3,

• h(1, 1) = (4− 2)/6 = 1/3,

• h(2, 2) = (6− 4)/6 = 1/3,

and h(i, j) = 0 for otherwise.

2.4. Discussion

Before we proceed further we would like to point out a few interesting
observations.

First, in coherence to what we discussed before the derivation, the
above model shows that the perceived LCD blur is a temporal average,
but it can be approximated by a spatial average.

Second, the skewness of h(i, j) is determined by the direction of
the motion. If vx = vy (as in our example), then h(i, j) becomes diag-
onal; If vx = 0, then h(i, j) becomes vertical; If vy = 0, then h(i, j)
becomes horizontal. In these three special cases, all the non-zero en-
tries of h(i, j) are identical because the points are sampled uniformly
on the Cartesian grid. But if the direction is not horizontal, vertical or
diagonal, then entries of h(i, j) cannot be identical. A point closer to
the line segment is larger than if it is farther from the line segment.

Third, magnitude of the motion determines the length of the filter
h(i, j), hence the blurriness of the perceived image. If there is no
motion, then h(i, j) = 1 and so there will be no blur. However, if the
motion is large, then h(i, j) will be long and so the averaging effect
will be strong.

Fourth, compared to a 60Hz LCD monitor, a 240Hz LCD monitor
shows better perceptual quality because it refreshes 4 times faster than
a 60Hz monitor. This effect can be reflected by reducing the hold time
T and hence the length of the filter h(i, j).
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2.5. Eye Tracking

In the above derivation, it was assumed that the eye tracking is perfect,
meaning that the eye is able to track at any speed. However, this is not
valid. In [13], He et at demonstrated that by truncating the FIR filter
of motion blur to its first zero, the MCIF gives the better results than
without truncating. Therefore, limiting the eye tracking speed should
improve the modeling. We now point out some papers in cognitive
science literature that justifies this finding.

1. Westerink and Teunissen [15] conducted two experiments about
the relation between perceptual sharpness and the picture speed.
In their first experiment, they asked the viewers to track a mov-
ing image with their heads stay at a fixed position (referred to
as the fixation condition). The conclusion is that the perceived
sharpness drops to a minimum score when picture speed is be-
yond 5 deg/s.

2. Bonse [16] studied a mathematical model for temporal subsam-
pling. They mentioned that there is a maximum eye tracking
velocity of 5 to 50 deg/s, which had been experimentally justi-
fied by Miller and Ludvigh [17].

3. Glenn and Glenn [18] studied the discrimination of human eyes
on televised moving images of high resolution (300-line) and
low resolution (150-line). Their results showed that it is harder
for human eye to discriminate high resolution from low resolu-
tion images if the speed increases.

The conclusion of these findings is that when picture motion in-
creases, the perceptual sharpness decreases. In some experiments, the
maximum picture speed is found to be 5 deg/s for fixation condition.
Beyond this threshold, our eyes are unable to capture visual content
from the image.

The maximum tracking speed implies that the LCD model has to be
written as

Im(x, y, t) = Is(x− uxt, y − uyt, t)

=

∫ T

0

hD(τ )Ic(x− vxτ − (ux − vx)t, . . .

. . . y − vyτ − (ux − vx)t, t− τ )dτ. (8)

where ux and uy are the eye tracking speed. If the picture speed is low,
then our eyes are able to capture the visual content, and hence ux = vx
and uy = vy . However, if the picture speed is beyond the threshold,
then the difference (ux − vx)τ accounts for the images that we cannot
see.

The consequence of the maximum eye tracking speed is the maxi-
mum size of h(i, j). One of the main applications for LCD modeling is
to design inverse filters to compensate the motion blur, such as [7], [19]
and [20]. Since h(i, j) can be regarded as a low pass filter, the inverse
filter of h(i, j) must be a high pass filter. If the motion is large, then the
frequency bandwidth of h(i, j) is narrow and hence the inverse filter
can be unstable. Since eyes cannot track a fast moving object anyway,
it is not reasonable to model a long h(i, j) and inverse filter the image.
Instead, it is more appropriate to limit the span of h(i, j) as

h(i, j) =

{

h(i, j), if i ≤ L and j ≤ L,

0 else ,

where L is the maximum length of the line segment, and is a constant
depending on the particular display system.

2.6. Numerical Implementation of Theorem 1

Algorithm 1 is a pseudocode for numerically implementing Theo-
rem 1. The algorithm consists of four steps. In the first step, motion

Algorithm 1 Compute h(i, j) and ILCD
o (x, y, t)

Fix a time instant t, and LCD decay time T .
Step 1: Use motion estimation algorithm to detect (vx, vy).
Step 2: Define weights h(i, j) according to Definition 1.
Step 3: Set h(i, j) = 0, if i > L or j > L for some L.
Step 4: Compute ILCD

o (x, y, t) using via discrete convolution in
Equation (5).

vectors have to be computed. This can be done via any motion estima-
tion algorithms available in the literature, for example full search, three
step search [21], directional methods [22], or hybrid methods [23]. The
second step is to define the blur kernel h(i, j) according to definition
(1), based on the motion vector information. Note that each h(i, j)
is only defined locally, meaning that one motion vector defines one
h(i, j). So a motion vector field corresponds to a collection of h(i, j).
In step 3, h(i, j) is limited to a finite length and width for modeling the
eye tracking property. Last, the output can be computed via a discrete
convolution shown in Equation (5).

3. EXPERIMENTS

3.1. Comparison between Spatial and Temporal Integration

To verify Theorem 1, we compare the simulated motion blur using the
temporal integration (Equation (4)) and spatial integration (Equation
(5)). To correlate these simulation results to experiments, we refer
to [24], where the authors experimentally demonstrated the spatial-
temporal equivalence for black-and-white bars.

Fig. 3 shows four simulation results 1. For each video sequence,
two consecutive frames are collected, and the relative motion is com-
puted using a full search algorithm [21]. 10 motion compensated
frames are inserted via standard H.264 MC algorithm. This is to simu-
late a continuous time signal. The temporal integration is calculated as
the average of the 10 motion compensated frames, and they are shown
in the third row of Fig. 3. On the other hand, the spatial integration
is calculated using Theorem 1, where h(i, j) are determined from the
given motion vector information.

To measure the discrepancy of spatial integration to the temporal
integration, a PSNR value is computed for each of the sample image.
As shown, on average the PSNR is higher than 40dB, which implies a
small difference between the two images.

Image Size Maximum MV PSNR

A 200× 200 4.35 42.45dB

B 640× 480 3.71 41.34dB

C 320× 240 7.23 41.10dB

D 300× 600 10 40.81dB

Table 1. Comparison between spatial integration and temporal inte-
gration. Maximum MV refers to the maximum motion vector in the
image. PSNR is computes as the difference from the spatial integra-
tion to the temporal integration.

3.2. Maximum Length L

As we discussed in Section II, the point spread function cannot be in-
finitely long, and so there is an upper limit to the length of h(i, j).
In this experiment, we try to determine this upper limit from a human
subjective perspective.

1Results are available online at http://videoprocessing.ucsd.
edu/˜stanleychan
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A B C D

Fig. 3. Simulation results of spatial and temporal integration. Top row: original input image; middle row: simulated blur using spatial integration;
bottom row: simulated blur using temporal integration.

There are three video sequences in this experiment. Given an es-
timate of the point spread function using Algorithm 1, we truncate it
using different length L. Then following the procedure suggested in
[20], inversely synthesized signals can be generated. Here the conju-
gate gradient problem is solved using a damped LSQR [25] with damp-
ing constant λ = 10−1. Maximum number of iteration is set to be 100,
and tolerance level is set to be 10−6.

Fig. 4 shows a few cases of setting different maximum length L.
When L increases, it can be observed that more artifacts is introduced.
To measure these artifacts, we calculate the average total variation met-
ric around neighborhood pixels:

e =
( 1

MN

∑

i,j

|X(i+ 1, j) −X(i, j)|2

+ |X(i, j + 1)−X(i, j)|2
)1/2

. (9)

The value of e for the images shown in Fig. 4 is listed in Table 2.

Video 1 Video 2 Video 3
L Shield Stockholm Black White

1 0.0465 0.0546 0.0478
2 0.0589 0.0764 0.0504
3 0.0655 0.0895 0.0533
4 0.0896 0.1205 0.0608
5 0.1010 0.1279 0.0581
6 0.1146 0.1412 0.0620

Table 2. Average total variation error around adjacent pixels increases
when maximum length L increases.

The maximum length L is determined by a human visual subjective
test. The testing procedure follows ITU-R BT. 1082, Section 8 [26].
18 human viewers were invited to the experiment. For each of the
three video sequences, there are six levels of the maximum lengths
(L = 1, . . . , 6). L = 1 means h(i, j) has length of 1, which in turn
implies no processing. L = 6 means h(i, j) is at most length 6, and so

Subjective Test to determine optimal L
Video 1 Video 2 Video 3
Shield Stockholm Black White

mean 4.19 3.89 3.39

std 0.67 0.65 0.90

Table 3. The subjective tests to determine the optimal length L.

there are substantial processing. Each time the viewer will be presented
a reference and a processed video sequence simultaneously. They were
asked to tell whether the processed one shows any distracting artifacts.
If they replied not, then L will be increased until the level such that
noise are appealing. The videos are played on a PC with 2.8GHz CPU,
8GB DDR2 RAM, ATI Radeon 2600 XT 512MB video card. The
video sequences are uncompressed, 60 frames per second.

The mean and variance of the best L determined by the subjective
test is shown in Table 3. It can be observed that on average L = 4 is
the optimal length. It is also interesting to point out that some viewers
report the video sharpest at the optimal length.

4. CONCLUSION

This paper has two contributions. First, we proved the equivalence
between temporal and spatial integration. The equivalence allows us
to simulate the LCD blur efficiently in the spatial domain, instead of
a time consuming integration in the temporal domain. Experiments
verified that computing the LCD motion blur in the spatial domain is
as accurate as computing it in the temporal domain. Second, we studied
the limit of eye movement speed. Based on a number of papers in the
cognitive science literature, we showed that perceptual quality reduces
as picture motion increases. Beyond certain speed limit, human eyes
cannot retrieve any useful content from the picture. Consequently, we
showed that it is more reasonable to limit the length of the LCD motion
blur FIR filter. We also found the optimal length of the filter by visual
subjective tests.
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L = 1 L = 2 L = 3 L = 4 L = 5 L = 6

Fig. 4. Video 2 Stockholm. The sequence is processed using [20], with different truncation of L.
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