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ABSTRACT

Convolution operator is a linear operator characterized by a point
spread functions (PSF). In classical image restoration problems, the
blur is usually shift invariant and so the convolution operator can be
characterized by one single PSF. This assumption allows one to use
fast operations such as Fast Fourier Transform (FFT) to perform a
matrix-vector computation efficiently. However, as in most of the
video motion deblurring problems, the blur is shift variant and so
the matrix-vector multiplication can be difficult to perform. In this
paper, we propose an efficient method to construct the convolution
matrix explicitly. We exploit the submatrix structure of the convo-
lution matrix and systematically assigning values to the nonzero lo-
cations. For small to medium sized images, the convolution matrix
gives superior speed than some state-of-art convolution operators.

Index Terms— sparse matrix, convolution matrix, shift variant,
blur, image deblurring.

1. INTRODUCTION

It is well known that image blur can be modeled as a convolution
between the image and the point spread function (PSF). Due to the
linearity of convolution, we can express the observed image as

y = Ax+ η, (1)

where A is the convolution matrix, x is a vector representing the
object (usually as an unknown variable), y is a vector representing
the observed image, and η is a noise vector.

In case where the PSF is shift invariant, i.e., all pixels in the
image are blurred by the same PSF, the forward operation Ax can
be done via fast Fourier Transforms (FFT) [1]. However, if the PSF
is shift variant, the forward operation cannot be done using FFT.

Shift varying blur is common in local motion blur problems. For
example, a video having a stationary background with fast moving
objects is a shift varying problem, because stationary background is
usually sharp whereas the front ground moving object is blurred.

The effectiveness of computing a forward operation Ax is es-
sential for iterative methods such as PDCO [2], LSQR [3], Restore-
Tools [4], projected gradient [5] and many others. However, there
are not many attempts to construct a fast convolution operator, espe-
cially for shift varying blur.

There are two major categories of methods that construct the
convolution operator. Popular image restoration tools such as Re-
storeTools [6] and HNO [4] use object oriented programming tech-
niques. These methods partition the image into blocks and each
block is blurred by a different PSF, using FFT. So if the motion is
so complicated that every pixel has to be blurred by a different PSF,
then these methods fail (see section III for experiments).

Another method is to construct the convolution matrix explic-
itly. In [2], the author mentioned a block circular with circular block
(BCCB) matrix but he did not discuss the methods to construct the
matrix. [1] provides codes to construct a small sized BCCB matrix,
yet they do not consider shift varying situations. Also, the method in
[1] is slow and memory demanding. MATLAB’s built-in command
convmtx2 is an efficient algorithm to construct a convolution ma-
trix. However convmtx2 does not handle shift variant blur.

In this paper we propose a method to construct a shift variant
operator efficiently. For small to medium sized images, constructing
the convolution matrix explicitly has the following advantages:

1. Having the sparse convolution matrix allows us to apply many
powerful linear algebraic tools such as LU/ QR/ Cholesky/
SVD. Consequently, advanced algorithms such as truncated
singular value decomposition (TSVD [4]) can be applied.

2. If the kernel is shift invariant and its support is small, the
forward operation Ax using the convolution matrix is much
more effective than FFT. Consider an image of n pixels and
kernel of l entries. Cost for matrix-vector multiplication is
O(nl), but cost for FFT is O(n log n).

3. If the kernel is shift variant, FFT methods cannot be used. Al-
though one can approximate the situation using locally shift
invariant PSFs, this will fail for large number of PSFs and
small block size. Convolution matrix can resolve this issue
because once the matrix is constructed, cost of matrix vector
multiplication is O(nl), regardless the number of PSFs.

The primary application of this paper is for video motion deblur-
ring problems, especially for videos captured by mobile phones or
surveillance cameras. These videos are relatively small in size, but
the motion can be complicated. Therefore the image image we con-
sider is from small (SQCIF 128× 96) to medium (CIF 352× 288).

The organization of this paper is as follows: In section II we
discuss the proposed algorithm, and then handle of boundary condi-
tions. In section III we show experimental results with comparisons
to several above mentioned methods. Due to limited space, full ex-
perimental results are available on our website. Last in section IV
we discuss the pros and cons of the proposed methods, and give a
conclusion.

2. PROPOSED ALGORITHM

2.1. Structure of A

The proposed algorithm is a systematic way of allocating blur kernel
values into the convolution matrix. Suppose the image is of size
M ×N , and the blur kernel is of size P ×Q. We start by ignoring
the circular boundary conditions. So the convolution matrix has size
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of (M + P − 1)(N + Q − 1) × MN . Partition the convolution
matrix into submatrices Ai,j each of size (M + P − 1)×M :

A =

⎛
⎜⎜⎜⎝

A11 A12 · · · A1l

A21 A22 · · · A2l

...
...

. . .
...

Ak1 Ak2 · · · Akl

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

×
× ×

. . .
. . .
× ×

×

⎞
⎟⎟⎟⎟⎟⎠

(2)

Effectively, the (i, j)-th submatrix Ai,j can be interpreted as the ac-
tion from the j-th column of the input to the i-th column of the out-
put. Since the blur kernel has a small support relative to the image
size, most of the off-diagonal submatrices are zero. The nonzero
submatrices will be located along the diagonal, forming a banded di-
agonal of width Q submatrices, where Q is the number of rows of
the blur kernel. The right hand side of Eq. 2 shows an example of
Q = 2.

2.2. Indexing

The novelty of the proposed method is the usage of a 4-dimensional
cube to allocate kernel values in A, regardless if it is shift varying
or not. The 4-dimensional cube has size M × P × N × Q. The
(i, p, j, q)-th entry of the cube is the (p, q)-th kernel value at pixel
(i, j). Stacking the entries of the cube into a column vector, we
denote it as Tval.

Corresponding to Tval there is a column index and a row index
vector Tcol and Trow respectively. The column and row indices run
along the principle diagonal submatrices, then run along the subma-
trice on one-diagonal off the principal, two-diagonal off the principal
and so on. Within each submatrix, the column and row indices also
run in the similar manner: first run along the principal diagonal, then
run along one diagonal off the principal and so on.

Although at a first glance a 4-dimensional cube seems to be a big
array, the cube is actually not very big as it contains only the nonzero
elements of the kernel. As compared to [6] where a kernel is first
padded with zeros to the size of image and then stored as an entry of
a cell structure, the proposed 4-dimensional cube requires much less
memory. Besides, it is possible to further reduce the memory of the
proposed method by considering repeating kernels. This is subjected
to our future work.

2.3. Boundary Conditions

Suppose an image is partitioned into several regions of different
blurs. If one uses the above algorithm to construct A, then not only
the boundaries of the entire image, but also boundaries of each par-
tition will show serious problems of zero padding.

To resolve this issue, the 4-dimensional cube plays an important
role - by simply shuffling the values in the cube in a stair case man-
ner, the boundary conditions for each blur kernel can be satisfied: for
a fixed q-th column of the kernel, and fixed j-th column of the im-
age, the (i, p)-th entry can be reallocated at (i−p+1, p). Pictorially
the (i, p)-th entry can be visualized as
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· · · · · ·
· · · · · ·
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.

The reallocation of the j, q-th entry can be done similarly as now
(j, q)-th entry should be located at (j − q + 1, q).

Last, to satisfy the boundary condition for the entire image, the
nonzero submatrices in the first Q/2 rows of A has to be moved to
the last Q/2 rows, and vice versa for the non-zero submatrices in the
last Q/2 rows. This is illustrated in Eq. 3. Note that after moving
the rows, size of A becomes (M + P − 1)N ×MN .

⎛
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Since a submatrix has the same as the structure as that of A, apply-
ing the above method to each submatrix the boundary conditions are
satisfied. Note that size of A is reduced to MN ×MN .

Fig. 1 is an example showing the location of non-zero entries of
the sparse matrix. The kernel used here has size 5× 7.

(a) sparse matrix (b) zoom in of (a)

Fig. 1. Structure of the constructed sparse matrix.

3. EXPERIMENTS

The following experiments are the comparisons with some state-
of-art approaches, namely bccb [1], psfMatrix [6], [4], and
a straight forward for-loop approach. In [1] the author did not
explicitly mention about the construction of the convolution ma-
trix, but codes of constructing the matrix is freely available online.
psfMatrix is an FFT based approach, and the operator is defined
through objects. The for-loop approach is a straight forward imple-
mentation of shift variant PSFs. Suppose every pixel of an M ×N
image f has a different PSF hx,y . Then the blurred pixel value at
position (x, y) is calculated using the following algorithm.

Algorithm 1 For-Loop implementation

for x = 1 : M do
for y = 1 : N do

g(x, y) =
∑

i,j
hx,y(x− i, y − j)f(i, j)

end for
end for

3.1. Motion blur by proposed method

We first show some motion blurred images using the proposed al-
gorithm. In Fig. 2, the images are blurred according to the mo-
tion vector fields specified. Although we show coarse motion vec-
tor fields, the actual ones are dense, i.e., every pixel has a different
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Fig. 2. Some results of the blur operations performed using the proposed algorithm. The blur is calculated based on motion vectors specified
in the top row. No knowledge about the motion structure is required.

PSF. The effectiveness of the proposed algorithm is that the operator
can be constructed without knowing the structure of the motion, as
opposed to many motion blur modeling algorithms where the under-
lying model (such as rotation, translation) has to be specified before
the estimation.

3.2. Shift Invariant Experiment

The purpose of this experiment is to compare performance under
shift invariant conditions. The image size ranges from SQCIF (176×
144) to CIF (352 × 288). The PSF is Gaussian with fixed variance
σ = 3. Sizes of the PSF varies from 3 × 3 to 7 × 7. Partial list of
the results are shown in Table 1, and the complete list can be found
on our website. As one can expect, explicitly constructing a convo-
lution matrix takes time. So the construction time of bccb and the
proposed method are longer than that of psfMatrix and for-loop,
especially when image size increases. However, as the forward com-
putation time is concerned, the proposed method clearly outperforms
the other methods as shown.

Table 1. Invariant Blur Kernel. Time to construct the operator, and
time to perform one matrix-vector multiplication.

Construction Time (sec)
image kernel bccb psfMat for-loop Propose
size size [1] -rix [6]

128x96 5x5 38.6572 0.0423 0.0014 0.5196
7x7 166.9316 0.0419 0.0014 3.3319

352x288 5x5 fail 0.1072 0.0015 30.742
7x7 fail 0.1002 0.0015 90.235

Matrix-vector multiplication Time (sec)
image kernel bccb psfMat for-loop Propose
size size [1] -rix [6]

128x96 5x5 0.0021 0.043 0.0754 0.0031
7x7 0.0032 0.0424 0.0773 0.0045

352x288 5x5 fail 0.1839 0.6357 0.0139
7x7 fail 0.1767 0.6357 0.0238

3.3. Shift Variant Experiment

This experiment concerns about shift varying PSFs. First, an im-
age is partitioned into blocks and each block has a PSF. Therefore,
smaller block size implies more blocks and hence more PSFs. The
PSFs in this experiments are Gaussian PSFs with size 5×5. Its vari-
ance is a function of the position of the image. Pixels around the
center of the image have smaller variance, whereas pixels near the
edge of the image have larger variance.

As shown in Table 2, bccb fails to construct the convolution
matrix due to lack of memory. psfMatrix defines an object easily
for large block sizes, but fails for small block sizes. This is because
psfMatrix has to store a large number of PSFs, and each PSF has
to be padded with zeros to make itself the same size as the image.

The time needed to construct a convolution matrix using the pro-
posed method is 10 seconds on average, and the computing time for
a matrix-vector multiplication is as short as 0.001 seconds. Com-
pared to psfMatrix where the computing time can be as long as
20 seconds (image size 256×256, block size 16×16), the proposed
method is clearly better performed.

Table 2. Variant Blur Kernel. Time to construct the operator, and
time to perform one matrix-vector multiplication.

Construction Time (sec)
image block bccb psfMat for-loop Proposed
size size [1] -rix [6]

256x256 64x64 fail 0.2227 0.0015 10.3789
32x32 fail 0.7129 0.0015 10.6477
16x16 fail 2.6279 0.0014 10.8041
8x8 fail fail 0.0014 11.0712
4x4 fail fail 0.0014 11.7754

Matrix-vector multiplication Time (sec)
image block bccb psfMat for-loop Proposed
size size [1] -rix[6]

256x256 64x64 fail 1.1633 0.4112 0.0291
32x32 fail 4.3206 0.4102 0.0287
16x16 fail 23.439 0.4105 0.0424
8x8 fail fail 0.4137 0.0345
4x4 fail fail 0.4103 0.0320
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3.4. Deblurring Experiment

Our last experiment compares the performance of the methods for
solving image restoration problems. Since this paper is independent
to a specific image restoration algorithm, we illustrate the speed im-
provement by solving a Tikhonov regularized least square problem
using LSQR [3]: minimize ‖Ax−y‖2+λ‖x‖2, withA being a shift
(in)variant convolution matrix, x a 256×256 image arranged in lex-
icographic order, and y the observed image. Here we set λ = 10−2,
tolerance atol = btol = 10−6.

The proposed method explicitly constructs the sparse convolu-
tion matrices. Therefore, the computation time for a matrix-vector
multiplication is significantly less than its counterparts. Especially
for shift varying blurs, the proposed method is the only one that en-
ables the computation. Table 3 shows the timings, and Fig. 3 shows
some of the reconstructed images. More results can be found on our
web.

Table 3. Computating time using LSQR.
A. Shift Invariant

Method Construction Computation Total
Time (sec) Time (sec) Time (sec)

psfMatrix 0.1254 21.477 21.6024
Proposed 16.418 3.4811 19.8991

B. Shift Variant (block size 16× 16)
psfMatrix 3.5319 > 1000 > 1000

Proposed 60.092 5.5031 65.5955

(a) Shift varying blurred (b) Reconstructed using LSQR

Fig. 3. Image reconstruction of shift varying blur using proposed
method with LSQR. The average time for LSQR to converge is 60
seconds (gray scale), and 180 seconds (color).

3.5. Discussion

An immediate consequence of the results of this paper is a way of
constructing an efficient convolution operator. It can be deduced
from the above experiments that constructing an explicit convolu-
tion matrix is the best choice for small to medium sized problems
because the forward computing time is the shortest. The upper limit
of using a convolution operator is bounded by the total number of
non-zero entries of the matrix, which is MNPQ, and the memory
of the machine. If MNPQ exceeds the limit, then one has to use

either an object based method if the number of PSF is small, or a
for-loop method if the number of PSF is large (e.g., motion blur).
This observation is illustrated in Fig. 4.

Fig. 4. Hierarchy of constructing a convolution operator

4. CONCLUSION

We propose an efficient algorithm to construct a sparse convolu-
tion matrix for shift variant blur. Experimental results show that for
large number of shift varying PSFs, the proposed method is the only
method that provides a solution. For small number of shift varying
PSFs, or a shift invariant PSF, conventional object based methods
perform slightly better. When used in standard image restoration
algorithms, the proposed method shows huge speed improvement.
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