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Image Super-resolution
2

for adaptively choosing the most relevant reconstruction neigh-
bors based on sparse coding, avoiding over- or under-fitting of
[11] and producing superior results. However, sparse coding
over a large sampled image patch database directly is too time-
consuming.

While the mentioned approaches above were proposed for
generic image super-resolution, specific image priors can be
incorporated when tailored to SR applications for specific
domains such as human faces. This face hallucination prob-
lem was addressed in the pioneering work of Baker and
Kanade [13]. However, the gradient pyramid-based prediction
introduced in [13] does not directly model the face prior, and
the pixels are predicted individually, causing discontinuities
and artifacts. Liu et al. [14] proposed a two-step statistical
approach integrating the global PCA model and a local patch
model. Although the algorithm yields good results, the holistic
PCA model tends to yield results like the mean face and the
probabilistic local patch model is complicated and compu-
tationally demanding. Wei Liu et al. [15] proposed a new
approach based on TensorPatches and residue compensation.
While this algorithm adds more details to the face, it also
introduces more artifacts.

This paper focuses on the problem of recovering the super-
resolution version of a given low-resolution image. Similar
to the aforementioned learning-based methods, we will rely
on patches from the input image. However, instead of work-
ing directly with the image patch pairs sampled from high-
and low-resolution images [1], we learn a compact repre-
sentation for these patch pairs to capture the co-occurrence
prior, significantly improving the speed of the algorithm.
Our approach is motivated by recent results in sparse signal
representation, which suggest that the linear relationships
among high-resolution signals can be accurately recovered
from their low-dimensional projections [16], [17]. Although
the super-resolution problem is very ill-posed, making precise
recovery impossible, the image patch sparse representation
demonstrates both effectiveness and robustness in regularizing
the inverse problem.

a) Basic Ideas: To be more precise, let D ∈ Rn×K

be an overcomplete dictionary of K atoms (K > n), and
suppose a signal x ∈ Rn can be represented as a sparse linear
combination with respect to D. That is, the signal x can be
written as x = Dα0 where where α0 ∈ RK is a vector with
very few (� n) nonzero entries. In practice, we might only
observe a small set of measurements y of x:

y
.
= Lx = LDα0, (1)

where L ∈ Rk×n with k < n is a projection matrix. In our
super-resolution context, x is a high-resolution image (patch),
while y is its low-resolution counter part (or features extracted
from it). If the dictionary D is overcomplete, the equation
x = Dα is underdetermined for the unknown coefficients α.
The equation y = LDα is even more dramatically under-
determined. Nevertheless, under mild conditions, the sparsest
solution α0 to this equation will be unique. Furthermore, if
D satisfies an appropriate near-isometry condition, then for
a wide variety of matrices L, any sufficiently sparse linear
representation of a high-resolution image patch x in terms

Fig. 1. Reconstruction of a raccoon face with magnification factor 2. Left:
result by our method. Right: the original image. There is little noticeable
difference visually even for such a complicated texture. The RMSE for the
reconstructed image is 5.92 (only the local patch model is employed).

of the D can be recovered (almost) perfectly from the low-
resolution image patch [17], [18].1 Fig. 1 shows an example
that demonstrates the capabilities of our method derived from
this principle. The image of the raccoon face is blurred and
downsampled to half of its original size in both dimensions.
Then we zoom the low-resolution image to the original size
using the proposed method. Even for such a complicated
texture, sparse representation recovers a visually appealing
reconstruction of the original signal.

Recently sparse representation has been successfully applied
to many other related inverse problems in image processing,
such as denoising [19] and restoration [20], often improving on
the state-of-the-art. For example in [19], the authors use the
K-SVD algorithm [21] to learn an overcomplete dictionary
from natural image patches and successfully apply it to the
image denoising problem. In our setting, we do not directly
compute the sparse representation of the high-resolution patch.
Instead, we will work with two coupled dictionaries, Dh for
high-resolution patches, and D l for low-resolution ones. The
sparse representation of a low-resolution patch in terms of
Dl will be directly used to recover the corresponding high-
resolution patch from Dh. We obtain a locally consistent
solution by allowing patches to overlap and demanding that the
reconstructed high-resolution patches agree on the overlapped
areas. In this paper, we try to learn the two overcomplete
dictionaries in a probabilistic model similar to [22]. To enforce
that the image patch pairs have the same sparse representations
with respect to Dh and Dl, we learn the two dictionaries
simultaneously by concatenating them with proper normal-
ization. The learned compact dictionaries will be applied to
both generic image super-resolution and face hallucination to
demonstrate their effectiveness.

Compared with the aforementioned learning-based methods,
our algorithm requires only two compact learned dictionaries,
instead of a large training patch database. The computation,
mainly based on linear programming or convex optimization,
is much more efficient and scalable, compared with [9], [10],
[11]. The online recovery of the sparse representation uses the
low-resolution dictionary only – the high-resolution dictionary

1Even though the structured projection matrix defined by blurring and
downsampling in our SR context does not guarantee exact recovery of α0,
empirical experiments indeed demonstrate the effectiveness of such a sparse
prior for our SR tasks.

Low resolution input

Want high resolution output
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Basic Setup

Model:
y = SHDα (1)

y ∈ Rm×1: low resolution image

S ∈ Rm×n: Sampling matrix

H ∈ Rn×n: Blurring matrix

D ∈ Rn×p: Dictionary

α ∈ Rp×1: sparse coefficient vector

Questions:

How to learn dictionary?

Can we incorporate information from low resolution VS high
resolution?

Can we incorporate feature extraction methods?
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Some Accessories 1

Image to Patch:

Partition y into patches y1, . . . , yN

Patch extraction operator R i :

y i = R iy , i = 1, . . . ,N

R i consists of rows of the identity matrix

Overlap is allowed

To extract overlap between y i and y i−1:

w i = P iy , i = 1, . . . ,N
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Some Accessories 2

Feature Extraction:

Extract gradient features of y i

Gradient filter:

f 1 = [−1, 0, 1], f 2 = [−1, 0, 1]T

f 3 = [1, 0, −2, 0, 1], f 4 = [1, 0, −2, 0, 1]T .

Define convolution matrices F 1,F 2,F 3,F 4.

Concatenate to make F = [F 1;F 2;F 3;F 4].

Extracted features:
Fy i = FDαi

f j (j = 1, . . . , 4) is a gradient operator. Mean is removed.
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Local Representation

Construct two dictionaries: Dh,D l .

For D l , do

minimize
αi

‖αi‖0 subject to ‖FD lαi − Fy i‖22 ≤ ε. (2)

F is a feature selection matrix.

This minimization says:

Want αi to be sparse.

Since y i is low resolution, let us use D l .

We also want to use the feature selection method. So we use F .

Since ‖ · ‖0 is hard, we can switch to ‖ · ‖1:

minimize
αi

‖FD lαi − Fy i‖22 + λ‖αi‖1 (3)
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High Resolution

For i = 1, . . . ,N, do

α̂i = argmin
α

‖α‖1
subject to ‖FD lα− Fy i‖22 ≤ ε1

‖P iDhα− P iDhα̂i−1‖22 ≤ ε2.
(4)

Dhαi is the high-resolution patch

‖P iDhα− P iDhα̂i−1‖22 ensures high resolution overlap region is
consistent

Raster scan image from left/right, top/down

Final output: x i = Dhα̂i + µi

µi is the mean of y i
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Enforce Global Consistency

First do the above sparse representation reconstruction

x̂0 = Sparse Respresentation(y)

Then do
x̂ = argmin

x

‖SHx − y‖2 + ρ‖x − x̂0‖2. (5)

Ensures consistency with physical model

Original paper: Use gradient descent

Can be solved in closed-form using polyphase decomposition [Chan et
al. 2017]
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Face Hallucination

Can do better than natural image:

Face is special

Can be pre-trained to yield good initial guesses

Let x̂0 be initial guess (roughly super resolved image).
For patches i = 1, . . . ,N, do

α̂i = argmin
α

‖α‖1
subject to ‖FD lα− F x̂0i ‖22 ≤ ε1

‖P iDhα− P iDhα̂i−1‖22 ≤ ε2.
(6)

Final output: x i = Dhα̂i + µi

µi is the mean of x̂0i

9 / 1



Non-negative Matrix Factorization

Let X be a dataset; Each column is a sample patch.

(U ,V ) = argmin
U,V

‖X −UV ‖2F , s.t. U ≥ 0, V ≥ 0. (7)

Two standard approaches:

Alternating minimization

Multiplicative update

How to use NMF?

c∗ = argmin
c≥0

‖SHUc − Y ‖2 + η‖ΓUc‖22 (8)

Γ = “high-pass” matrix

c = coefficient vector
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Dictionary Learning

Given training dataset (x i , y i ) for i = 1, . . . ,N.

x i ∈ Rq, y i ∈ Rp.

Solve

D̂h = argmin
Dh,{αi}

N∑
i=1

{
‖x i −Dhαi‖2 + λ‖αi‖1

}
D̂ l = argmin

D l ,{αi}

N∑
i=1

{
‖y i −D lαi‖2 + λ‖αi‖1

}

How to ensure common sparsity?

minimize
Dh,D l ,A

1

p
‖Y −D lA‖2 +

1

q
‖X −DhA‖2 + λ

(
1

p
+

1

q

)
‖A‖1.
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Results
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Fig. 3. Results of the flower image magnified by a factor of 3 and the corresponding RMSEs. Left to right: input, Bicubic interpolation (RMSE: 4.066), NE
[11] (RMSE: 4.888), our method (RMSE: 3.761), and the original.

Fig. 4. Results of the girl image magnified by a factor of 3 and the corresponding RMSEs. Left to right: input, Bicubic interpolation (RMSE: 6.843), NE
[11] (RMSE: 7.740), our method (RMSE: 6.525), and the original.

Fig. 5. Results on an image of the Parthenon with magnification factor 3 and corresponding RMSEs. Top row: low-resolution input, Bicubic interpolation
(RMSE: 12.724), BP (RMSE: 12.131). Bottom row: NE (RMSE: 13.556), SE [7] (RMSE: 12.228), and our method (RMSE: 11.817).

to enhance the edges and textures to achieve shaper results.
In Fig. 7, we compare the proposed two-step approach with
the direct sparse representation method for generic images.
Since the resolution of the input face image is so low, a direct
application of the generic approach does not seem to generate
satisfying results.

In our experiments with face images, we also set λ = 0.1
for sparsity regularization. We compare our algorithm with
Bicubic interpolation [6] and BP [33]. The results are shown
in Fig. 8, which indicate that our method can generate much
higher resolution faces. Column 4 shows the intermediate
results from the NMF global modeling and column 5 demon-
strates the results after local sparse modeling. Comparing the
two columns, the local sparse modeling further enhances the
edges and textures , and also reduces RMSE.

Fig. 7. The comparison between the two-step face super-resolution algorithm
with the generic image super-resolution algorithm applied to low resolution
face images. From left to right: input image, super-resolution result using the
two step approach, and super-resolution result using the generic approach.
The two-step face super-resolution algorithm generates visually much better
results.

From columns 4 and 5, we can also see that the local patch
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From columns 4 and 5, we can also see that the local patch
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method based on sparse representation further enhances the
edges and textures.

Fig. 8. Results of our algorithm compared to other methods and the
corresponding average RMSEs. From left to right columns: (a) low resolution
input; (b) Bicubic interpolation (RMSE: 8.024); (c) back projection (RMSE:
7.474); (d) global NMF modeling followed by bilateral filtering (RMSE:
10.738); (e) global NMF modeling and Sparse Representation (RMSE:
6.891); (f) Original.

B. Effects of Dictionary Size

The above experimental results show that the sparsity prior
for image patches is very effective in regularizing the other-
wise ill-posed super-resolution problem. In those results, we
fix the dictionary size to be 1024. Intuitively, larger dictionar-
ies should possess more expressive power (in the extreme, we
can use the sampled patches as the dictionary directly as in
[1]) and thus may yield more accurate approximation, while
increasing the computation cost. In this section, we evaluate
the effect of dictionary size on generic image super-resolution.
From the sampled 100,000 image patch pairs, we train four
dictionaries of size 256, 512, 1024 and 2048, and apply them
to the same input image. We also use the 100,000 image
patches directly as the dictionary for comparison. The results
are evaluated both visually and quantitatively in RMSE.

Fig. 9 shows the reconstructed results for the Lena image
using dictionaries of different sizes. While there are not many
visual differences for the results using different dictionary
sizes from 256 to 2048 and the whole sampled patch set,
we indeed observe the reconstruction artifacts will gradually
diminish with larger dictionaries. The visual observation is
also supported by the RMSEs of the recovered images. In
Table IV-B, we list the RMSEs of the reconstructed images
for dictionaries of different sizes. As shown in the table,
using larger dictionaries will yield smaller RMSEs, and all of
them have smaller RMSEs than those by Bicubic interpolation.
However, the computation is approximately linear to the size
of the dictionary; larger dictionaries will result in heavier
computation. Fig. 10 shows the computation time in seconds
with “Girl” as the test image. The algorithm is written in
Matlab without optimization for speed, and ran on a laptop
of Core duo @ 1.83G with 2G memory. To compare with

256 512 1024 2048

10.14

17.3

30.01

61.81
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Fig. 10. The computation time on “Girl” image with dictionaries of different
sizes (in seconds).

[1], the computation time is almost an hour, much slower
than our current solution with trained compact dictionaries.
In practice, one chooses the appropriate dictionary size as a
trade-off between reconstruction quality and computation. We
find that dictionary size 1024 can yield decent outputs, while
allowing fast computation.

C. Robustness to Noise

Most single input super-resolution algorithms assume that
the input images are clean and free of noise, an assumption
which is likely to be violated in real applications. To deal with
noisy data, previous algorithms usually divide the recovery
process into two disjoint steps: first denoising and then super-
resolution. However, the results of such a strategy depend
on the specific denoising technique, and any artifacts during
denoising on the low-resolution image will be kept or even
magnified in the latter super-resolution process. Here we
demonstrate that by formulating the problem into our sparse
representation model, our method is much more robust to noise
with input and thus can handle super-resolution and denoising
simultaneously. Note that in (6) the parameter λ depends on
the noise level of the input data; the noisier the data, the larger
the value of λ should be. Fig. 11 shows how λ influences the
reconstructed results given the same noiseless input image.
The larger λ, the smoother the result image texture gets. This
is obvious by formulating Eq. 8 into Maximum a Posterior
(MAP) problem:

α∗ = argmax P (α) · P (ỹ|α, D̃). (27)

where

P (α) =
1

2b
exp(−‖α‖1

b
)

P (ỹ|α, D̃) =
1

2σ2
exp(− 1

2σ2
‖D̃α− ỹ‖22),

(28)

where b is the variance of the Laplacian prior on α, and σ 2

is the variance of the noise assumed on the data ỹ. Taking the
negative log likelihood in Eq. 27, we get the exact optimization
problem in Eq. 8, with λ = σ2/b. Suppose the Laplacian
variance b is fixed, the more noisy of the data (σ 2 is larger),
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