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The Netflix Challenge

Predict user rating
Missing data
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Missing Data Problem
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Optimization

The general problem of matrix completion is

Ẑ = argmin
Z

‖Z −M‖2
F subject to Φ(Z ) ≤ c . (1)

Examples of Φ(Z ):

‖Z‖1: Sparse matrix

rank(Z ): Low rank

‖Z‖∗: Nuclear norm

Z = L+ S , S sparse: Decomposition
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Rank Minimization

Candes and Recht:

minimize
X

rank(X )

subject to Xij = Mij , (i , j) ∈ Ω.
(2)

Ω = {(i , j) | Mij is available.}
Finds the matrix with the minimum rank

NP-hard

5 / 1



Nuclear Norm Minimization

The nuclear norm minimization problem is defined as

minimize
X

‖X‖∗
subject to Xij = Mij , (i , j) ∈ Ω.

(3)

Comparison between Nuclear Norm and Frobenius Norm:

‖X‖∗ = Tr
(√

X
T
X

)
=
∑n

i=1 σi (X )

‖X‖F =
√

Tr(XT
X ) =

√∑n
i=1 σ

2
i (X )

‖X‖∗ promotes sparsity

Nuclear norm minimization is the tightest convex relaxation of the
rank minimization.

{X | ‖X‖∗ ≤ 1} is the convex hull of set of rank-one matrices with
spectral norm bounded by 1.
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Random Orthogonal Model

Candes and Recht 2008:

M =
r∑

k=1

σkukv
T
k , (4)

{uk}rk=1 is selected uniformly at random among all families of
orthonormal vectors.

So is {vk}
That is: M has an intrinsic low rank
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Main Theoretical Result

Candes and Recht 2008:

Theorem

Let M ∈ Rn1×n2 be a rank r matrix sampled from the random orthogonal
model. Let n = max(n1, n2). Suppose we observe m entries of M
uniformly at random. Then, there are constants c and C such that if

m ≥ Cn5/4r log n,

then the minimizer to the Nuclear norm minimization is unique and equal
to M with probability 1− cn−3.

Implications:

Under the hypothesis of the Theorem, there is a unique low-rank
matrix which is consistent with the observed entries
This matrix can be recovered by a convex optimization algorithm.
So the nuclear norm relaxation is formally equivalent to the NP hard
problem. 8 / 1



Solving the Nuclear Norm Problem

Can be translated into the semi-definite programming

Standard packages exist, e.g., CVX, SDPT3

Typically solves the problem using interior point method

Polynomial runtime
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Projection Operator

Define a projection operator PΩ:

[PΩ(X )]ij =

{
Xij , (i , j) ∈ Ω

0, (i , j) 6∈ Ω
(5)

Then, the nuclear norm minimization can be written as

minimize
X

‖X‖∗
subject to PΩ(X ) = PΩ(M).

(6)

We can relax the problem by

minimize
X

τ‖X‖∗ + 1
2‖X‖2

F

subject to PΩ(X ) = PΩ(M).
(7)

As τ →∞, the second problem becomes the first problem.
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Solving the Problem

Recall:
minimize

X

τ‖X‖∗ + 1
2‖X‖2

F

subject to PΩ(X ) = PΩ(M).
(8)

Define the Lagrangian:

L(X ,Y ) = τ‖X‖∗ +
1

2
‖X‖2

F + 〈Y ,PΩ(M − X )〉 (9)

Uzawa’s Algorithm:

X
k = argmin

X

L(X ,Y k−1)

Y
k = Y

k−1 + δkPΩ(M − X k)
(10)
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Subproblem Solution

X
k = argmin

X

L(X ,Y k−1)

= argmin
X

τ‖X‖∗ +
1

2
‖X‖2

F + 〈Y k−1,PΩ(M − X )〉

= argmin
X

τ‖X‖∗ +
1

2
‖X − PΩY

k−1‖2
F .

Theorem (Theorem 2.1, Cai-Candes-Shen 2008)

For every τ ≥ 0 and Y ∈ Rn1×n2 , it holds that

argmin
X

τ‖X‖∗ +
1

2
‖X − PΩY ‖2

F = Dτ (Y ), (11)

where Dτ (Y ) is the singular value shrinkage operator:

Dτ (Y ) = UDτ (Σ)V T , Dτ (Σ) = diag((σi − τ)+). (12)12 / 1



The SVT Algorithm

We now have the Singular Value Thresholding algorithm

X
k = Dτ (Y k−1)

Y
k = Y

k−1 + δkPΩ(M − X k)
(13)

X
k = Dτ (Y k−1) is similar to a shrinkage step

τ is the shrinkage threshold

Y
k = Y

k−1 + δkPΩ(M − X k) is the update
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Choice of δk

“Heuristic Choice” by Cai-Candes-Shen:

δ = 1.2
n1n2

m
(14)

X ∈ Rn1×n2 , m = |Ω|.
Incoherence assumption: If rank(A) is not too large, then with high
probability

(1− ε)p‖A‖2
F ≤ ‖PΩ(A)‖2

F ≤ (1 + ε)p‖A‖2
F , p = m/(n1n2)

As part of the convergence proof, the algorithm will converge when

0 < δ < 2
‖X ∗ − X k‖2

F

‖PΩ(X ∗ − X k)‖2
F

.

Put A = X
∗ − X k , then if ε = 1/4, δ ≤ 1.6p−1. They take 1.2p−1.
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Stopping Criteria

Another “heuristic choice”:

‖PΩ(X k −M)‖F
‖PΩ(M)‖F

≤ ε (15)

At optimal point, we must have PΩ(X −M) = 0.

Under suitable assumptions: ‖PΩ(M)‖2
F ≈ p‖PΩ(M)‖2

F

So roughly speaking: ‖PΩ(X k −M)‖2
F ≈ p‖PΩ(X k −M)‖2

F

Hence,
‖PΩ(X k −M)‖F
‖PΩ(M)‖F

≈ ‖X
k −M‖F
‖M‖F

.
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Algorithm

Algorithm 1: Singular Value Thresholding (SVT) Algorithm

Input: sampled set Ω and sampled entries PΩ(M), step size δ, tolerance ǫ, parameter
τ , increment ℓ, and maximum iteration count kmax

Output: Xopt

Description: Recover a low-rank matrix M from a subset of sampled entries

1 Set Y 0 = k0δPΩ(M) (k0 is defined in (5.3))
2 Set r0 = 0
3 for k = 1 to kmax

4 Set sk = rk−1 + 1
5 repeat
6 Compute [Uk−1,Σk−1,V k−1]sk
7 Set sk = sk + ℓ
8 until σk−1

sk−ℓ ≤ τ

9 Set rk = max{j : σk−1
j > τ}

10 Set Xk =
∑rk

j=1(σ
k−1
j − τ)uk−1

j vk−1
j

11

if ‖PΩ(X
k −M)‖F /‖PΩM‖F ≤ ǫ then break

12

Set Y k
ij =

{
0 if (i, j) 6∈ Ω,

Y k−1
ij + δ(Mij −Xk

ij) if (i, j) ∈ Ω
13 end for k
14 Set Xopt = Xk

5.2 Numerical results

5.2.1 Linear equality constraints

Our implementation is in Matlab and all the computational results we are about to report were
obtained on a desktop computer with a 1.86 GHz CPU (dual core with Matlab’s multithreading
option enabled) and 3 GB of memory. In our simulations, we generate n × n matrices of rank r
by sampling two n× r factors ML and MR independently, each having i.i.d. Gaussian entries, and
setting M = MLM

∗
R as it is suggested in [13]. The set of observed entries Ω is sampled uniformly

at random among all sets of cardinality m.
The recovery is performed via the SVT algorithm (Algorithm 1), and we use

‖PΩ(X
k −M)‖F /‖PΩM‖F < 10−4 (5.7)

as a stopping criterion. As discussed earlier, the step sizes are constant and we set δ = 1.2p−1.
Throughout this section, we denote the output of the SVT algorithm by Xopt. The parameter τ
is chosen empirically and set to τ = 5n. A heuristic argument is as follows. Clearly, we would like
the term τ‖M‖∗ to dominate the other, namely, 1

2‖M‖2F . For products of Gaussian matrices as
above, standard random matrix theory asserts that the Frobenius norm of M concentrates around
n
√
r, and that the nuclear norm concentrates around about nr (this should be clear in the simple

case where r = 1 and is generally valid). The value τ = 5n makes sure that on the average, the

20
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Results

Unknown M Computational results

size (n× n) rank (r) m/dr m/n2 time(s) # iters relative error

10 6 0.12 23 117 1.64 × 10−4

1, 000 × 1, 000 50 4 0.39 196 114 1.59 × 10−4

100 3 0.57 501 129 1.68 × 10−4

10 6 0.024 147 123 1.73 × 10−4

5, 000 × 5, 000 50 5 0.10 950 108 1.61 × 10−4

100 4 0.158 3,339 123 1.72 × 10−4

10 6 0.012 281 123 1.73 × 10−4

10, 000 × 10, 000 50 5 0.050 2,096 110 1.65 × 10−4

100 4 0.080 7,059 127 1.79 × 10−4

10 6 0.006 588 124 1.73 × 10−4

20, 000 × 20, 000
50 5 0.025 4,581 111 1.66 × 10−4

30, 000 × 30, 000 10 6 0.004 1,030 125 1.73 × 10−4

Table 1: Experimental results for matrix completion. The rank r is the rank of the unknown
matrix M , m/dr is the ratio between the number of sampled entries and the number of
degrees of freedom in an n×n matrix of rank r (oversampling ratio), and m/n2 is the fraction
of observed entries. All the computational results on the right are averaged over five runs.

value of τ‖M‖∗ is about 10 times that of 1
2‖M‖2F as long as the rank is bounded away from the

dimension n.
Our computational results are displayed in Table 1. There, we report the run time in seconds, the

number of iterations it takes to reach convergence (5.7), and the relative error of the reconstruction

relative error = ‖Xopt −M‖F /‖M‖F , (5.8)

where M is the real unknown matrix. All of these quantities are averaged over five runs. The table
also gives the percentage of entries that are observed, namely, m/n2 together with a quantity that
we may want to think as the information oversampling ratio. Recall that an n× n matrix of rank
r depends upon dr := r(2n− r) degrees of freedom. Then m/dr is the ratio between the number of
sampled entries and the ‘true dimensionality’ of an n× n matrix of rank r.

The first observation is that the SVT algorithm performs extremely well in these experiments.
In all of our experiments, it takes fewer than 200 SVT iterations to reach convergence. As a
consequence, the run times are short. As indicated in the table, we note that one recovers a
1, 000×1, 000 matrix of rank 10 in less than a minute. The algorithm also recovers 30, 000×30, 000
matrices of rank 10 from about 0.4% of their sampled entries in just about 17 minutes. In addition,
higher-rank matrices are also efficiently completed: for example, it takes between one and two
hours to recover 10, 000×10, 000 matrices of rank 100 and 20, 000×20, 000 matrices of rank 50. We
would like to stress that these numbers were obtained on a modest CPU (1.86GHz). Furthermore,
a Fortran implementation is likely to cut down on these numbers by a multiplicative factor typically
between three and four.

We also check the validity of the stopping criterion (5.7) by inspecting the relative error defined
in (5.8). The table shows that the heuristic and nonrigorous analysis of Section 5.1 holds in practice
since the relative reconstruction error is of the same order as ‖PΩ(X

opt−M)‖F /‖PΩM‖F ∼ 10−4.
Indeed, the overall relative errors reported in Table 1 are all less than 2× 10−4.

21
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Extension

Robust PCA:

(Â, Ê ) = argmin
A,E

‖A‖∗ + λ‖E‖1, A+ E = D (16)

D is data matrix

A is low rank: background video frames

E is sparse: foreground objects

To solve the problem, translate into

(Â, Ê ) = argmin
A,E

µ‖A‖∗ + λ‖E‖1 +
1

2
‖D − A− E‖2

F (17)
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Algorithm

Algorithm 1: Robust PCA via Proximal Gradient with Continuation
1: Input: Observation matrix D ∈ Rm×n, weight λ.
2: A0, A−1 ← 0, E0, E−1 ← 0, t0, t−1 ← 1, µ0 ← .99‖D‖2,2, µ̄← 10−5µ0.
3: while not converged
4: Ãk ← Ak + tk−1−1

tk
(Ak −Ak−1), Ẽk ← Ek + tk−1−1

tk
(Ek − Ek−1).

5: Y Ak ← Ãk − 1
2

(
Ãk + Ẽk −D

)
.

6: (U, S, V )← svd(Y Ak ), Ak+1 ← U
[
S − µ

2 I
]
+
V ∗.

7: Y Ek ← Ẽk − 1
2

(
Ãk + Ẽk −D

)
.

8: Ek+1 ← sign[Y Ek ] ◦
[
|Y Ek | − λµ

2 11∗
]
+

.

9: tk+1 ← 1+
√

1+4t2k
2 , µ← max(.9µ, µ̄).

10: end while
11: Output: A,E.

4 Simulations and Experiments

In this section, we first perform simulations corroborating our theoretical results and clarifying their
implications. We then sketch two computer vision applications involving the recovery of intrin-
sically low-dimensional data from gross corruption: background estimation from video and face
subspace estimation under varying illumination. 8

Simulation: proportional growth. We first demonstrate the exactness of the convex program-
ming heuristic, as well as the efficacy of Algorithm 1, on random matrix examples of increasing
dimension. We generate A0 as a product of two independent m × r matrices whose elements are
i.i.d. N (0, 1) random variables. We generate E0 as a sparse matrix whose support is chosen uni-
formly at random, and whose non-zero entries are independent and uniformly distributed in the range
[−500, 500]. We apply the proposed algorithm to the matrix D .

= A0 +E0 to recover Â and Ê. The
results are presented in Table 1. For these experiments, we choose λ = m−1/2. We observe that the
proposed algorithm is successful in recovering A0 even when 10% of its entries are corrupted.

m rank(A0) ‖E0‖0 ‖Â−A0‖F
‖A0‖F rank(Â) ‖Ê‖0 #iterations time (s)

100 5 500 3.0× 10−4 5 506 104 1.6
200 10 2,000 2.1× 10−4 10 2,012 104 7.9
400 20 8,000 1.4× 10−4 20 8,030 104 64.8
800 40 32,000 9.9× 10−5 40 32,062 104 531.6
100 5 1,000 3.1× 10−4 5 1,033 108 1.6
200 10 4,000 2.3× 10−4 10 4,042 107 8.0
400 20 16,000 1.6× 10−4 20 16,110 107 66.7
800 40 64,000 1.2× 10−4 40 64,241 106 542.8

Table 1: Proportional growth. Here the rank of the matrix grows in proportion (5%) to the dimensionality
m; and the number of corrupted measurements grows in proportion to the number of entries m2, top 5% and
bottom 10%, respectively. The time reported is for Matlab implementation run on a 2.8 GHz MacBook Pro.

Simulation: phase transition w.r.t. rank and error sparsity. We next examine how the rank
of A and the proportion of errors in E affect the performance our algorithm. We fix m = 200,
and vary ρr

.
= rank(A0)

m and the error probability ρs between 0 and 1. For each ρr, ρs pair, we
generate 10 pairs (A0, E0) as in the above experiment. We deem (A0, E0) successfully recovered

8Here, we use these intuitive examples and data illustrate how our algorithm can be used as a simple, general
tool to effectively separate low-dimensional and sparse structures occurring in real visual data. Appropriately
harnessing additional structure (e.g., the spatial coherence of the error [28]) may yield even more effective
algorithms.

6
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Example

(a) (b) (c) (d) (e) (f)

Figure 2: Background modeling. (a) Video sequence of a scene in an airport. The size of each frame is
72 × 88 pixels, and a total of 200 frames were used. (b) Static background recovered by our algorithm. (c)
Sparse error recovered by our algorithm represents activity in the frame. (d) Video sequence of a lobby scene
with changing illumination. The size of each frame is 64× 80 pixels, and a total of 550 frames were used. (e)
Static background recovered by our algorithm. (f) Sparse error. The background is correctly recovered even
when the illumination in the room changes drastically in the frame on the last row.

(a) (b) (c) (a) (b) (c)

Figure 3: Removing shadows and specularities from face images. (a) Cropped and aligned images of a
person’s face under different illuminations from the Extended Yale B database. The size of each image is
96 × 84 pixels, a total of 31 different illuminations were used for each person. (b) Images recovered by our
algorithm. (c) The sparse errors returned by our algorithm correspond to specularities in the eyes, shadows
around the nose region, or brightness saturations on the face.

know if it is possible to remove the logarithmic factor in our main result. The phase transition exper-
iment in Section 4 suggests that convex programming actually succeeds even for rank(A0) < ρrm
and ‖E0‖0 < ρsm

2, where ρr and ρs are sufficiently small positive constants. Another interesting
and important question is whether the recovery is stable in the presence of small dense noise. That
is, suppose we observe D = A0 +E0 + Z, where Z is a noise vector of small `2-norm (e.g., Gaus-
sian noise). A natural approach is to now minimize ‖A‖∗ + λ‖E‖1, subject to a relaxed constraint
‖D − A − E‖F ≤ ε. For matrix completion, [16] showed that a similar relaxation gives stable
recovery – the error in the solution is proportional to the noise level. Finally, while this paper has
sketched several examples on visual data, we believe that this powerful new tool pertains to a wide
range of high-dimensional data, for example in bioinformatics and web search.
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