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5.2 Stability of the Sparsest Solution 81

T T T H T T T .
140 A
121 ]
1F J
0.8 i
0.6 B
0.4t .
0.2 ‘ ® M :
) i 2 b
vlllv- Axol[< e
o e | [lv=bll< g
e Ilz-as—bll<e
Other sparse solutions
0.2 el 2 ] 1 T 1 ] 1
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 14

Fig. 5.1 A 2D demonstration of the lack of uniqueness for the noisy case, with a relatively weak
noise.

solutions that are sparse? Figure 5.1 shows that solutions of the form xo = [0 0 x 0]7
with some values of x are also feasible, while having the same cardinality.

Figure 5.2 presents the same experiment, this time with a stronger noise, € = 0.6.
This leads to a different scenario, where not only we have lost uniqueness with re-
spect to the same support, but other supports with cardinality [|x]|p = 1 are possible,
and in fact, even the null solution is included, implying that this is the optimal solu-
tion to (Pf).

Here is a more formal way of explaining this. We shall denote xs and Ag the
portions of x and A that contain the support S elements/columns, respectively. Sup-
pose that x is a sparse candidate solution to this problem over the support S, with
Ix|lo = |S], and it satisfies the constraint, ||b — Agxg]s < €.

If it so happens that xs is also the minimizer of the term fs(z) = ||b — Asz,
and fg(xgp ") = €, we can propose no alternative solution over this support, since
any perturbation around xs leads to an increase in this term and thus violation of
the constraint. In terms of Figure 5.1, this case takes place when the closest point
to b on the green line is Axg, or put differently, if the distortion e = b — Agxs is
orthogonal to the columns of As.! In all other cases, the fact that min, fs(z) < €
implies an ability to perturb the so-called optimal solution Xs in a way that preserves
its feasibility and the support, and thus we get a set of solutions that are as good as x.

! As the minimizer of fs(z) = |[b — Az}, the vector xg should satisfy AL(b - Agxg) = Ale =0.
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Fig. 5.2 A 2D demonstration of the lack of uniqueness for the noisy case, as shown in Figure 5.1,
but with a stronger noise, that permits alternative solutions with a different support.

Furthermore, if some of the non-zero entries in x are small enough, this perturbation
may null them, leading to a sparser solution.

5.2.2 Theoretical Study of the Stability of ( P("; )

So, returning to the original question we have posed, instead of claiming uniqueness
of a sparse solution, we replace this with a notion of stability — a claim that if a
sufficiently sparse solution is found, then all alternative solutions necessarily resides
very close to it. The following analysis, taken from the work by Donoho, Elad, and
Temlyakov, leads to a stability claim of this sort.

We start by returning to the definition of the spark and extending it by consider-
ing a relaxed notion of linear-dependency. In the noiseless case we considered two
competing solutions x; and x; to the linear system Ax = b, and this led to the rela-
tion A(X; — x2) = Ad = 0. This motivates a study of the sparsity of vectors d in the
null-space of A, which naturally leads to the definition of the spark.

Following the same rationale, we should consider now two feasible solutions x;
and x; to the requirement ||[Ax — b||; < €. Considering b as the center of a sphere of
radius €, both Ax; and Ax; reside in it or on its surface. Thus, the distance between
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