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56 GENERALIZATIONS OF THE LASSO PENALTY
4.2 'The Elastic Net

The lasso does not handle highly correlated variables very well; the coefficient
paths tend to be erratic and can sometimes show wild behavior. Consider a
simple but extreme example, where the coefficient for a variable X; with a

particular value for A is Ej > 0. If we augment our data with an identical
copy X = Xj, then they can share this coefficient in infinitely many ways—
any Bj + Bj: = Bj with both pieces positive—and the loss and #; penalty
are indifferent. So the coeflicients for this pair are not defined. A quadratic
penalty, on the other hand, will divide ﬁj exactly equally between these two

twins (see Exercise 4.1). In practice, we are unlikely to have an identical

a=1.0 a=03
0 2 2 5 5 0 3 6 6 6
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« 24 @ =]
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v} 'é:._ O 3
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T T T T T ! T T T T T
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Figure 4.1 Six variables, highly correlated in groups of three. The lasso estimates
(v = 1), as shown in the left panel, ezhibit somewhat erratic behavior as the regu-
larization parameter X is varied. In the right panel, the elastic net with (a = 0.3)
includes all the variables, and the correlated groups are pulled together.

pair of variables, but often we do have groups of very correlated variables. In
microarray studies, groups of genes in the same biological pathway tend to be
expressed {or not) together, and hence measures of their expression tend to
be strongly correlated. The left panel of Figure 4.1 shows the lasso coefficient
path for such a situation. There are two sets of three variables, with pairwise
correlations around 0.97 in each group. With a sample size of N = 100, the
data were simulated as follows:

Z1, Za2 ~ N(0,1) independent,
Y =32 — 1.5Z, + 2, with £ ~ N(0, 1),
X; =21 +¢&/5, with & ~ N(0,1) for 7 =1,2,3, and
Xj = Zy + &/, with & ~ N(0,1) for j = 4,5, 6.

As shown in the left panel of Figure 4.1, the lasso coefficients do not reflect
the relative importance of the individual variables.

(4.1)
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Figure 4.2 The elastic-net ball with o = 0.7 (left panel) in R®, compared to the
£y ball (right panel). The curved contours encourage strongly correlated variables to
share coefficients (see Exercise 4.2 for details).

coefficient takes the form

7 = Sra(FiLs 7iis)
’ S zZ; + A1 — a)’

(4.4)

where S,,(z) := sign(z) (z — p)+ is the soft-thresholding operator, and

Tij =Yg — B\g -2 2 mikﬁk is the partial residual. We cycle over the up-
dates (4.4) until convergence. Friedman et al. (2015) give more details, and
provide an efficient implementation of the elastic net penalty for a variety of
loss functions.

4.3 The Group Lasso

There are many regression problems in which the covariates have a natural
group structure, and it is desirable to have all coeflicients within a group
become nonzero (or zero) simultaneously. The various forms of group lasso
penalty are designed for such situations. A leading example is when we have
qualitative factors among our predictors. We typically code their levels using a
set of dummy variables or contrasts, and would want to include or exclude this
group of variables together. We first define the group lasso and then develop
this and other motivating examples.

Consider a linear regression model involving J groups of covariates, where
for j = 1,...,J, the vector Z; € R’/ represents the covariates in group j.
Our goal is to predict a real-valued response Y € R based on the collection of
covariates (Z1,...,Zy). A linear model for the regression function E(Y | 7)
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4.3.2  Sparse Group Lasso

When a group is included in a group-lasso fit, all the coefficients in that group
are nonzero. This is a consequence of the #; norm. Sometimes we would like
sparsity both with respect to which groups are selected, and which coefficients
are nonzero within a group. For example, although a biological pathway may
be implicated in the progression of a particular type of cancer, not all genes
in the pathway need be active. The sparse group lasso is designed to achieve
such within-group sparsity.

In order to achieve within-group sparsity, we augment the basic group
lasso (4.11) with an additional ¢;-penalty, leading to the convex program

J J
minimize { Zlly— > Z8 13+ A [(1 - a)bslla+alf;] §, (417)
{6jeRpJ }3]:1 2 j=1 j=1

with @ € [0,1]. Much like the elastic net of Section 4.2, the parameter o
creates a bridge between the group lasso (o = 0) and the lasso (o = 1).
Figure 4.5 contrasts the group lasso constraint region with that of the sparse
group lasso for the case of three variables. Note that in the two horizontal
axes, the constraint region resembles that of the elastic net.

2

Figure 4.5 The group lasso ball (left panel) in R3, compared to the sparse group-
lasso ball with o = 0.5 (right panel). Depicted are two groups with coefficients 61 =
(61, 82) € R? and 8, = B5 € RE.

Since the optimization problem (4.17) is convex, its optima are specified
by zero subgradient equations, similar to (4.13) for the group lasso. More
precisely, any optimal solution must satisfy the condition

J
—Z;‘-F(y~ZZg@\g) + A1 —«a) -5 —i—/\afj =0, forj=1,---,J, (4.18)
£=1

where 5; € RP7 belongs to the subdifferential of the Euclidean norm at 673-,
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