ECE 645: Estimation Theory
Spring 2015 PURDUE

Instructor: Prof. Stanley H. Chan

Mid Term Solution
Mar 13, 2015

Name: PUID:

By signing your name below, you certify that you have neither given nor received unau-
thorized aid on this exam.

Signature:

Problem 1. (50 POINTS)
Consider two hypotheses

H(): YNN(,“an.Z)v
Hy: Y ~N(ui,0?), (1)
where 02 is known and fixed. Assume pg < p1.

(a) Assume uniform cost and prior (mg, 1), determine the Bayes’ decision rule if we
observe Y = y. Express your answer in terms of mg, 71, o, #1 and o.

(b) Derive the Neyman-Pearson rule for a significance level a. Express your answer in
terms of the ®(-) function, a, po and o.

Solution 1.

(a) The likelihood functions are

Thus, the log-likelihood ratio is

((y) =In ;;EZ% - [—2(p1 — po)y + 13 — i3] -

202

Let 7 be a threshold. Then, ¢(y) > 7 implies that

2(p1 — po)y — (ui — pg) > 20°7,



and hence

L 200+ (ud — )
2(p1 — po)
For uniform cost Bayesian setting, 7 = In :—‘1) Therefore, we have

y <t 20%In 22 + (uf —u%)'
Hl 2(p1 — o)

(b) Neyman-Pearson takes the form

1, ifl(y) >,
0, ifl(y)<r

By letting

we can show that

U(r) & )dy

/ foly
Ly)>T
[ sy
y>n
= 1 (y — po)?
/77 V2ro? P {_ 2020 }dy
n

1 (y — /LO)2
1-— —Z T 1d
Loo 2702 exp{ 202 4

_1_¢(m>,
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Therefore, & = ¥(7) implies that

n= 0'(1)_1(1 —a) + po.
Since ¥(n) is a continuous function, v = 0. Therefore, the Neyman Peason test is

5(y) = 1, ify>o® 1 (1—a)+ po,
v= 0, ify <od 1(1-a)+ po.

Problem 2. (50 POINTS)

Let Y = [Y1,...,Y,]" be a random vector such that Y = 6s + V', where V ~ N(0,021I),
s = [s1,...,8,]T is a known vector, and @ is a deterministic unknown parameter. Assume
0 cR.

(a) Show that the conditional distribution fy(y) belongs to the exponential family. Hence
determine the complete sufficient statistic, and derive the MVUE.

(b) Determine the MLE, i.e., Orir (Y), and the Cramer Rao Lower Bound. By evaluating
Var (@\M I (Y)), show that @\M 1(Y') achieves the equality of the CRLB.

Solution 2.



n/2 _
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By identifying

[\v]

n/2 2 2
_ 1 aEll
c9) = —27r02) exp {——202

we see that fp(y) is in the exponential family. Since 6 € R and R contains a rectangle,
T(y) is a complete sufficient statistic. Now, consider E[T(Y)]. We can show that

E[T(Y)] = E[Y"s] = ] s||*

Thus, if we let
~ T(Y) Y7's
vue(¥) = R = B

~—

then we have IE[@MVUE(Y)] =6. So aMVUE(Y) is unbiased. Since aMVUE(Y) is a
function of the complete sufficient statistic 7(Y"), it must be MVUE.

Take log on the likelihood function yields
In fo(y) = — 2 In(2r0%) — — |ly — 8]
2 y - 2 20_2 y *

Take first order derivative yields

_ 9 _ 1 T
0=s5nfo(y)=—5s" (y—0s).

Thus,

éML(y) = |

The Fisher Information is

Since @\ML (Y') is unbiased, the CRLB is

Var(fy(Y)) > ol



To show that 8y (YY) achieves the lower bound of CRLB, we note that

Var(6(Y)) = Var <YTS>

[ s]I?
_ H ||4Var <Z SkYk>
k=1
1 &,
= Bk ZskVar(Yk)
k=1
1 « 9 o o?
= Sklg =
ol 254 = o

Problem 3. (Bouns, 10 POINTS)
Consider a Poisson distribution with parameter A > 0 with

7/\7; —A

fy(y) = 7 (2)

It is given that the cumulant generating function is py (s) Lof logE[e*Y] = A(e® —1). Let
Y1,...,Y, be a sequence of observations. Derive the large-deviation bound for

P ZYk > n/\el , (3)
k=1

where e ~ 2.718 is the natural number.

Solution 3.
Let g(s) = st — uy (s), we have

5} s
%g(s)—t—)\e =0.

Thus, s* = In(¢/)\) is the optimal point. Hence,

o(t) = g(s*) = In(t/\)t — A (eln“/ﬂ - 1)
= In(t/N)t — (t — \).

Therefore,

P <Z Y, > nAe) < gTsnAe (E [esyl])n

_ pnlshe—py ()

Since p(Ae) = In(Ae/A)Ae — (Ae — A) = A, we have

P (Z Y, > n/\e> <e ™.
k



