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@ In linear discriminant analysis (LDA), there are generally two types of
approaches

@ Generative approach: Estimate model, then define the classifier

o Discriminative approach: Directly define the classifier
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Outline

Discriminative Approaches
@ Lecture 16 Perceptron 1: Definition and Basic Concepts
@ Lecture 17 Perceptron 2: Algorithm and Property
@ Lecture 18 Multi-Layer Perceptron: Back Propagation

This lecture: Perceptron 2
@ Perceptron Algorithm
e Loss Function
o Algorithm
o Optimality
e Uniqueness
e Batch and Online Mode
@ Convergence
e Main Results
o Implication
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Perceptron with Hard Loss

@ Historically, we have perceptron algorithm way earlier than CVX.

@ Before the age of CVX, people solve perceptron using gradient
descent.

@ Let us be explicit about which loss:

Jhara (0 Zmax{ yiho(x;), O}

soft Zmax{ —_ngg(Xj),O}

Goal: To get a solution for J,,,q(6)

Approach: Gradient descent on Jsoz(6)
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-
Re-defining the Loss

@ Main idea: Use the fact that
N
Jsoft(0) = Z max{ = ngg(Xj),O}
j=1

is the same as this loss function

JO)=— > yigo(x;).

JjeEM(0)

e M(0) C{1,...,N} is the set of misclassified samples.

o Run gradient descent on J(8), but fixing M(8) < M(6%) for
iteration k.
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Equivalent Perceptron Loss

@ We want to show that the perceptron loss function is equivalent to

N
Zmax{ —ngg(Xj),O} =- Z vigo(X;)
j=1

jem(e)

Jso;tr(ﬂ) J(6)

o If x; is misclassified (j € M(8))
o then by definition of M(8@) we have sign {ga(x;)} # y;
o So —y;ge(x;) >0
o Therefore, max{—y;go(x;), 0} = —y;ga(x;).

o If x; is correctly classified (j ¢ M(8))
o then by definition of M(8) we have sign {ga(x;)} = y;
o So —yge(x;) <0
o Therefore, max{—y;go(x;), 0} =0.
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Equivalent Perceptron Loss

@ Therefore, we conclude that

M(0) = {j | yjga(x;) <0}
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Equivalent Perceptron Loss

@ Therefore, we conclude that

M(6) = {j | yjgo(xj) <0}

@ and
Jsoft(0) = Z max{ — _)/jgg(Xj),O} + Z max{ — ngg(XJ‘),O}
JeEM(8) JEM(6)
= Z —Y;&0(x)) Z 0
JeM(0) JEM(0)

= Y —yge(xj) = J(0).

JjeEM(6)
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Equivalent Perceptron Loss

@ Therefore, we conclude that

M(6) = {j | yjgo(xj) <0}

@ and
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@ Minimizing J(0) is less obvious because M (@) depends on 6.
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Equivalent Perceptron Loss

@ Therefore, we conclude that

M(6) = {j | yjgo(xj) <0}

@ and
Jsoft(0) = Z max{ — _)/jgg(Xj),O} + Z max{ — ngg(XJ‘),O}
JeEM(8) JEM(6)
= Z —Y;&0(x)) Z 0
JeM(0) JEM(0)
= Y —yge(xj) = J(0).
jem(o)

@ Minimizing J(0) is less obvious because M (@) depends on 6.
@ But it gives a very easy algorithm.
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Perceptron Algorithm

@ The loss is

JO)=— D ygo(x)),

JEM(O)
e At iteration k, fix M, = M(6()
@ Then, update via gradient descent

gk+1) — g(k) — V(01

—ax Y Ve( Yi&o XJ)>

JEM
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Perceptron Algorithm

@ We can show that

V"( - nge(XJ)) N {_WV‘L)(WTXJ * WO) )

@ Thus, the update is

wk+1) w (k)
Wék—‘rl) = Wék)
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Perceptron Algorithm

The algorithm is
For k=1,2,...,
Update My = {j | y;go(x;) < 0} for 8 = 89
Gradient descent

wlk+1) W(k
Wi | =
End For

The set My can grow or can shrink from M_1.

+ o Z [nyJ]

JEM

If training samples are linearly separable, then converge. Zero training
loss.

If training samples are not linearly separable, then oscillates.
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Updating One Sample
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Outline

Discriminative Approaches
@ Lecture 16 Perceptron 1: Definition and Basic Concepts
@ Lecture 17 Perceptron 2: Algorithm and Property
@ Lecture 18 Multi-Layer Perceptron: Back Propagation

This lecture: Perceptron 2
@ Perceptron Algorithm
e Loss Function
o Algorithm
o Optimality
e Uniqueness
e Batch and Online Mode
@ Convergence
e Main Results
o Implication
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Non-uniqueness of Global Minimizer
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Optimality of Perceptron Algorithm

@ Let perceptron algorithm output

*
Operceptron

= Perceptron Algorithm({x1,...,xn}).
@ Let ideal solution

07 g = argmin Jnara(0).
0

That means
Jhard(gzard) S Jhard(9)7 ve.

: « .
o If the two classes are linearly separable, then 67, copton is 2 global

minimizer:

Inard (O erceptron) < Jhara(0), V0.
and

Jhal"d(gl*)erceptron) = Jhard(eflard) =0.
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|
Uniqueness of Perceptron Solution
o If 8" minimizes Jyara(0”), then a@* for some constant a > 0 also

minimizes Jyarq(6).
This is because

gao(x) = (aw)"x + (awo)

= a(wx + wp).

If gg(x) > 0, then g,o(x) > 0. So if hg(x) = +1, then h,g(x) = +1.
If go(x) < O, then gao(x) < 0. So if hg(x) = —1, then hyp(x) = —1.
The sign of w” x + wy is unchanged as long as > 0.

Jhard Zmax{ —yjhg*(xj),O}

= Zmax{ Yihao* (x}), 0} = Jhard(0")
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Factors for Uniqueness

o Initialization
@ Start at a different location, end on a different location

@ You still converge, but no longer unique solution

@ My changes
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Factors for Uniqueness

Step Size
Too large step: oscillate

Too small step: slow movement

Terminates as long as no misclassification
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Batch vs Online Mode

[W(k-i-l)] [W(k
(k+1) | —
Wo

Update via the average of misclassified samples

w(k+1) w(k)
WékJrl) = Wék)

Update via a single misclassified sample

e Batch mode

+ ag Z [}/JXJ]

JEMy

@ Online mode

+ oy |:ijj:| ,
Yj

@ j is a sample randomly picked from M.

@ Stochastic gradient descent.
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Online Mode
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Online Mode
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Online Mode
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Online Mode
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Batch Mode
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Batch Mode
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Step Size
Batch mode: Step size too large.
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Step Size

Batch mode: Step size too large.
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Step Size
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Step Size

Batch mode: Step size too large.
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Step Size

Batch mode: Step size too large.
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Step Size

1
038
06
04
02

0

-0.2

-0.4

-0.6

-0.8

-1

Batch mode: Step size too large.

m e -G EEABOGEEG -

.?_ ....... u

ememememe == -G COMMOABBO -~~~

o

perceptron CVX
perceptron CVX decision
perceptron gradient

perceptron gradient decision | |

training sample

-5

0

10

15

21/37



-
Linearly Not Separable

No separating hyperplane

CVX will still find you a solution

But loss is no longer zero

Perceptron algorithm will not converge
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Linearly Not Separable
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Linearly Not Separable
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Discriminative Approaches
@ Lecture 16 Perceptron 1: Definition and Basic Concepts
@ Lecture 17 Perceptron 2: Algorithm and Property
@ Lecture 18 Multi-Layer Perceptron: Back Propagation

This lecture: Perceptron 2
@ Perceptron Algorithm
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e Batch and Online Mode
@ Convergence
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Convergence of Perceptron Algorithm

Theorem. Assume the following things:
@ The two classes are linearly separable
e This means: (0*)7 (yjx;) = y;j((w*)"x; + wg) > 7 for some v > 0
@ [|xj||2 < R for some constant
o Initialize (0 = 0
Then, batch mode perceptron algorithm converges to the true solution 8*
6%+ — 672 — o,
when the number of iterations k exceeds
6|2

k> ———.
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Interpreting the Perceptron Convergence

Theorem. Assume the following things:
@ The two classes are linearly separable
o This means: (0*)7 (y;x;) = y;j((w*)"x; + wg)> ~ for some v > 0
@ [|xj||2 < R for some constant
o Initialize 6(¥ = 0
Comment.
@ v is the margin
@ 0% is ONE solution such that the margin is at least

yj=+1

y; =—1
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Interpreting the Perceptron Convergence

Theorem. Assume the following things:
@ The two classes are linearly separable
o This means: (0*)7 (y;x;) = y;j((w*)"x; + wg)> ~ for some v > 0
@ [|xj||2 < R for some constant
o Initialize 6(¥) = 0
Comment.
o If you do not initialize at 0, still converge.
@ The solution 8* might be different.

yj=+1

y; =—1
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Interpreting the Perceptron Convergence

Then, batch mode perceptron algorithm converges to the true solution 8*
Ho(kJrl) - 9*||2 -0

when the number of iterations k exceeds
oo 10°2R
v
Comment:
@ You can turn batch mode to online mode by picking only one j € M
@ You will do slower, but you can still converge
@ 0" is the converging point of this particular sequence {6%,62,...6}

@ Not an arbitrary separating hyperplane
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Interpreting the Perceptron Convergence

Then, batch mode perceptron algorithm converges to the true solution 8*
Hé)(k“) o 0*H2 — 07

when the number of iterations k exceeds

10°IPR?

k >
2

Comment:
@ R controls the radius of the class.
@ Large R: Wide spread. Difficult. Need large k.
@ ~ controls the margin.

o Large v: Big margin. Easy. Need small k.
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Summary of the Convergence Theorem

Algorithm: You use gradient descent on Jsof(6)

Solution: You get a global minimizer for J,,,q(0)

But this is just one of the many global minimizers

Assumption: Linearly separable

If not linearly separable, then will oscillate

Margin: At optimal solution there is a margin because separable
Applications: Not quite; There are many better methods

Theoretical usage: Good for analyzing linear models. Very simple
algorithm.
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Reading List

Perceptron Algorithm
@ Abu-Mostafa, Learning from Data, Chapter 1.2
@ Duda, Hart, Stork, Pattern Classification, Chapter 5.5

@ Cornell CS 4780 Lecture https://www.cs.cornell.edu/courses/
cs4780/2018fa/lectures/lecturenote03.html

e UCSD ECE 271B Lecture http://www.svcl.ucsd.edu/courses/
ece271B-F09/handouts/perceptron. pdf
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Proof Part 1

@ Define

Y(k) = Z YiXj.

JEM
@ Let 8* be the minimizer. Then,
0049 — 012 = [0 4 agx) — 0P
= (0%~ 6) + yxP
= 09— 07+ 2009 — 0%) XY 1 o3 [ 2

.
= 6% — 6|12 + 20 (e(k) . 9*) 3 yix;
JEM
2

+ag|[ Y vix;

JEMy

33/37



N
Proof Part 2

@ By construction, 6k updates only the misclassified samples (during
the k-th iteration)
@ So for any j € My we must have (H(k))T(ijJ-) <0.
@ This implies that
(0N Tx0 = > (1)) Tyx; < 0.
JEM
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N
Proof Part 2

@ By construction, 6k updates only the misclassified samples (during
the k-th iteration)
@ So for any j € M) we must have (H(k))T(ijJ-) <0.
@ This implies that
(0K Tx(k) = Z (09N Tyx; < 0.
JEM

@ Therefore, we can show that

ot — 0|2

)
< /6% — 6| + 20 (6% — ") %1 4 o [xV)|2

.
= 1010 — 0" + 20, (B4 %0 — 204 (67)T K + R

< (169 — 67|17 — 20 (6%) "% + o x|
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Proof Part 3

@ So we have

194+ — 67|12 < [|9®) — 67> —204 (") XX + o | x1%.

-~

@ The sum of the last two terms is

~204(0") TR + aF [RV? = s (~2(67) %+ [R9)2).

@ Negative if and only if o < %
@ Thus, we choose
Qf = — 7y
(]2
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Proof Part 4

@ Then, we can have

= 2a4(07) X + o} [xP? = 20, (07) XN + af x|

e By assumption ||x;||> < R for any j, and y;(6*)"x; > ~ for any j
e So

((0*)TY(;{))2 (ZjEMkyj(a*)ij)2

W2 Y, Il

2
< (Zje/\/[k 7)
T Yjem R?
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