ECE 302: Probabilistic Methods in Electrical and Computer Engineering
Fall 2017 PURDUE

Instructor: Prof. Stanley H. Chan

Mid Term 2
Fall 2017

Name: PUID:

Please copy and write the following statement:

I certify that I have neither given nor received unauthorized aid on this exam.

(Please copy and write the above statement.)

(Signature)

Problem 1. (25 POINTS)
Determine whether the following statements are TRUE or FALSE. (A statement is true if it is always true.
Otherwise we will say that the statement is false.) Circle your answer. No partial credit will be given.

1. The statement “CDF is right-continuous at © = b” means that

h—0

TRUE or FALSE.

2. Weak Law of Large Number states that the sample mean My of a sequence of i.i.d. random variables
Xl, e ,XN:

1 N
My = N ZXTL
n=1

will converge in distribution to a standard Gaussian as N — oo.

TRUE or FALSE.
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3. Let X and Y be two independent random variables with PDF fx(z) and fy (y).

Z=X+Yis N
fz(2) =[ Ix(z—y)fy(y)dy.

TRUE or FALSE.

4. I E[XY] = 0, then we must have E[X] =0, or E[Y] =0, or E[X] =E[Y] =0.

TRUE or FALSE.

5. The moment generating function exists for any random variable.

TRUE or FALSE.

Problem 2. (25 POINTS)
Multiple Choice. Please circle your answer.

1. Let X ~ N (u,0%) where p =3 and 0 = 4. Then P[X >2U X <1]is
(a) @ (=3) —®(—3)
(b) @(=7) +@(=3)
(¢) 1=®(=5) +®(—3)
() 1=@(=3) +2(-3)
() @ (=55) =@ (=5)
(f) ®(—15) +®(-3)
(8) 1=®(=3) +2(-3)
(h) 1=@(=3) + (=)
)
)
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2. Let X and Y be joint Gaussian with PDF

1
fxy(z,y) < exp {2 (32 — 2y + 2951/)}

Then Var[X], Var[Y] and Cov(X,Y) are

—2/7, Cov(X,Y) =1/7
2/7, Cov(X,Y) = 1/7

[X] = Y]=

[X] = Y]
(c) Var[X] 72/7 Var[Y] = —3/7, Cov(X,Y) = 1/7
(d) Var[X]=2/7, Var[Y] =3/7, Cov(X,Y) =1/7
( [X]=3/7, Var[Y] = 2/7, Cov(X,Y) = —1/7
(f) Var[X] =3/7, Var[Y] = —2/7, Cov(X,Y) = —1/7
(g) Var[X] =2/7, Var[Y] = 3/7, Cov(X,Y) = —1/7
(h Var[X] =2/7, Var[Y] = =3/7, Cov(X,Y) =1/7

3. Let X and Y be two independent random variables, and let Z = X — Y. Assume Z > 0. Which one
of the following shaded regions should we evaluate the CDF Fz(z) = P[Z < z]?

(a) (b) (c) (d)

(e) (f) (g) (h)

Remark: There is no option (i) and (j) for this problem.
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4. Let X; ~ Exponential(\) be i.i.d. random variables for i = 1,...,n. Let Y = X; +... + X,,. Find
fy (y). Hint: Use characteristic function.
(a) nAe™, fory >0
(b) (Ae™)", for y > 0
(c) y"e Y, fory >0
(d) ye ¥, fory >0
yre ™ for y >0

%y”e*)‘y, fory >0

e

(
(f
(g
(h
(i
(J

(n’\fnl)!ynfle”\y, fory>0
Ay~ le= Y for y > 0
Problem undefined

None of the above

)
)
)
)
)
)
)
)
)
)

5. Let X; ~ Binomial(n,p) for i =1,...,N. Let

By Chebyshev inequality, what is the minimum N that will make
P[|Y — E[Y]| > 0.1] < 0.1,
where n =10, p = 1/2.

(a) N >100
(b) N > 200
(¢c) N > 250
(d) N > 1000
(e) N > 2000
(f) N > 2500
(g) N > 5000
(h) N > 25000

(i) Problem undefined
8)

None of the above
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Problem 3. (15 POINTS)
Let X ~N(0,1), and let Y| X ~ N (X,1).
Find P[Y > 1]. Express your answer in terms of the standard Gaussian ®(-) function.

Hint: (z — y)2 +22=2 [(m — %)2 + ?!4:}

PlY >1] =
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Problem 4. (20 POINTS)
Throw a dice twice. Let I; be the first number, and I5 be the second number. Define

szaX(Il,Ig)7 Y:min([l,fg).

(a) (8 points) Find the joint PMF of X and Y.

Answer: Please write down px y (z,y) in the following table.

X = max([, I3)

1 9 3 4 5 6

1

X 2
()

= 3
k=
£

I 4
o

5

6
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(b) (4 points) Is X and Y independent? (No point without explanation)

YES / NO

(¢) (4 points) Find P[X <5|Y >4].

PX <5|Y >4 =

(d) (4 points) Find E[Y | X = 3].

E[Y | X =3] =
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Problem 5. (15 POINTS)
Let X be a random variable with PDF

Define

(a) (5 points) Draw fy (y).

Answer: Please draw fy (y) in the following figure. Mark the height of delta functions, if exist.

M

v
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(b) (5 points) Draw Fy (y).

Answer: Please draw Fy (y) in the following figure. Mark the discontinuous points clearly with empty
dots and solid dots. Mark the height of the jumps.

N

(¢) (5 points) Find the moment generating function of Y.

My (s) =
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Useful Identities

LY rh=14r+r+... =1 4o YNkt =142r 437+ = g
kio ) kil , ,
203 k=14+2+3+.. . 4n="00 5 S 212492133 gpi=niqpnign
k=1 k=1
3ot = B =14 & 4L 6. (a+b)" =3 (7)akpn—*
k=0 k=0
Common Distributions
Bernoulli P[X =1]=p EX]=p Var[X]=p(1—p) Mx(s)=1—p+pe®
Binomial — px(k) = (3)p* (1 —p)"* E[X]=np Var[X]=np(l-p) Mx(s)=(1—p+pe*)"
Geometric  px (k) = p(1 —p)k~! E[X] = % Var[X] = 1;2” Mx(s) 17(’1’67;)65
Poisson  px (k) = 25 E[X] =X  Var[X] =\ My (s) = eMe'=D)
z—p)? g-s
Gaussian  fx(z) = \/21r76 T EX]=u Var[X] = o2 Mx (s) = erst
Exponential fx(z) = Aexp {—Az} E[X] = Var[X] = Mx(s) = 22
. a b—a 2 esbieia
Uniform fx(x) = ﬁ E[X] = Tb Var[X] = ( 12) Mx(s) = s(b—a)
Fourier Transform Table
f(t)<—>F(w) f{t) = F(w)
1 e~ %y (t) +—— a+]w’ a>0 10. sinc®(Wh) +— 2T A(5L))
2 e“tu(—t) «— - ljw, a>0 11. e “sin(wot)u(t) «— WZUW’ a>0
3 el e 29y 0> 0 12. e cos(wotzu(t) — %, a>0
t (721“2
4 afﬁ s mae~ "l @ >0 13. e 22 & \/2moe” 2
5. te"%u(t) +— (a+jw)2’ a>0  14. 5(t) «—1
6 t"efatu(t) < W, a>0 15. 1<+— 2775(11))
7 rect(L) <— rsinc(%) 16. §(t —tg) «— e Jwto
8 sinc(Wt) <— frrect(537) 17. eJwot «— 2§ (w — wy)
9. A(L) +— Zsinc?(4T)
Some definitions:
in(? 1 —-0.5<t<0.5 1-2|t —-0.5<t<0.5
sinc(t) = sin(t) rect(t) =< - At) = 1 -7
t 0, otherwise. 0, otherwise.

Basic Trigonometry

e/ = cosO + jsin®, sin20 =2sinfcosl, cos20 =2cos>f — 1.

1 1
cos Acos B = g(cos(A + B) +cos(A— B)) sinAsinB = —§(cos(A + B) — cos(A — B))

1 1
sin Acos B = a(sin(A + B) +sin(A — B)) cosAsinB = g(sin(A + B) —sin(A — B))
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