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More than two random variables?

Joint distributions are high-dimensional PDF (or PMF or CDF).

fx(x) = fx, x(x1,%2) = fx; x,.x5 (X1, X2, X3)
~——

one variable two variables three variables

... == le,m,XN(Xl’ - ,XN).

N variables

Notation:
fX(X) = fX1,...,XN(X1, e ,XN)_
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Random vectors in practice
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@ Joint distributions are ubiquitous in modern data analysis.
@ For example, an image from a dataset can be represented by a

high-dimensional vector x.
@ Each vector has certain probability to be present.
@ Such probability is described by the high-dimensional joint PDF fx(x).
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Random Vectors

Random vector:

)(1 X1
X5 X
X=| .|, and x=
Xn XN
Joint PDF:
fx(X) = fxy %, xu (X1, X2, - ., Xn). (1)
Probability:

PIX € A] = /A e (x)dx

:/---/Ale,..v,XN(Xla---vXN)dxl"-dXN'
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Independence

If the elements are independent, then
ka“WXN(Xj,...,XN):: ﬂq(X1)ﬁQ(XQ)...fXN(XN),

Example. Let X = [Xq,...,Xy]" be a vector of zero-mean unit variance
Gaussian random vectors. Let A = [~1,2]V. Then,

P[X € A] = /Afx(x)dx

.. / fxp, o xy (X1, oo xi)dxe .. dxy
A
2 N

= [/_1 fxl(Xl)dxl} = [6(2) - o(-1)]",

where ®(-) is the standard Gaussian CDF.
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Mean vector

Definition
Let X = [Xq,...,Xn]" be a random vector. The expectation is
E[Xi]
E[X2]
def
pEEX]=| (2)
E[Xn]
How to compute the mean vector:
E[X1] fQ x1fx, (x1)dxy
EX]= | i | = ;
E[Xn] Ja xnfxy (v ) dxi,
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Example

Example. Let X = [Xy,...,Xy]” be a random vector such that X, are
independent Poissons with X, ~ Poisson(A,). Then

ko=
Afe™ 1

IE[Xl] Eiozo k- K A1
E[X] = : = : =|:
X [k ] D
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Covariance matrix

Definition
Let X = [X1,...,Xn]" be a random vector. The covariance matrix is
Var[Xi] Cov(X1,X2) ... Cov(X1, Xn)
5 def Cov(X) = COV[)'<2, Xi] Var'[Xg] B COV()@ Xn)
COV(XN, X1) COV(XN, X2) .. Var[.XN].

A more compact way of writing the covariance matrix is
¥ = Cov(X) = E[(X — u)(X — )], (4)

where g = E[X] is the mean vector.
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Diagonal covariance matrix

Theorem

If the coordinates X1, ..., Xy are independent, then the covariance matrix
Cov(X) = X is a diagonal matrix:

Var[Xi] 0 . 0

0 Var[Xz] ... 0

Y =Cov(X) = , . ) .
0 0 ... Var[Xp]
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Correlation matrix

Definition
Let X = [X1,...,Xn]" be a random vector. The auto-correlation matrix is
E[XiX1] E[XiXz] ... E[XiXn]
R — E[XXT] = ]E[X'2X1] IE[X'2X2] ]E[X?XN] (5)
ExvX] EXnX] ... EXuXul.
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Multi-variate Gaussian

Definition
A d-dimensional joint Gaussian has a PDF

—éex —lx— Ty 1(x —
)= oo (e W w) @

where d denotes the dimensionality of the vector x.

11/14



Multi-variate Gaussian
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Summary
Random vector: ~
X1 X1
X5 X
X=1|.1], and x=
Xn | XN
Mean vector: _
E[Xi]
E[X]
def
p=E[X]= : (7)
E[Xn]]
Covariance:
Var[Xl] COV(Xl, X2) e COV(Xl, XN)
Cov|[Xz, X Var[X ... Cov(Xp, X
= % Cov(X) = [_2 1] _[ 2] . ( 2 ) ®)
Cov(Xn, X1) Cov(Xn,X2) ...  Var[Xn].
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Questions?
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