ECE 302: Lecture 5.7 Examples of X + Y

Prof Stanley Chan
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PDF of X + Y

What is the PDF of X + Y?
@ If you sum X and Y/, the resulting PDF is the convolution of fx

and fy
e E.g., Convolving two uniform random variables give you a

triangle PDF.

(b)X1—|-X2 (C)X1+...+X5 (d)X1+...+X1()0
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Outline

Joint PDF and CDF

Joint Expectation

Conditional Distribution
Conditional Expectation

Sum of Two Random Variables

Random Vectors

High-dimensional Gaussians and Transformation

Principal Component Analysis
Today's lecture

@ Examples!

@ Examples!!

@ Examples!!!
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Example 1

Example. Let X and Y be independent, and let

xe %, x>0 ye ™, y>0
fX(X):{o x<0 fY(y):{o y <0’

Find the PDF of Z =X+ Y.
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Example 1

Solution. Using the results derived above, we see that

z

o0
2D = | fz-nhd = [ K-,
—c0 —00

where the upper limit z came from the fact that x > 0. Therefore, since
Z=X+Y,wemusthave Z—Y =X >0andso Z > Y. This can be
visualized in the figure above. Substituting the PDFs into the integration
yields

z 3
fz(z) = / (z—y)e EVyeVdy = %e_z, z>0.
0

For z < 0, fz(z) = 0.
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Example 2

Example. Let X and Y be two independent random variables such that

2x, if 0<x<1, 1, if 0<y<1,
fx(x) = -~ and A =
x(x) {0, otherwise, v() {0, otherwise.

Let Z = XY. Find fz(z).
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Example 2

Solution. The CDF of Z can be evaluated as

Fre) =Fz <2 =Pixy <2 = [ |7 i)y,

Taking the derivative yields

fz(z) = “*f;Z d u/" J/" fx (x)fy (y)dxdy

a) / *fX )dy7

where (a) holds by the fundamental theorem of calculus.
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Example 2

The upper and lower limit of this integration can be determined by noting
that

which implies that z < y. Since y <1, we have that z < y < 1.
Therefore, the PDF is

0= [ I (2) winay
/ Zdy=21-2z), z>0.

For z <0, fz(z) =0.
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Example 3

Theorem (Sum of two Gaussians)

Let Xi ~ Gauss(ji1,02) and Xo ~ Gauss(ua,03), then

X1 4 Xo ~ Gaussian(py + pi2, 0% + 03). (1)
Proof. Let us apply the convolution principle.
o
fz(Z) = / fx(t)fy(z — t)dt
—0o0
00 — )2 z—
:‘/“ 1 efhzﬂ) . 1 . ( tu2 dt
—0o

2102 V212
o _ (t=m)?+(z—t—pp)®

= e 202
V2mo? /—oo V212
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We can now do a completing square:
(t—m)+(z—t—p2)
= [t? = 2pat + ] + [t? + 2t(p2 — 2) + (n2 — 2)°]
= 2t% = 2t(p1 — pa + 2) + 113 + (n2 — 2)?

—p2t+z
2 2
1— M2+ 2Z 1— 2+ 2
:2|:t_/'L'L2L:| _2|:'u'l2lj| +N%+(/~L2_Z)2-

The last term can be simplified as

_2{M1—u2+z

2
5 ] + 13 + (2 — 2)?

2 2

p —2p1(p2 —z) + (p2 — z
=-= ( 2) ( ) + 45 + (2 — 2)?
— 13+ 2 (p2 — 2) + (2 — 2)? _ (o —z)?
2 2 )
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Substituting these into the integral, we can show that

)2

_ 2 _
2[1‘7#1 §2+Z] +(u1+u22 z

h 252 dt

1 o0 1
f2(2) = V2mo? /oo V2mo? ¢
[Fm—#zﬂr

2

1 _(ytpp—2)* (00 1 B 2

= —e 2(202) / —e o2 dt
V2mo? —00 V2102

N

1 (m1tpo—2)

e 2(252)

27(20)?

Therefore, we have shown that the resulting distribution is a Gaussian with
mean ji1 + po, and variance 2072.
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Summary

Steps to do sum of two variables:
e Find Fz(z) =P[Z < Z].
@ Determine the upper and lower limit for the integration.
e Find fz(z) = iFz(z).

T dz
X1 Xo Sum X1 + Xo
Bernoulli(p) Bernoulli(p) Binomial(2, p)
Binomial(n, p) Binomial(m, p) Binomial(m + n, p)
Poisson (A1) Poisson(\2) Poisson(A1 + A2)

Exponential(\) Exponential()) Erlang(2, \)
Gaussian(yu1,0%)  Gaussian(u2,02)  Gaussian(uy + 2, 0% + 03)
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Questions?
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