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What are joint distributions?

Joint distributions are high-dimensional PDF (or PMF or CDF).

fx(x) = fx, x(x1,%2) = fx; x,.x5 (X1, X2, X3)
~——

one variable two variables three variables

... — le,m,XN(Xl’ ce ,XN).

N variables

Notation:
fX(X) = fX1,...,XN(X1, e ,XN)_
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Why study joint distributions?

Seaes.

SRSeS.

SRS,
2

iy, Sy
l/
£

@ Joint distributions are ubiquitous in modern data analysis.
@ For example, an image from a dataset can be represented by a

high-dimensional vector x.
@ Each vector has certain probability to be present.
@ Such probability is described by the high-dimensional joint PDF fx(x).
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Outline

@ Joint PDF and CDF

o Joint Expectation

o Conditional Distribution

e Conditional Expectation

@ Sum of Two Random Variables

@ Random Vectors

@ High-dimensional Gaussians and Transformation

@ Principal Component Analysis
Today's lecture

e Joint PMF, PDF

e Joint CDF

@ Marginal PDF

@ Independence

4/26



|
Joint PMF

Definition
Let X and Y be two discrete random variables. The joint PMF of X and
Y is defined as

px.y(x,y) =P[X =xand Y =y]. (1)

pXY

A
y L. px.y(7,y) I
@ |
z

Figure: A joint PMF for a pair of discrete random variables consists of an array of
impulses. To measure the size of the event A, we sum all the impulses inside A.

>
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Example

Example 1. Let X be a coin flip, Y be a dice. Find the joint PMF.

Solution. The sample space of X is {0,1}. The sample space of Y is
{1,2,3,4,5,6}. The joint PMF is

Y

1 2 3 4 5 6
— I I 1 1 I T
SRR R
X=1llp o 2 2 o »

Or written in equation:
1
pX,Y(Xa.y) = Ea XZOala y = 17273747576°
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Example

Example 2. In the previous example, define A ={X + Y =3} and
B = {min(X,Y) = 1}. Find P[A] and P[B].

Solution:

PlAI = > px.v(xy) =px,v(0,3)+ px,v(1,2)
(x,y)eA
2

12
PBl= > pxy(xy)
(x.y)eB

= px,v(1,1) + px,v(1,2) + ...+ px,v(1,5) + px,v(1,6)
6
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Joint PDF

Definition
Let X and Y be two continuous random variables. The joint PDF of X
and Y is a function fx y(x,y) that can be integrated to yield a probability:

P[A] = /,4 fi.y (x. y )dxdy, )

for any event A C Qx x Qy.

A fxy(z,y)
dy'l_ '''''''' E fxy(@,y) N
dx A
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Example

Example 1. Consider a uniform joint PDF fx y(x, y) defined on [0, 2]?
with fx y(x,y) = 1. Let A = [a, b] x [c,d]. Find P[A].

Solution:

PlA]=Pla< X < b, ¢ <X <d]

d b
=/ / fx,v (x, y)dxdy

:/Cd/abidxdy:(d_ci(b_a).
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Example

Example 2. In the previous example, let B = {X + Y < 2}. Find P[B].

Solution:

2 22—y
P[B] = / fx,y(x,y)dxdy = / / fx v (x, y)dxdy
B 0 0

2 2—y1
:// fdxdy
- [ 5~

10/26



Review of 2D Integration

fOQ(.)dy —b\ f;y(-)dm

0 2™

Figure: To integrate the probability P[X + Y < 2], we perform a 2D integration

over a triangle.
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Example

Example 3. Consider a joint PDF

ce e, 0<y <x <0,
fX,Y(Xa.y) =

0, otherwise.

Find the constant c.

Solution. There are two ways to take the integration. We choose the
inner integration w.r.t. y first.

/ fx, v (x, y)dxdy = / / ce” e Y dydx
Q o Jo
oo c
= ce™X(1—e)==.
Jo e =

Therefore, ¢ = 2.

12/26



Review of 2D Integration

/j(-)dy Q /“(.)dx /Oz(-)dy ’

{11 o

Figure: To integrate the probability P[0 < Y < X], we perform a 2D integration
over a triangle.
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Marginal PDF

Definition
The marginal PMF is defined as

px(x)= Y pxy(xy) and py(y)= D pxy(xy), (3)
yEQyY x€Qx
and the marginal PDF is defined as

fx(x):/ fx,v(x,y)dy and fy(y):/ fx,v(x,y)dx (4)

Qy Qx
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Example

Example 1. Consider the joint PDF fx y(x,y) = % shown below. Find

the marginal PDFs.

4
. fx(@)
3 3 3
. afof ] .
Ixy(@,y) ]
1 ! 1 fr ()
1 2 3 12 37 I
Solution. If we integrate over x and y, then we have
. 1, ifl<x<2,
3, ifl<x<2, ) 2 <x<3
i X
fx(x) =<1, if2<x<3, and f = -7
x() N A PR
0, otherwise. )
0 otherwise.
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Example

Example 2. A joint Gaussian random variable (X, Y') has joint PDF

oy (,y) = =~ exp {_((X — 1x)%+ (v — 1v)?) } |

210 252

Find the marginal PDF fx(x).

Solution.

1 - 2 e 1 _ 2
= exp{_(X'U;X)}'/ exp{—(y'uzy)}dy
2mo? 20 oo V2102 20

1 _ 2
= exp ] 1)1
V2ro? 202
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Independence

Definition

If two random variables X and Y are independent, then

px,y(x,¥) = px(x)py(y), and fx y(x,y) = fx(x)fy(y).

Definition

If a sequence of random variables Xi, ..., Xy are independent, then their
joint PDF (or joint PMF) can be factorized.

N
le,...,XN(XL e 7X/\/) = H an(Xn). (5)
n=1

v
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Example

Example 1. Consider two random variables with a joint PDF given by

12exp{(X_“X)zﬂy—uv)z}.

Then, from the previous example, we know that

_ ! (x — px)? 1 (v — ny)?
fx,y(x,y) = Toro exp {— = X N exp 502

fx(x) fr(y)

Therefore, the random variables X and Y are independent.
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Example

Example 2. Consider two random variables X and Y with a joint PDF
given by

fx,y(x,y) oc exp {—(x — )}
= exp {—x* + 2xy — y*}
= exp {—Xz} exp {2xy} exp {—yz}
—_— T/ —
fi (x) extra term fr(y)

This PDF cannot be factorized into a product of two marginal PDFs.
Therefore, the random variables are dependent.
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Independent and Identically Distributed (i.i.d.)

Definition (Independent and Identically Distributed (i.i.d.))

A collection of random variables Xi, ..., Xy are called independent and
identically distributed (i.i.d.) if

e All Xi,..., Xy are independent;
o All Xi,..., Xy have the same distribution, i.e., fx,(x) = ... = fx, (x).

Why is i.i.d. so important?
@ If a set of random variables are i.i.d., then the joint PDF can be
written as a product of PDFs.

@ Integrating a joint PDF is not fun. Integrating a product of
PDFs is a lot easier.
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Example

Example 1. Let X1, Xo,..., Xy be a sequence of i.i.d. Gaussian random
variables where each X; has a PDF
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Joint CDF
Definition

Let X and Y be two random variables. The joint CDF of X and Y is the
function Fx y(x,y) such that

Fxy(x,y)=PX<xnY<y] (6)
Definition
If X and Y are discrete, then
Fxy(6,y) =Y > pxy(x.Y) (7)
y' <y x'<x

If X and Y are continuous, then

y X
Fry(x,y) = / / .y (X y')dx'dy’. (8)
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Example

Example 1. Let X and Y be two independent uniform random variables
Uniform(0, 1). Then, the joint CDF is

Fry(x.y) = Fx(x)Fy(y) = /0 ) [ )y

X Yy 0
:/ 1dx’/ 1dy’ = xy.
0 0

Example 2. Let X and Y be two independent uniform random variables
Gaussian(p, 02). Then, the joint CDF is

Fey () = PR ) = [ i) [ oy

:¢<X;M>¢(Y;M>’

where ®(+) is the CDF of the standard Gaussian.
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Properties

Proposition

Let X and Y be two random variables. The marginal CDF s

Fx(X) = FX7y(X, OO)
Fy(y) = Fx,y (o0, y).

Definition
Let Fx, y(x,y) be the joint CDF of X and Y. Then, the joint PDF can be
obtained through

62

fX,Y(X7y) = mFX,Y(Xay)‘
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Summary

@ Joint PMF and PDF:

Joint distributions are high-dimensional PDF (or PMF or CDF).

@ From 1D to 2D:
o Replace 1D integration to 2D integration

@ Independence:

N
fxl,...,xN(Xl, CXN) = H fx,(Xn)- (9)
n=1
A collection of random variables Xi,..., Xy are called independent

and identically distributed (i.i.d.) if

o All Xi,..., Xy are independent;
o All Xi,..., Xy have the same distribution, i.e., fx,(x) = ... = fx,(x).
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Questions?
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