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a b s t r a c t

Special Nuclear Materials (SNM) yield very unique fission signatures, namely correlated neutrons and
gamma-rays. A major challenge is not only to detect, but also to rapidly identify and recognize SNM with
certainty. Accounting for particle multiplicity and correlations is one of standard ways to detect SNM.
However, many parameter data such as joint distributions of energy, angle, lifetime, and multiplicity of
neutrons and gamma-rays can lead to better recognition of SNM signatures in the background radiation
noise. These joint distributions are not well understood. The Monte Carlo simulations of the transport of
neutrons and gamma-rays produced from spontaneous and interrogation-induced fission of SNM are
carried out using the developed MONSOL computer code. The energy spectra of neutrons and gamma-
rays from a bare Highly Enriched Uranium (HEU) source are investigated. The energy spectrum of
gamma-rays shows spectral lines by which HEU isotopes can be identified, while those of neutrons do
not show any characteristic lines. The joint probability density function (JPDF) of the energy–angle
association of neutrons and gamma-rays is constructed. Marginal probability density functions (MPDFs)
of energy and angle are derived from JPDF. A probabilistic model is developed for the analysis of JPDF and
MPDFs. This probabilistic model is used to evaluate mean values, standard deviations, covariance and
correlation between the energy and angle of neutrons and gamma-rays emitted from the HEU source. For
both neutrons and gamma-rays, it is found that the energy–angle variables are only weakly correlated.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

One of the critical gaps in homeland security is the inability to
efficiently recognize samples of Special Nuclear Materials (SNM) [1].
These materials emit correlated neutrons and gamma-rays (gam-
mas) with characteristic signatures [2]. The strategy for detecting
the presence of SNM relies on sensing the emitted radiation [3,4].
In many modern neutron detectors, two features, multiplicity and
time-correlation, are used as a way of distinguishing the different
types of neutrons present in the flux [5]. Typical background
consists of single neutrons and neutron groups from multiple
neutron events caused by cosmic-rays [6]. To determine the
presence of an SNM source, it is required to distinguish the SNM
neutron count from random background or from correlated, but not
SNM, sources such as those produced by cosmic-ray showers.
Multiplicity analysis, neutron background correction methods, and
cosmic-ray rejection algorithms are used in the neutron counters
to eliminate a non-SNM source [5]. However, current detection
systems do not have sufficient resolution to identify problematic
amounts of fissionable material. The background radiation could be

much more intense than the fission signature. The most challenging
situation is the case where the count rate is near the background
signal causing false alarms [4,7]. Responding to false alarms can be
time consuming and expensive. The interaction of cosmic-rays with
nearby metals can increase the background many times, making the
detection of fission sources extremely difficult [8]. Most current
detection systems rely on detecting “thermalized” neutrons [5].
Neutrons must be slowed down, which requires many centimeters
of material surrounding the detector. Also, once the neutrons are
slowed, their original energy and direction cannot be determined,
rendering identification of SNM more difficult. The ability of SNM
detectors to utilize other distributions such as the energy, angle,
number, and lifetime of neutrons and gamma-rays can offer
important improvements to recognize the presence of SNM.

To enhance detection of SNM, novel fast neutron counting
technology was developed with high temporal and spatial resolu-
tion and capability to directly determine neutron energy and angle
[9]. This technology, benefiting from advances in nanotechnology
and organic semiconductors, combines the low-noise, high tem-
poral and high spatial resolution of micro-channel plates (MCP)
with the neutron-stopping power of hydrogen-rich plastic sub-
strates. In MCP-based detectors, neutron detection is accom-
plished through the direct conversion of incoming fast neutrons
into a pulse of electrons. The high timing resolution (�10 ns) of
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the MCP-based device also allows efficient discrimination between
neutrons generated in a fusion chain within SNM and background
radiation. These novel technological advances stress the impor-
tance of understanding the joint probability distributions of
various variables of neutrons and gammas emitted from an SNM
source. Particle correlations in energy, angle, lifetime, and number
(multiplicity) are many new parametric data that can be used to
predict the intrinsic characteristics of the SNM source of neutrons
and gammas. The joint and marginal probability density functions
(JPDF and MPDF) of these parameters carry information about
fission chains.

In this work, we have carried out Monte Carlo (MC) simulations
of spontaneous fission chains in a low multiplying Highly Enriched
Uranium (HEU) source using the developed MONSOL code.
The spontaneous fission rate for 1 kg of HEU is only about
�3–4 neutrons per second that is less or comparable to those
produced by cosmic-ray showers [10]. Therefore, it is very difficult
to detect the HEU source using the passive detection methods. The
MC simulations of an external source of neutrons interrogating
HEU are also performed. Fission chains are induced by 60 keV
neutrons. Our main goal in this research is to introduce the
MONSOL code and identify the strength of relation between the
energy and angle of neutrons and gamma-rays. From the MC
simulations of spontaneous and interrogation-induced fission, the
joint distributions of the energy and angle of neutrons and
gamma-rays emitted from HEU sphere are created. A probabilistic
model is developed to evaluate JPDF and MPDFs of energy and
angle, mean values, standard deviations, covariance, and correla-
tion. The paper is organized as follows: in Section 2 we describe
the computational models; in Section 3 results and discussion are
presented; conclusions are provided in Section 4.

2. Computational models

2.1. Fission chains in multiplying media

A characteristic feature of SNM sources is that they produce
chains of fissions. After absorbing a neutron, the nucleus of 235U
becomes excited. Possible outcomes are the elastic scattering,
fission, and nuclear reactions with the ejection of various particles.
After fission or nuclear reactions, multiple (coincident) neutrons
and gamma-rays are emitted, which in turn can induce subse-
quent fissions [10]. A chain of fissions and reactions with neutron
emissions gives rise to a burst of neutrons and gamma-rays.

The time scale for emission from fission chains is very short
compared to that for neutron slowing down. Therefore, the burst
of fission neutrons from a chain occurs almost instantaneous [11].
These bursts of particles can be detected and analyzed to infer the
presence of SNM. The experimental studies of SNM sources require
authorized access, time consuming planning, and scheduling of
experiments. Therefore, validated simulation tools using faithful
models are essential to characterize SNM fission signatures. The
simulation capabilities are usually built upon high-quality funda-
mental nuclear cross-section and decay databases, allowing trans-
port simulations to model the underlying physical phenomena
accurately.

2.2. The MONSOL code

The MONSOL computer code is developed to perform MC
simulations of the transport of neutrons and gamma-rays pro-
duced from the fission of SNM. A robust computational approach
is implemented in MONSOL that covers the whole path from the
fundamental nuclear reaction models and the inherent character-
istics of the intra-nuclear and decay processes to the transport of
neutrons and gamma-rays. The database of total and reaction
cross-sections, energy spectra, angular distributions, and double-
differential spectra of gammas and neutrons was created using the
nuclear data tool TALYS [12]. This nuclear database is incorporated
in the MONSOL code for MC simulations of fission chains in
multiplying media. The following models are implemented: 1)
database of nuclear-model parameters, RIPL-3, needed for nuclear
data evaluations; 2) integrated coupled-channels optical model,
ECIS06, for evaluation of total, elastic, reaction, and direct inelastic
cross-sections, elastic and inelastic scattering angular distribu-
tions; 3) detailed structure of discrete levels for various fissionable
isotopes; 4) pre-equilibrium particle emission based on a two-
component exciton model; 5) equilibrium particle emission based
on the Hauser–Feshbach model; and 6) various fission models
including experimental, single- and double-humped fission, and
the Wentzel–Kramers–Brillouin model.

The cross-sections of neutron interactions with 235U nuclei
calculated using MONSOL are shown in Fig. 1. The total cross-
section is the sum of elastic, fission, and reaction cross-sections
(Fig. 1(a)). A major contribution comes from the elastic scattering in
the energy range from �1 keV to �200 MeV. The fission dominates
over nuclear reactions, when the neutron energy is less than
0.5 MeV. At higher neutron energies, nuclear reactions are important,

Fig. 1. Total, elastic, fission and reaction cross-sections of neutron interactions with 235U nuclei (a) and decomposition of fission and nuclear reaction cross-sections (b).
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especially in the range of energies from 1MeV to 10 MeV. The type of
reactions is decomposed in Fig. 1(b) for both fission and reaction
channels. It is seen that the emission of gammas from fission and
reactions dominates at low neutron energy. For reaction channel, the
inelastic scattering of neutrons becomes important at �40.1 MeV.
The other particles can be emitted from excited 235U nuclei at
neutron energy 4�7 MeV. For fission channel, the inelastic scatter-
ing is observed in a narrow range of neutron energies, �6–10 MeV.
At higher neutron energy �410 MeV, other particles are emitted
from 235U nuclei.

The detailed structure of the discrete energy levels of excited
nuclei is implemented in MONSOL to describe accurately the
radiative transitions. This is needed for accurate modeling of
gamma decay of excited states of isotopes based on branching
ratios and inelastic neutron scattering on discrete energy levels
with later decay of an exited state by gamma emission. For
instance, the energy of emitted gammas from heavy 235U nuclei
is within the range from �45 keV to �3 MeV. It is known that the
density of energy levels decreases with decreasing the weight of
nucleus. This means that the capture and inelastic scattering of
neutrons on light nuclei can result in the emission of high-energy
gammas (several MeV). This is important when the low-Z shield-
ing materials are used.

To accurately describe the interaction of gammas with atomic
electrons and nuclei, the NIST photon cross-sections [13] are
implemented. The cross-sections of gamma interaction with 235U
are shown in Fig. 2. It is seen that at photon energies �o0.1 MeV,
the photoelectric absorption on atomic shells and Rayleigh
scattering are dominating processes. Compton scattering becomes
important in the energy range between �0.1 and 3.0 MeV, and the
electron–positron pair production on 235U nuclei dominates at
higher energies. The photonuclear absorption of gammas is more
than an order-of-magnitude lower compared to the electron–
positron pair production. The photofission cross-section is even
lower than that of photonuclear absorption.

The simulation of photon and neutron transport is straightfor-
ward because the mean number of interaction events in each MC
history is fairly small. The flowchart of the MC method for
modeling of neutron and photon trajectories [14] is described in
Appendix A. Since the MONSOL code is a time-dependent MC
code, it is possible to follow the time evolution of particles in a
cascade. The algorithm works as follows. At the first interaction of
a primary particle with matter the timing of cascade particles
starts. The time interval that elapses as a particle moves along its

path is computed by dividing the path step-length by an average
particle's velocity (arithmetic mean of particle velocities in the
beginning and in the end of step-length). Thus, the time is updated
at interaction points. The total time elapsed since the first inter-
action is the sum of time intervals accumulated by successive
particles. In this way, the MONSOL code is capable of calculating
the lifetimes and arrival times of particles. The MONSOL code was
recently used to study time correlations of cosmic-ray-induced
background of neutrons and gamma-rays at sea level [15].

2.3. Probabilistic model

The data obtained from MC simulations of SNM sources are
used in a probabilistic model for analysis of the correlation of
energy and angle of neutrons and gammas [16]. The JPDF of two
variables x and y (for example, energy and angle of particles) to be
observed together can be expressed as

pðx; yÞZ0 ð1Þ
where

R R
p(x,y)dxdy¼1. The MPDF is determined from Eq. (1) by

integrating over one of variables, called “integrating out” that
variable

pXðxÞ ¼
Z

pðx; yÞdy and pY ðyÞ ¼
Z

pðx; yÞdx: ð2Þ

The variables are independent if their JPDF is the product of the
MPDFs, i.e.

pðx; yÞ ¼ pXðxÞUpY ðyÞ: ð3Þ
The covariance is a measure of the strength of relation between

variables

CovðX;YÞ ¼∬ ðx�μXÞðy�μY Þpðx; yÞdxdy ð4Þ
where μX¼

R
x �pX(x)dx and μY¼

R
y �pY(y)dy are mean values. There

could be either strong positive covariance, strong negative covar-
iance, or covariance near zero. A positive covariance means that
first variable is above (below) its mean value, when second
variable is also above (below) its mean value. The correlation is
the degree to which two or more variables are linearly associated

ρX;Y ¼
CovðX;YÞ
sX UsY

ð5Þ

where sX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR ðx�μXÞ2pXðxÞdx

q
and sY ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR ðy�μY Þ2pY ðyÞdy
q

are
the standard deviations. Positive correlation values indicate that
the two variables are positively correlated, meaning that the two
variables vary in the same direction. Negative values indicate that
the two variables are negatively correlated, meaning that the two
variables vary in the contrary direction. Values close to �1 or þ1
reveal that two variables are highly related.

3. Results and discussion

3.1. Benchmarking the MONSOL code

For a widely varying set of nuclear reactions, the verification
and validation of nuclear data used in MONSOL are well described
in TALYS manual [17]. Total, elastic and inelastic cross-sections,
photonuclear cross-sections, elastic and inelastic scattering angu-
lar distributions, fission cross-sections, recoil energy distributions,
and reaction cross-sections of neutrons incident on different
nuclei are compared to experimental data. An overall good agree-
ment with experimental results is found confirming the reliability
of TALYS nuclear data used in MONSOL. For further validation, the
transport of neutrons and gammas should be benchmarked
against the available data. The mean free path of neutrons in
materials composed of light and heavy nuclei was compared toFig. 2. Cross-sections of gamma interactions with 235U nucleus.
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experimental data [18]. The mean free path as a function of
neutron energy calculated using MONSOL as an average over many
free paths is shown in Fig. 3. It is seen that the calculated free
paths of neutrons are in a good agreement with experimental data
[18], especially for heavy elements and high neutron energies.

Using MONSOL, MCNPX [19] and GEANT4 [20] codes, MC
simulations were carried out to investigate spontaneous and
neutron-induced fissions in HEU sphere with a radius of 3.97 cm
and mass density of 19.1 g/cm3. The composition of U isotopes is
1.2% of 234U, 93.3% of 235U, and 5.5% of 238U. The HEU has a very
low rate of spontaneous fission, �0.05 fissions/s in a sphere of
radius 3.97 cm. Therefore, the count rate from HEU could be less or
comparable to that from cosmic-ray-induced fission chains [10].
Cosmic-ray background may fluctuate making passive detection of
HEU impossible. However, the rare fission chains can create a large
number of neutrons and gamma-rays that can be detected [10].
Several snapshots of such long fission chains observed in MONSOL
simulations of spontaneous fission in HEU are shown in Fig. 4.
Bursts of neutron and gammas are seen at collision points due to
nuclear reactions. Some of them are absorbed in HEU, and the
others are escaped through the sphere's surface.

Fig. 5 compares the energy spectra of neutrons derived from
MCNPX and GEANT4 codes to those produced by the MONSOL
code. The energy spectra are normalized to the number of
neutrons (an integral over the energy is unity) that escaped from
the HEU sphere. For U isotopes, the energy spectrum of neutrons
from spontaneous fission should be reminiscent of a typical Watt
fission spectrum with a peak located near �0.8 MeV [11]. There is
a very good agreement between MONSOL and GEANT4 (Fig. 5(a)).
However, the peak in the MCNPX spectrum is somewhat shifted

toward the lower energies, �0.4 MeV. This shift may indicate
that the average number (multiplicity) of emitted neutrons in a
spontaneous fission event is overestimated (larger than 1–2
neutrons for 235U). All three energy spectra of neutrons do not
show characteristic lines by which an isotopic composition can be
identified. The energy spectra of neutrons escaped from a bare
HEU sphere interrogated by 60 keV neutrons are shown in
Fig. 5(b). The neutron spectrum from MONSOL and GEANT4 codes
again compares very well. A large peak at �60 keV corresponds
to interrogating neutrons that reflected from the HEU sphere.
However, the MCNPX energy spectrum shows a number of addi-
tional peaks in the low-energy region (Fig. 5(b)). These peaks are
unphysical. The maximum of MCNPX fission energy is again
shifted toward the lower energy (�0.4 MeV).

For an interrogation-induced fission, the energy spectra of
gammas from three codes show the characteristic lines in the
keV region that differ in number and location (Fig. 6). The spectral
lines in the MCNPX spectrum are obscure. The MONSOL spectrum
is richer in the number of lines, since the fine detailed structure
of energy levels and transitions is implemented in MONSOL.
The broad energy maximum of gammas at �0.6 MeV is nearly
the same from the three codes. However, the GEANT4 spectrum
shows a strong line near �7 MeV, the origin of which cannot be
explained for the case of an unshielded HEU sphere. MCNPX and
MONSOL do not show any spectral line at this energy. We can
conclude that the work is yet needed to correct and improve the
fission models implemented in these codes, values of fission rates
used, and details of energy levels and transitions in the excited
nuclei.

3.2. JPDF and MPDF of energy–polar angle distributions of neutrons
and gammas

A developed probabilistic model is used to post-process the
simulated distributions of energy and polar angle of neutrons and
gamma-rays emitted from a bare HEU sphere. The JPDF and MPDFs
are constructed and the mean values, standard deviations, covar-
iance and correlation of energy and polar angle are determined.
The energy of neutrons and gammas leaving the HEU sphere is
within the range from �1 keV up to �15 MeV. The MPDF of
angular distribution of neutrons and gammas emitted from the
sphere due to spontaneous fission is found to be uniform using the
cosine units of polar angle (the reciprocal solid angle). However,
the MPDF of angular distribution expressed in units of reciprocal
degrees becomes non-uniform. We choose to display the angular
MPDFs in reciprocal degrees and the polar angle in degrees in the
range from 01 to 1801.

The JPDF map of the energy–polar angle distribution of
neutrons escaping from the HEU sphere due to spontaneous
fission is shown in Fig. 7(a). The polar angle is counted from the
Z-axis, which is directed outward from the sphere's surfaceFig. 3. Mean free path of neutrons in different materials as a function of energy.

Fig. 4. Long fission chains in HEU generated in MONSOL simulation. Trajectories of neutrons and gamma-rays are in yellow and blue colors, respectively. (For interpretation
of the references to color in this figure legend, the reader is referred to the online version of this article.)
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(inset in Fig. 7(b)). It is seen in Fig. 7(a) that neutrons are
distributed within the whole angular range from 01 to 1801 with
a maximum near �901. The majority of neutrons is emitted with
energies from �0.1 MeV to �2 MeV (Fig. 7(a)). The fraction of
neutrons with lower energies o0.1 MeV and higher energies
42 MeV is considerably smaller. The MPDFs of energy and polar
angle of neutrons can be derived by integrating over one of
variables in Fig. 7(a). The MPDF of energy (actually the normalized
energy spectrum) of neutrons leaving a bare HEU sphere is the
same as that shown in Fig. 5(a). The peak of neutron energy is
located at �0.8 MeV. The MPDF of polar angle expressed in units
of reciprocal degrees is illustrated in Fig. 7(b). The calculated mean
values, standard deviations, covariance and correlation of neutron
energy and polar angle in spontaneous fission are presented in
Table 1. The covariance of neutron energy–polar angle relation,
��0.019 MeV deg, is negative, meaning that both variables are
below their mean values. The correlation, ��0.00034, is also
negative, meaning that energy and polar angle are varying in
different directions. These variables are not strongly correlated,
since their correlation value is negligibly small.

The JPDF of the energy–polar angle distribution of neutrons
escaping from HEU sphere interrogated by 60 keV neutrons is

shown in Fig. 8(a). In this case, the neutrons and gammas are
generated in HEU due to the neutron-induced fission. It is seen in
Fig. 8(a) that there is a strong line at 0.06 MeV across the entire
range of polar angles. This line corresponds to the 60 keV neutrons
reflected from an HEU sphere. The maximum of JPDF is located
within �0.1–2.0 MeV at �901 corresponding to fission neutrons.
Again as in the case of spontaneous fission (Fig. 7(a)), the fraction
of neutrons with energies o�0.1 MeV and 4�2 MeV is con-
siderably reduced. The MPDFs of energy and polar angle of
neutrons are derived by integrating over the energy and polar
angle, respectively. The MPDF of energy represents the normalized
energy spectrum of neutrons shown in Fig. 5(b) with a large peak
at 0.06 MeV corresponding to the incident 60 keV neutrons
reflected from the HEU sphere. The rest of the energy spectrum
is a Watt fission spectrum with a maximum of fission energy
nearly �0.8 MeV. This portion of spectrum from neutron-induced
fission compares well to the energy spectrum of spontaneous
fission shown in Fig. 5(a). The MPDF of polar angle (Fig. 8(b)) is
considerably modified compared to the case of spontaneous
fission (Fig. 7(b)). The bell-shaped curve in Fig. 7(b) is transformed
to the delta-peaked curve in Fig. 8(b). The height of peak at �901
is increased about four times. This is due to a contribution of
60 keV neutrons. A schematic illustration is shown in the inset of
Fig. 8(b). The incident 60 keV neutrons penetrate along the X-axis
that makes 901 with the Z-axis. Therefore, the reflected neutrons
mainly leave the HEU sphere at polar angle of �901 in the
direction of an interrogating beam. The statistic of correlations in
this interrogation-induced fission is also modified (Table 1). The
mean value of neutron energy, �1.3 MeV, is lower compared to a
case of spontaneous fission. However, the standard deviation,
�1.6 MeV, becomes higher. The mean value of neutron polar
angle remains the same. Its standard deviation, �32.31, is lower.
The covariance of neutron energy–polar angle, �0.012 MeV deg,
becomes positive. The correlation of neutron energy–polar angle,
�0.00024, also becomes positive but it remains very small.

Similar analysis is carried out for JPDF, MPDFs, mean values,
standard deviations, covariance, and correlation of gammas
emitted from the HEU sphere. The JPDF of the energy–polar angle
distribution of gammas from spontaneous fission is shown in Fig. 9
(a). The gammas escape from HEU within polar angles 0–1801. It is
seen in Fig. 9(a) that a maximum of the energy–angle distribution
of gammas is located in the range corresponding to gamma
energies �0.4–1.0 MeV and polar angles �60–1201. The fraction
of lower- and higher-energy gammas is decreased within the

Fig. 5. Energy spectra of neutrons from (a) spontaneous and (b) interrogation-induced fission in an HEU sphere calculated using the MONSOL, MCNPX and GEANT4 codes.

Fig. 6. Energy spectra of gammas from HEU sphere interrogated by 60 keV
neutrons. The MONSOL, MCNPX and GEANT4 spectra are compared.
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whole range of polar angles. There is a number of strips below
�0.3 MeV (Fig. 9(a)) corresponding to spectral lines. The MPDF of
gamma energy is shown in Fig. 9(b). It is derived by integrating
over polar angle in Fig. 9(a). The MPDF of gamma energy is the
normalized energy spectrum of gammas from spontaneous fission.

It shows a number of spectral lines in the keV region.
The wide maximum of gamma energy is located at �600 keV.
The MPDF of polar angle of gammas in spontaneous fission is
exactly the same as that of neutrons demonstrated in Fig. 7(b). In
the discussion below, we therefore refer to Fig. 7(b) for MPDF of

Fig. 7. JPDF of the energy–polar angle distribution (a) and MPDF of polar angle (b) of neutrons leaving a bare HEU sphere due to spontaneous fission.

Table 1
Mean values, standard deviations, covariance and correlation of energy and polar angle of neutrons emitted from a bare HEU sphere due to spontaneous and 60 keV neutron-
induced fission.

Energy (MeV) Angle (deg) Energy (MeV) Angle (deg)

Spontaneous fission Interrogation-induced fission
Mean �1.8 �89.5 Mean �1.3 �89.5
Deviation �1.4 �39.2 Deviation �1.6 �32.3

Energy–Angle Energy–Angle

Covariance (MeV deg) ��0.019 Covariance (MeV deg) �0.012
Correlation ��0.00034 Correlation �0.00024

Fig. 8. JPDF of the energy–polar angle distribution (a) and MPDF of polar angle (b) of neutrons leaving a bare HEU sphere due to interrogation by 60 keV neutrons.
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polar angle of gammas. When recalculated to the cosine units (the
reciprocal solid angle), both gamma and neutron MPDFs of polar
angle become uniform within a cosine range from �1 to 1. The
mean values, standard deviations, covariance and correlation of
energy and polar angle of gammas in spontaneous fission are
presented in Table 2. The values of covariance and correlation of
the energy–polar angle relation are small. It is seen that the energy
and polar angle of gammas in spontaneous fission are very weakly
associated.

The JPDF of the energy and polar angle distribution of gammas
induced by 60 keV neutron interrogation in the HEU sphere is
shown in Fig. 10(a). This JPDF is different compared to that
corresponding to the case of spontaneous fission (Fig. 9(a)). There
is a maximum of JPDF within the energy range from �0.2 MeV to
�2 MeV near �901. The JPDF drops sharply for lower (o�0.2
MeV) and higher (4�2 MeV) gamma energies. The strips in the
region below �0.3 MeV are spectral lines. The MPDF of gamma
energy (the normalized energy spectrum of gammas induced by
60 keV neutrons) is the same as that shown in Fig. 6. Both the
spontaneous (Fig. 9(b)) and interrogation (Fig. 6) energy spectra of
gammas are quite similar. The MPDF of polar angle of gammas
emitted from the HEU sphere due to interrogation by 60 keV
neutrons is illustrated in Fig. 10(b). The MPDF of gamma polar
angle from interrogation (Fig. 10(b)) is different compared to that
from spontaneous fission (Fig. 7(b)). The bell-shaped angular
distribution of gammas is transformed to the strongly peak-
shaped angular distribution. There is a large peak of gamma
emission in the direction of the interrogating beam that is

perpendicular to the Z-axis (inset in Fig. 10(b)). These gammas
are produced due to the interaction processes of 60 keV neutrons
with HEU nuclei. The height of polar angle peak (Fig. 10(b),
interrogation case) increases about 6 times compared to that
corresponding to the spontaneous fission (Fig. 7(b)). However,
the statistics and correlations of gamma energy–polar angle are
not considerably affected (Table 2). The mean value of gamma
energy is �1.37 MeV that is close to the case of spontaneous
fission. The standard deviation of energy is nearly the same.
Although the mean value of polar angle is the same, its standard
deviation, �28.61, is lower. The covariance and correlation are
small. Thus, it is found that the energy and polar angle of gammas
from neutron-induced fission are very weakly correlated.

4. Conclusions

The MONSOL Monte Carlo code is developed by implementing
comprehensive new optical nuclear models, various compound
nuclei, fission, gamma-ray strength, level density, pre-equilibrium
models, and nuclear structure parameters. The nuclear data tool
TALYS was used to generate databases of cross-sections, energy
spectra, angular distributions and double-differential spectra of
gammas and neutrons. These nuclear datasets are incorporated in
the MONSOL code for MC simulations of fission chains in multi-
plying media. For both cases of spontaneous and interrogation-
induced fission, the energy spectra of neutrons and gammas from
HEU sphere calculated using the MONSOL, MCNPX, and GEANT4

Fig. 9. JPDF of the energy–polar angle distribution (a) and MPDF of energy (b) of gammas escaping from a bare HEU sphere due to spontaneous fission.

Table 2
Mean values, standard deviations, covariance and correlation of energy and polar angle of gamma-rays emitted from a bare HEU sphere due to spontaneous and 60 keV
neutron-induced fission.

Energy (MeV) Angle (deg) Energy (MeV) Angle (deg)

Spontaneous fission Interrogation-induced fission
Mean �1.32 �89.5 Mean �1.37 �89.5
Deviation �0.92 �39.2 Deviation �0.93 �28.6

Energy–Angle Energy–Angle

Covariance (MeV deg) �0.017 Covariance (MeV deg) �0.0078
Correlation �0.00048 Correlation �0.00029
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codes are found in good agreement. The MONSOL code was
then used to perform MC simulations of spontaneous and
interrogation-induced fission chains in a low multiplying HEU.
It is found that the energy spectrum of neutrons from spontaneous
fission does not show characteristic lines by which HEU isotopes can
be identified. The energy spectrum of neutrons from HEU interrogated
by an external source of 60 keV neutrons shows a strong peak at
�60 keV corresponding to the interrogating neutron energy. The
energy spectra of gammas from both spontaneous and
interrogation-induced fission are found to be very similar. They
demonstrate a series of spectral lines in the range from �40 keV to
�400 keV which can be used to identify HEU isotopes.

From MC simulations, the joint distributions of energy and
polar angle of neutrons and gammas are collected and analyzed.
The calculated joint and marginal probability distributions are
used in a developed probabilistic model for evaluation of the
degree of association (correlation) between energy and polar angle
of neutrons and gamma-rays emitted from HEU. The algorithms
are implemented to calculate mean values, standard deviations,
covariance and correlation. JPDFs and MPDFs of neutrons and
gammas emitted from the HEU source are analyzed. The analysis is
performed for spontaneous and neutron-induced fissions. For
both neutrons and gammas, the angular MPDFs are found to be
the same in spontaneous fission. This means that neutrons and
gammas are uniformly emitted from the entire surface of the HEU
sphere. The interrogation of HEU by 60 keV neutrons modifies the
angular MPDFs of both neutrons and gammas. The emission of
radiation becomes delta-peaked in the direction of the interrogat-
ing beam. This effect is more pronounced for gammas than
neutrons. It is found that the energy and polar angle are only
weakly correlated for both neutrons and gammas. The energy–
polar angle correlation of neutrons (��0.00034) is of the same
order of magnitude as that of gammas (�0.00048).
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Appendix A

According to the model of individual collisions, all elementary
interactions of neutrons and gamma-rays with themedium are treated
as individual events. The target is composed of 3D domains with
constant material properties and interaction cross-sections. The 3D
mesh is imposed in each domain. The flowchart for MC simulation of
trajectories of neutrons and gamma-rays (noted as particles) imple-
mented in the MONSOL code is shown in Fig. A1. The MC algorithm
involves the following steps: 1) the initial energy ε, the angle of

entrance Ω
!ðαx;βy; γzÞ into Ith domain of the target, and the coordi-

nates of entrance point r!ðx; y; zÞ of particle in cell (i,j,k) are sampled
from particular distribution functions. Here αx, βy, and γz are direction

cosines. 2) The optical free path-length is sampled as lopt¼� ln ξ,
where ξ is a random number. 3) The total macroscopic cross-section

Σ Ith
tot ¼∑M

m ¼ 1Σ
ðmÞ
tot is calculated for Ith domain in which point r! is

located. Here ΣðmÞ
tot is the sum of macroscopic cross-sections of

interaction processes of particle with mth component of atomic

mixture in Ith domain. ΣðmÞ
tot is assumed to be a constant within Ith

domain. For gamma-rays, the interaction processes are photoelectric
absorption, Compton scattering, electron–positron pair production,
Rayleigh scattering, and photonuclear reactions. For neutrons, the
interaction processes are the elastic scattering, inelastic scattering,
and various nuclear reactions. 4) The distance d to the boundary of Ith

domain in direction Ω
!

is calculated. This distance is then expressed in

terms of the optical thickness dopt ¼ dUΣ Ith
tot . 5) If lopt4dopt and a

particle is located within the boundaries of target, then a new value of
the optical free path-length is calculated as lopt¼ lopt�dopt. In this case,
a particle enters into a new I0th domain. The coordinates of entrance

point r!0
in cell (i0, j0, and k0) are calculated as x0 ¼xþdαx, y0 ¼yþdβy,

and z0 ¼zþdγz. Further simulation of particle's trajectory is continued

from step 3. 5) If loptrdopt, then the coordinates of collision point r!0

in Ith domain are calculated as x0 ¼xþLαx, y0 ¼yþLβy, and z0 ¼zþLγz,

where L¼ lopt=Σ
Ith
tot . The indexes of cell (i0, j0, and k0) in which point r!0

Fig. 10. JPDF of the energy–polar angle distribution (a) and MPDF of polar angle (b) of gammas induced by 60 keV neutrons in a bare HEU sphere.
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Fig. A1. Flowchart for Monte Carlo simulations of gamma-ray and neutron trajectories implemented in the MONSOL code.

is located are determined. 6) The mth component of atomic mixture

with which a particle interacts is sampled as ΣðmÞ
tot =Σ

Ith
tot . 7) The type of

the interaction process in cell (i0, j0, and k0) is sampled as ΣðmÞ
n =Σ ðmÞ

tot ,

where ΣðmÞ
n are macroscopic cross-sections of possible interaction

processes of particle with mth component of mixture. In the case of
absorption, particle's trajectory is terminated. Parameters of secondary
particles are stored. 8) The transfer of energy Δε is sampled and it is

deposited into cell (i0, j0, and k0). The new direction Ω
!0

of particle is
calculated. Further simulation of particle's trajectory is continued from
step 2. The above procedure is repeated until the particle's energy ε
becomes lower than the cut-off energy or a particle is absorbed. The
trajectory is also terminated when a particle crosses any boundary
covering the target. Secondary particles are followed in a similar way.
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