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Abstract. The effect of applied voltage (V) or a membrane-bound charge (q) on 
local thickness fluctuations (LTFs) in lipid bilayers is examined using the continuum 
approach. Ponderomotive forces, calculated from the linearized Poisson–Boltzmann 
equation, reduce the electroelastic energy of LTFs quadratically with V and q. Com-
bined with a significant increase in the apex field gradient and perturbation of lipid 
packing at large amplitude LTFs, this creates a driving force for instability resulting 
in water penetration, formation of pores, and membrane rupture. The estimated criti-
cal voltages for membrane electroporation are compared with the classical Crowley 
prediction and recent molecular dynamics (MD) simulations. Unsolved questions 
impeding a full understanding of low-voltage breakdown are critically examined. 
Possible connections between MD results and the issue of negative capacitance and 
related instabilities at electrified interfaces are outlined.

1. IntroductIon
For the last 30 years, electroporation, field-induced in-
stability, and ionic conductivity of lipid bilayers and cel-
lular membranes have been heavily studied and widely 
exploited (see refs 1–16 and references therein). Break-
down typically occurs at moderate voltages, 0.5–1 V, 
with little (≤2%) prior membrane thinning. The electro-
elastic (ELE) model, a simple and attractive picture,1 
predicts large voltage (~3–5 V) instability preceded 
by significant (~30–40%) thinning. Modification of a 
phenomenological nucleation theory description of free 
liquid film rupture17 effectively explains the properties 
of field-induced pores,2,4,9 but does not account for the 
onset of membrane instability or formation of the origi-
nal (hydrophobic) pore (see ref 10 for review). Recent 
simulations11–16 show that a membrane’s hydrophobic 
domain (the lipid tail regions) and the forces exerted 

on water by the interfacial electric field affect electro-
poration much more strongly than does the type of lipid 
head-group or the ionic properties of the surrounding 
electrolyte. Simulations also demonstrate noticeable 
membrane fluctuations, both in shape and thickness, 
prior to breakdown. These findings, supported by ex-
perimental evidence, suggest that simplified continuum 
models accounting for general membrane properties but 
ignoring some specific details, can provide insight into 
instability onset. Essential features that must be includ-
ed in such models are dielectric properties of the mem-
brane hydrophobic region (the low dielectric domain) 
and of the surrounding electrolyte, membrane elastic-
ity, and ponderomotive forces (like electrocapillarity) 
promoting fluctuations and destabilizing the membrane. 
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Here we apply an electroelastic model18 to treat local 
membrane thickness fluctuations and analyze possible 
destabilization by an applied voltage. Despite recent 
progress, a self-consistent explanation of low-voltage 
membrane instability is still a distant goal. With this as 
background, we critically review simulation results and 
discuss the remaining challenges.

Additional insight into the nature of electric break-
down of the bilayers and on ways to improve the con-
tinuum description of such phenomena can be gained by 
analyzing electroelastic coupling between the charges 
and membrane fluctuations. We demonstrate that a 
charge bound within the membrane enhances local 
membrane thinning and leads to a local breakdown at 
some critical value qcr depending on the position of the 
charge in the membrane. We compare these results with 
recent MD studies and briefly discuss their relation to 
electroporation and ionic conductance.

2. the physIcs of electroelAstIc 
InstAbIlIty

The first attempt at describing membrane electropora-
tion and rupture as an electroelastic (ELE) instability 
was made by Crowley1 using the “elastic capacitor” 
(EC) model. The energy of the “harmonic” EC (per unit 
area) connected to a battery is 

 2 2W A V d K d d0
2

0
2f f= - + -] g  (1)

with A the surface area, e0 the vacuum permittivity, e 
the dielectric constant, V the transmembrane potential 
drop, d the plate separation, d0 the equilibrium separa-
tion at V = 0, and K an effective “spring” constant10 (per 
unit area).

Solving the equilibrium equations W 0d V2 ; = , 
0Wdd V

22 2;  shows that at small voltages the plate sep-
aration d decreases monotonically with V. The compres-
sion rate increases with | V	| and finally, at some critical 
voltage, Vcr, defined by the marginal equilibrium condi-
tions W 0dd V Vcr2 ; == , the system becomes unstable and 
the EC collapses. The corresponding values for the criti-
cal voltage and separation are
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ELE instability arises from the very dissimilar be-
havior of elastic and electric forces. While the elastic 
force grows linearly, ~(d0 – d), as d decreases from d0 
to 0, the electrostatic attraction skyrockets nonlinearly 
~(V2/d2) at small d. Consequently, for any finite V, there 
is a separation domain, which always includes the small 

d region, where electrostatic attraction dominates over 
the elastic force. This domain grows wider with V; at 
V = Vcr attraction prevails at all separations and the EC 
collapses.

Consider a flexible membrane with midplane xy and 
average thickness dr . Its thickness fluctuation D(r), is

 d dt tD = -r^ ^h h  (4)

where 

 u ut t tD = -+ -
^ ^ ^h h h  (5)

u t+
^ h and u t-

^ h are vertical (perpendicular to the xy	
plane) displacements of the upper and lower membrane 
surfaces, respectively (see Fig. 1), r is a 2D-vector 
in the xy plane. In continuum smectic modeling, two 
elastic moduli, a stretching constant Es, and a bending 
constant  Kc, characterize membranes. Assuming sym-
metric fluctuations, with u u ut t t=- =- +

^ ^ ^h h h, 
the elastic deformation energy Wd is
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The critical voltage is found by analyzing a uni-
formly compressed membrane (with wdb = 0). The corre-
sponding energy is identical to that of the EC, eq 1, with 
“spring constant” K = Es / d2

0 and e = em, the dielectric 
constant of the hydrophobic core. From eq 2, the critical 
voltage (in volts), is

 Vcr = 0.082(Esd0 / em)1/2 (7)

with Es in erg/cm2 and d0 in Å. In electroelastic models, 
instability onset is associated with significant compres-
sion, typically 30–40% (~33% in eq 3). Remarkably, 
the electroelastic instability arises at Vcr not only for 
uniform deformations, but also for harmonic peristaltic 
modes,1,18 u(r) ~ exp(ik ⋅ r) where k is the wave vec-
tor in the xy plane. Earlier analysis1 ignored the bend-
ing contribution wdb, resulting in simultaneous loss of 
stability at all wavelengths l. Accounting for bending 
energy limits the unstable range to comparatively long 

d5 0Lm .18 For this approach to limit the range of insta-
bility to the shorter ls typical of membrane thickness 
(needed if molecular scale pores are to form1) would re-
quire nonlocality (k-dependence of elastic moduli) and 
significant short-l mode softening.18

The EC connected to a battery (termed “V-control”10) 
behaves like an “elastic dipole” (ED),10,19 a system of 
two opposite charges ±q bound elastically. The poten-
tial energy of an ED can be determined from eq 1 by 
substituting Ae0eV2 / 2 → q2 / e0e and assuming that d 
is the intercharge separation (bond length), d0 its value 
at q = 0 and KA → k, the bond’s force constant. It fol-
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lows directly from eq 2 that the ED becomes unstable at 
/q d4 27cr 0 0

3f f l= . We will show that this instability 
is directly analogous to the behavior of a charge held 
fixed in a deformable membrane. In this case the role 
of the dipole’s “counter-charge” is played by the charge 
distribution induced at the membrane–water interface 
while the force constant, K, correlates with the elastic 
energy of the LTF.

3. equAtIons
Two opposing forces contribute to the energy of local 
membrane thickness fluctuations, modeled as water 
“dimples” illustrated in Fig. 1.

(1) Ponderomotive forces promote deformation like 
electroosmosis and electrowetting. Analogous ef-
fects, arising from forces created by the highly 
non-uniform interfacial electric field pulling water 
dipoles into the low dielectric domain, have been 
discussed in ref 12 at the molecular level.

(2) Elastic forces exact an energy penalty on the mem-
brane thickness and shape perturbation, which can 
be described by elastic theory modified to incorpo-
rate spatial dispersion of the elastic moduli.18

The total dimple energy is the sum of elastic defor-
mation “d” and electrostatic “el” contributions

 Wdimp = Wd + Wel (8)

3.1	The	Elastic	Term
With k-dependent elastic moduli the elastic energy 

must converge to the classical expression, eq 6, at large 
l but deviate from it at d0Km .10,18,23 Short wavelength 
softening is not uncommon. It is observed, e.g., in liquid 
surface tension20,21 and for the short wavelength sound 
modes in lipids.22 However, neither experiment nor sim-

ulation has yet provided direct evidence for the signifi-
cant short-l softening of the “peristaltic” modes needed 
for “nonlocal electroelastic” instability.18 For l from 1.5 
to 4.0 nm, simulations23 exhibit some softening of the 
peristaltic modes relative to that predicted by the local 
model, but the effect is too small to promote short-l in-
stability.18 The sound mode softening observed in DLPC 
(dilaurylphosphatidylcholine) bilayers22 at l ~ 0.5 nm 
arises from chain–chain correlations in the lipid. It indi-
cates the softening of short-l in-plane motions of lipid 
chains, enhancing the local area fluctuations. Although 
the thickness perturbations are coupled to the local area 
fluctuations, the results18 cannot be considered proof of 
peristaltic mode softening.

Nevertheless, we use a nonlocal treatment to calcu-
late the elastic energy; this introduces a parameter (r) 
(see eq 12) responsible for possible short-l softening. 
We then show that with this parameter in a moderate 
range there are only minor effects on the critical voltage, 
and reveal the reason for this unexpected insensitivity.

The elastic energy of a symmetric harmonic peristal-
tic mode is18 
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where f(k) is the dimensionless mode energy, k = | k	|, 
and

 d expu iu k k2 $t t t= -] ^ ^g h h#  (10)

is the Fourier amplitude of the surface perturbation u(r). 
In the long-l limit,

 f(k) → fL(k, a) = 1/α + ξk4 (11)

fL(k, a) arises directly from eq 6. Here /K d E4c s0
2/g ^ h	

and a, /d d0/ r^ h, describes uniform membrane compres-
sion.18 At short l nonlocality leads to the modification 

Fig. 1. Model computational system for two settings considered: (a) local thickness (dimple) fluctuation in a membrane under 
an applied voltage; (b) interaction of a charge q with the dimple fluctuations.
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f(k, a) → fS(k, a). Following ref 18, fS(k, a) takes the 
same functional form as fL(k)

 fS(k, a) = rfL(k, a) (12)

where r is a parameter accounting for possible short-l 
softening of the elastic constants.24 From eq 9, a cylin-
drically symmetric perturbation, u(r), has an elastic 
energy
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where u d d0= -r r^ h describes uniform membrane com-
pression, u kdimple 0kX = =] g  (see eq 10) is the dimple 
volume, kmax = 2p / lmin, and lmin is a parameter charac-
teristic of the size of lipid headgroups.

Prompted by solution of the Hertz “pinned” mem-
brane problem (see ref 25 and references therein), we 
describe amplitude fluctuations

 uH(r) = u0Kei[r / a] (14)

of characteristic decay length a, determined by mini-
mizing the energy at fixed amplitude u0. Kei is the 
zeroth-order Kelvin function and r = | r	|. Compari-
son with a “Gaussian” description of the fluctuations 
uG(r) = u0exp(–r2 / a2) indicates that the Hertzian form 
yields somewhat deeper total energy minima.

3.2	The	Electrostatic	Contribution
Two electric field sources are considered: (a) an ap-

plied voltage V (Fig. 1a); (b) a point charge q (Fig. 1b) 
positioned on the z-axis a fixed distance | z	| from the 
membrane midplane. The electric potential φ(r,z) was 
calculated using the linearized Poisson–Boltzmann 
equation
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where Q(r,z) is the charge density distribution in the 
membrane and LD is the Debye length in the electrolyte. 
The computational cell (Fig. 1) is a cylinder with radius 
R (typically 10 nm) and height L = d0 + 2hw where d0 ~ 
3 nm is the membrane thickness and hw ~ 1 nm, the 
thickness of the water region far from the dimple. The 
dielectric constant e(r,z) was usually set to ew ~ 80 (al-
though a few other values were considered) throughout 
the water domain (including the dimple) and to em ~ 2 
in the membrane. 

In scenario Fig. 1a, Q(r,z) = 0. The voltage is fixed 
at V	: φ(r,±L	/ 2) = ±V	/ 2. Since ew >> em, the potential 
drop in water is negligible (~2%) and the voltage drop 
is effectively confined to the membrane. On the external 

cylindrical surface we chose φ(R,z) = φ0(z), where φ0(z) 
is the potential profile for the same system with the un-
perturbed interface.

In scenario Fig. 1b, Q(r,z) = qδ(r)δ(z – zq) with δ 
the δ-function and zq the z-coordinate of the charge 
q. The external surfaces were grounded: φ(r,±L	/ 2) = 
φ(R,z) = 0. The azimuthal symmetry of fluctuation 
(dimple) profiles, eq 14, permits solution of eq 15 on 
a cylindrically symmetric grid by modifying the finite-
difference approach.26 The algorithm is described in the 
Appendix. The total electrostatic energy is 

 W d rD r E r
2
1

el
3= ] ]g g#

where E r rdz=-] ]g g ,  D r r E r0f f=] ] ]g g g ,  and 
,zr t= ^ h.

4. results

4.1	The	Voltage-Induced	Membrane	Instability
The Crowley model views membrane breakdown 

and electroporation as requiring absolute loss of stabil-
ity. This criterion for breakdown is too stringent: both 
the critical voltage and the critical contraction greatly 
exceed experimentally observed values. Here we ex-
amine the effect of LTFs and their possible influence 
on instability. Such fluctuations have been observed in 
simulations11,12 but have not previously been considered 
in continuum studies. Instead of demanding absolute 
loss of stability, we associate instability onset with 
field-promoted LTFs. Sufficiently large local fluctua-
tions are likely to nucleate local breakdown for at least 
two reasons. They disrupt lipid packing and they act as 
“lenses” focusing the electric field (see below and ref 
12), both of which promote water and ion penetration of 
the hydrophobic domain. The electroelastic continuum 
approach can describe “instability” onset, but not the ap-
pearance and properties of the new state (e.g., formation 
of a “water defect”12–14). This is because the electroelas-
tic model treats solvent and lipid as two distinct phases, 
while breakdown disrupts this distinction, leading to in-
terpenetration. However, comparison with atomic level 
simulational results can lead the way to modifying con-
tinuum descriptions and extending their applicability.

Our criteria for “instability” are somewhat arbitrary. 
We choose a “critical” dimple amplitude u0,cr and, by 
solving the electroelastic problem, find conditions under 
which its total formation energy is zero. For DOPC11,12 
and DMPC13,14 bilayers, with hydrophobic thicknesses 
2.6 and 2.53 nm, respectively, we set u0,cr ~ 0.4 nm, 
corresponding to a substantial fluctuation. However, 
amplitudes as large as 0.2–0.3 nm are quite commonly 
seen in simulations.11,12 We have chosen a slightly larger 
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value as we expect that near-critical amplitudes are very 
unlikely to be experimentally observed precisely be-
cause they initiate instability. Criticality arises when the 
energy for creating an LTF approaches zero, a less strin-
gent condition than absolute loss of stability required by 
the Crowley model.1

First, consider two electric properties of an LTF. Fig-
ure 2 displays the amplitude dependence of a dimple’s 
electrostatic energy profile for a range of decay lengths, 
a. The ponderomotive force promotes increases in 
dimple amplitude and “width”, both in a very nonlinear 
fashion.

It is also instructive to consider the electric field 
near the dimple’s apex. Figure 3 shows that this field 
is greatly amplified, the effect being more pronounced 
for the sharper dimples. With u0 = 0.4 nm and a typical 
a ~ 0.7–1.0 nm, the field is ~1.7–1.8 times its value at 
the planar interface. We also considered that water’s 
effective interfacial dielectric constant might be lower 
than its bulk value. However, even for ew as low as 20, a 
condition under which the mean interfacial field has de-
creased by ~14%, the dimple-induced relative enhance-
ment of the apex field is still significant, ~1.6. 

Electroporation depends on the interfacial field gra-
dient responsible for the normal force Fz = mz	∇z	 Ez, 
which drives water dipoles (dipole moment, m) towards 
the low-dielectric membrane core.12 The gradient at the 
dimple apex, ∂z	Ez	(r = 0, z)	|ztop, is roughly proportional 
to the field. Therefore the dimple apex region strongly 

promotes water defect formation. In addition, large lo-
cal fluctuations disturb lipid packing, also promoting 
breakdown.

Figure 4 displays the a-dependence of the energy 
of an LTF with u0 = 0.4 nm relative to the energy of an 

Fig 2. Amplitude-dependence of electrostatic energy profiles 
for a dimple with a = 0.5, 0.75, and 1.0 nm in DOPC bilayer 
(1 V transmembrane potential).

Fig. 3. Amplitude-dependence of ratio of the interfacial elec-
tric field, Ez

peak in the DOPC membrane at the peak of the 
dimple, to the field at the flat interface, E0; values of a are in-
dicated on the figure. As our treatment is linear in V, this ratio 
is voltage independent.

Fig. 4. Decay parameter a dependence of the energy of a dim-
ple,	u0 = 0.4 nm, in a DOPC membrane for different voltages 
shown on the figure.
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unperturbed membrane with d = d0, for a range of volt-
ages. Our analysis shows that at V ~ 1.8 V the energy 
of undulation becomes insignificant (<2 kT) for a in the 
range ~0.9–1.4 nm. Further increasing voltage reduces 
the energy until it becomes negative. Thus, we condi-
tionally choose Vcr ~ 1.8 V as the critical voltage in our 
continuum picture of DOPC. The corresponding value 
for DMPC is ~1.6 V. While softening can strongly affect 
the energy of sharply peaked dimples (the small a limit), 
applied voltages tend to increase a (see Fig. 2) reducing 
the influence of nonlocality. As a result, the effect on Vcr 
is small. For r = 0.5 (see eq 12) the reduction of Vcr does 
not exceed 4–5%. 

4.2	Charge-Induced	Instability
Lipid–charge interaction influences voltage-gating,27–

29 passive transmembrane ion transport,30 and electro-
poration.14,16,28 The continuum approach usually focuses 
on multilayer dielectric modeling of ionic solvation, 
e.g., the so-called “generalized Born model” (see ref 31 
and references therein). Although practically useful, 
this does not explicitly account for ionic coupling with 
surface perturbations known to play important roles at 
various liquid interfaces (see refs 32, 33, and references 
therein). Here we present the first continuum treatment 
of this problem, emphasizing the role of local thickness 
fluctuations in membranes.

The computational setting is shown in Fig. 1b. For a 
point charge at zq, q is steadily increased, and the total 
electrostatic energy is computed as a function of four 
parameters (u0

+,a+,u0
–,a–), the amplitudes (u0) and the 

decay parameters (a) corresponding to upper (+) and 
lower (–) dimples described by the trial functions, eq 
14. At small charges the optimized dimple amplitudes 
grow monotonically with q. Interestingly, displacing 
q slightly from the midplane (| zq	| ~ 0.2 nm) leads to a 
dramatic asymmetry of the elastic response at moderate 
q; deformation is essentially limited to the near side of 
the membrane, while the far side (despite the very small 
separation difference) essentially remains flat. At a criti-
cal value qcr, strongly dependent on | zq	|, the deformation 
“dimple” abruptly becomes unstable, and its amplitude 
increases dramatically, “solvating” the charge. This is 
directly analogous to “elastic dipole” instability;10,19 as 
q increases, the elastic force (here associated with the 
dimples’ elastic energy) can no longer compensate for 
the electrostatic attraction between q and the polariza-
tion charges induced at the membrane–water interface. 
Consequently the system “collapses.”

Energetics is illustrated in Fig. 5a for zq = 0 (a charge 
located centrally). The critical charge is qcr	~ 1.45 e. As 
the charge is displaced from the midplane, qcr decreas-
es. Similar diagrams for two asymmetric positions are 

shown in Fig. 5b (zq = 0.5 nm) and Fig. 5c (zq = 1.0 nm). 
The energy is optimized over u0

–, a+, and a– for each 
value of u0

+ (the closer dimple’s amplitude). In both 
cases qcr < 1e so that for all ionic charges,, electroelastic 
coupling promotes dimple growth and local membrane 
“rupture.”

5. dIscussIon
Our model predicts critical voltages of 1.7–1.8 V for 
DOPC and 1.6–1.7 V for DMPC, still 2–3 times those 
observed experimentally. MD simulations also do not 
account for low-voltage electroporation. Practical con-
siderations required that the electric fields used in simu-
lation11–15 typically triggered electroporation within a 
few nanoseconds. Table 1 compares voltages applied in 
most MD treatments12-14 with Vcr of the Crowley model. 
In each case simulational voltages either approximate 
or exceed the Crowley value, eq 7. Put differently, most 
MD studies have been conducted at voltages where the 
bilayer is “electroelastically” absolutely unstable.34

It should be noted that Vcr of Table 1 presumes em = 2, 
typical of membrane interiors. However, simulational 

Fig. 5 (above and opposite). “Stabilization energy” due to fluc-
tuations for the q-values indicated on the figures. (a) Charge 
fixed at mid-membrane (zq = 0). Energies are optimized with 
respect to a for each value of u0. For small q there is a wide 
range of stability. For q >1.45 e (inflection point not shown), 
the system is absolutely unstable. (b ) zq = 0.5 nm. (c) zq = 1 
nm. These energies are plotted as functions of u0

(+) (the ampli-
tude of the nearest dimple) optimized with respect to u0

(–), a+, 
and a–. There is almost always a powerful net driving force 
promoting dimple growth.
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force fields are vacuum based, with e = 1. Were em = 1, 
eq 7 would predict Vcr ~3.9 and ~4.3 V for DMPC and 
DOPC, respectively. Under these circumstances the 
voltages typically used in MD simulations11–15 would be 
~30–40% below these modified critical values, which 
would be a notable improvement on the ELE model.1 
However, it is far from obvious that other membrane 
parameters affecting Vcr are independent of the choice 
of e. In addition, the effective membrane dielectric con-
stant em must be above the vacuum value, especially if 
a polarizable force field is used. For instance, an em of 
2.5 was suggested in ref 15b to rationalize the observed 
relation between the charge imbalance and the result-
ing voltage (see also ref 34). Directly comparing the 

continuum and MD approaches is currently not feasible 
since the simulations did not monitor the membrane’s 
elastic properties and the effective em of its hydrophobic 
region. 

As the critical voltage is approached, fluctuations 
rapidly lead to instability. At smaller voltages there is a 
significant delay before the onset of pore formation. As-
suming the delay times follow an Arrhenius law, relative 
“lag times” for electroporation are estimated as

	 t(V) = t0exp[–Wdimp(V) / kT] (16)

where Wdimp(V) is the energy of the dimple of our cho-
sen “critical” amplitude, u0,cr = 0.4 nm. First, we choose 
a reference voltage V*	~	Vcr where the “lag time” t* = 
t(V*) is fairly small. How does decreasing V affect “lag 
time”? Ratios, η	=	t(V) / t(V*), are presented in Table 2. 
Reducing the applied voltage by just 25% increases 
“lag times” by factors of 36 (DOPC) and 57 (DMPC). 
Although semi-qualitative, this estimate may explain 
why simulating very near the critical voltage is of such 
practical importance in time-intensive MD studies.

In discussing the results of simulation it was stressed 
that no detectable membrane compression-stretching 
accompanied electroporation.12–14 This was apparently 
viewed as an indication of model fitness, given the insig-
nificant compressions experimentally observed (~1%). 
We find this conclusion quite surprising. Limited ex-
perimental compression is totally consistent with mem-
brane elastic properties as the corresponding breakdown 
voltages are rather low, ~0.5 V. However, the voltages 
of ~3 V as used in simulations produce enormous elec-
tric pressures, ~40 times stronger than the experimental 

Table 1. Comparison of voltages used in simulation with the 
critical voltage for electroelastic instability
some  applied  Vcr from
published  potential eq 7
simulations bilayer (volts) (volts)
ref 12 DOPC 3 3.2
ref 13 DMPC 3–6 2.8
ref 1434 DMPC 2.85 (average) 2.8

Table 2. Effect of voltage reduction on the relative increase 
in “lag time” in the local model of DOPC and DMPC mem-
branes, for three values of χ = V / V*
membrane V*, V  η

  χ = 0.25 0.5 0.75

DOPC 1.8 419 182 36
DMPC 1.6 1180 441 57
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ones. How can such huge forces have almost no effect 
on the membrane prior to electroporation? 

A possible reason is implicit in our analysis. Apply-
ing high voltages promotes strong local fluctuations, 
causing membrane breakdown and providing an ap-
parently efficient alternative route for membrane stress 
relaxation. The importance of this observation for MD 
should be studied. For instance, at a slightly (~25%) 
lower voltage, when the lag time is much longer (Ta-
ble 2) and pore formation quite unlikely, would it be 
possible for MD simulations to exhibit mechanical re-
laxation in response to the substantial electric pressure, 
still ~20 times that used experimentally? How a simu-
lated membrane accommodates such a stress during the 
long waiting period (before breakdown) needs study. 
In fact it is a corollary to the more practical question of 
how comparatively small electric voltages can rupture 
real bilayers. 

Recent studies have simulated POPC for a range of 
charge imbalances.16 Bilayer electrostriction, implicit in 
fig. 2a of that paper, may provide evidence of membrane 
relaxation in response to electric pressure. The compres-
sion rate roughly inferred from this picture suggests an 
unusually soft simulated bilayer,34–37 and is hardly con-
sistent with the experiment.

Results under conditions where the total charge Qt 
(the ionic imbalance) rather than potential (V) con-
trol was used to induce electroporation,14,16 may have 
general statistical mechanical importance with respect 
to the well-known problem of the admissible sign of 
double layer capacitance C and related instabilities (see 
refs 38–40 for review and references). The membrane 
capacitor example was used in refs 39,40 to show that 
there is a critical value of the mean charge density s 
= Qt / A (A is the membrane area) at which a uniform 
charge distribution becomes unstable, leading to a phase 
transition or to electrical breakdown. Coupling between 
the ionic distribution and membrane fluctuations is cru-
cial for this instability to occur. It would be important 
to establish if membrane breakdown observed in MD 
simulation14,16 and associated with a very non-uniform 
ionic distribution in the membrane plane, reflects this 
general criticality. This is quite likely since the average 
s chosen in ref 14 is close to the critical value predicted 
in refs 39,40.

Our continuum analysis of coupling between fixed 
charges and a membrane can be easily mimicked in 
membrane simulations by applying fictitious forces re-
stricting the ions (“biasing simulations”)30,41 and varying 
the charge.41 This provides a way to directly connect the 
continuum approach with molecular simulations. The 
analysis41 reproduces, at the molecular level, the condi-
tions of the continuum study described in Section 4.2 and 

previously reported in ref 28. Instead of fixing a charge 
q at the membrane center, an “ion” of variable charge 
q was elastically attached to the midplane. Preliminary 
analysis demonstrates the onset of membrane “rupture” 
and formation of a “water defect” at q ~ 0.5e.41 The 
continuum model predicts instability at higher charge 
values, qcr ~1.45 e (see Fig. 5). This may be due to very 
different values of the effective dielectric and elastic 
constants used in these two approaches (explicitly in 
continuum and implicitly in the MD),34 the influence of 
the head groups and the elastic bond in ref 41 allowing 
the ion to move off-center. Understanding the basis for 
the discrepancy can illuminate both approaches.

Unlike continuum theory, simulations30,41 not only 
describe local “breakdown,” but also introduce a new 
“phase”. This suggests a possible way to further develop 
the continuum treatment. A possible approach would be 
to consider two types of “dimples”: (a) Elastic protru-
sions described above, where the membrane is locally 
deformed by the ponderomotive force while its interior 
is still protected from the massive penetration of water; 
(b) “Hydrophobic”-type fluctuations, where the dimple 
penetrates the hydrophobic core and its shape is gov-
erned by the combined effect of the electric field and the 
corresponding interfacial tension between water and the 
lipids. The latter type of perturbation is present in all the 
simulations,41 resulting in breakdown and ionic solva-
tion (see also ref 30). Switching between the “elastic” 
and “hydrophobic” branches can occur near or even pri-
or to the point of elastic instability, qcr or Vcr. It is worth 
noting that similar “switching” arising from competition 
between elasticity and interfacial tension was discussed 
in relation to the effect of hydrophobic mismatch on the 
lifetime of gramicidin channels.42 At relatively small 
mismatches (typically not exceeding 0.3 nm) the mem-
brane elastically adjusts its local thickness to accommo-
date the channel, while at larger mismatches the elastic 
deformation becomes too costly, and transition occurs. 
The effective interfacial tension required for the con-
tinuous description of the “hydrophobic” indentations 
can be estimated from the shapes of the water dimples 
“solvating” the ions at various positions.30,41 Penetration 
of water in the lipid environment also affects its effec-
tive dielectric constant, which can be estimated from 
analysis of the microscopic electric field. This work is in 
progress. We believe that it can provide further insight 
in the physics of membrane electroporation.

Finally, we outline some possible ways to address 
unsolved issues surrounding low-voltage electropora-
tion. 

•	 Both continuum and molecular studies of elec-
troporation have only dealt with uniform bilayers 
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consisting of either a pure phospholipid1,10–14,16,18 or 
a binary mixture.15 This is appropriate in analyzing 
experiments on black lipid membranes. However, 
cell membranes contain structural defects and are 
mixtures of lipids, proteins, and inclusions, all of 
which may reduce the threshold energy for pore 
formation.15b Membrane complexity and non-uni-
formity must be considered in developing models, 
both continuum and molecular, designed to de-
scribe electroporation in living cells.43,44

•	 Our continuum analysis of membrane fluctuations 
is incomplete. For instance, to understand the ex-
perimentally observed dependence of electropora-
tion on applied electrical pulse duration (see refs 
4,6,9,15,45) and to effect a more consistent com-
parison with the results of MD simulation requires 
treating the dynamics of membrane fluctuations in 
addition to the present “energetics”-based analysis. 
The generalized viscoelastic Maxwell approach46 
would seem promising for this purpose.

•	 Another potential improvement would be to ac-
count for the possible role played by bending 
modes (BM). Long-l BMs can become unstable at 
low voltages depending on the membrane tension 
and thickness (see ref 10 for review and references). 
This is commonly ascribed to possible “ripping” of 
the black lipid membranes from the rim of the sep-
tum, thus resulting in “permeabilization.” Howev-
er, it is worth noting that the large membrane undu-
lations preceding pore formation observed in MD 
simulations12 of a large-scale membrane patch are 
quite reminiscent of the BM instability (see fig. 1 
of that paper). It is also possible that pore formation 
can be promoted by coupling between BM and LTF 
instabilities. 

•	 Finally, we would like to reemphasize the impor-
tance of monitoring the material membrane proper-
ties, e.g., elastic and dielectric constants, during MD 
simulations of electroporation. This would improve 
understanding of the mechanisms of pore formation, 
allow for consistent comparison of MD results with 
experiment, bridging the gap with continuum analy-
sis, and aid in resolving the “paradox” of negligible 
membrane thinning at large electrical stress.34
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AppendIx
Assuming azimuthal symmetry, the linearized Poisson–Boltzmann equation, eq 15, can 
be explicitly expressed in cylindrical (r, z) coordinates as
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where Q(r, z) is the known charge density and KD = 1 / LD is the inverse of Debye–
Hückel length. We consider a cylindrical region (0 ≤ r ≤ R, –L / 2 ≤ z ≤ L / 2) covered by 
a uniform mesh with constant spacings Dr and Dz in the r and z directions

	 ri = i ⋅ Δr, i = 0,...Nr

	 zj = –L / 2 +j	⋅ Δz, j = 0,...Nz

where Δr = R/Nr and Δz = L/Nz with Nr and Nz the number of grid points along the r 
and z directions. The unknown φ and the coefficients ε, Q, and KD are approximated 
as φ(ri,zj) = φi,j, e(ri,zj) = ei,j, Q(ri,zj) = Qi,	j, and KD(ri,zj) = KDi,	j, and the variable coef-
ficients ε, Q, and K are assigned to nodes (i, j) prior to calculation. Known boundary 
values of φi,j are assigned to grid points of the external boundary. The subscripts i and  
j refer to quantities defined on the cell interfaces ri and zj. Cell centers ri+1/2 = (ri + 
ri+1) and zj+1/2 = (zj + zj+1)  are specified at positions (i + 1/2, j + 1/2). We approximate 
second-order derivatives at (i, j) using centered differences with a truncation error of 
order o = 2. A stencil incorporates 5 grid nodes. The derivative of φ in the r-direction 
at ri can be approximated as
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The superscript ri on the c coefficients denotes the node where the derivative is 
evaluated. The values ei–1/2,j and ei+1/2,j at the cell centers are determined from values 
at the grid points, by linear interpolation between adjacent grid points ei+1/2,j = (ei+1,j + 
ei,j)/2. The derivative of φ in the z-direction at zj is
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Substituting eqs A2 and A3 into eq A1 and rearranging gives us the discretized finite 
difference form for the Poisson–Boltzmann equation
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where the resulting coefficients
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are expressed in terms of grid spacing, dielectric constant, Debye–Hückel length, and 
charge density. Before solving eq A4, boundary conditions for φ are specified. The 
potential was assigned to fixed values at the top and bottom boundaries of the compu-
tational domain, z = –L / 2. At the surface r = R we chose φ(R, z) = φ0(z), where the 
potential profile for the unperturbed membrane is φ0(z). The symmetry or reflection 
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boundary condition ∂φ/ ∂r	= 0 was applied at r	= 0. Equation A4 can be expressed in 
matrix form as AΦ = b, where A is the pentadiagonal coefficient matrix with two outer 
diagonals widely separated from three inner diagonals, Φ corresponds to the array of 
potential values in the interior points, and vector b is known values of potential from 
all boundaries in the computational domain. Direct sparse solvers, as described,26 were 
used to evaluate the solution vector Φ.


