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Quaternions & Rotation in 3D Space

Chapter 7-A1
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Overview
• Quaternions: definition
• Quaternion properties
• Quaternions and rotation matrices
• Quaternion-rotation matrices relationship
• Spherical linear interpolation
• Concluding remarks
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Quaternions

• The real part for a “Pure Quaternion” is zero.
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𝒒𝒂𝒒𝒃= 𝒒𝒐𝒂    𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌+ 𝒒𝒙𝒂𝒊  𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌+𝒒𝒚𝒂𝒋  𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌+𝒒𝒛𝒂𝒌  𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌
𝒒𝒂𝒒𝒃 = (𝒒𝒐𝒂𝒒𝒐𝒃 − 𝒒𝒂. 𝒒𝒃; 𝒒𝒐𝒂𝒒𝒃 + 𝒒𝒐𝒃𝒒𝒂 + 𝒒𝒂 × 𝒒𝒃)

𝒒𝒂 = 𝒒𝒐𝒂 + 𝒒𝒙𝒂𝒊 + 𝒒𝒚𝒂𝒋 + 𝒒𝒛𝒂𝒌 = 𝒒𝒐𝒂 + 𝒒𝒂 = (𝒒𝒐𝒂; 𝒒𝒂)𝒒𝒃 = 𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌 = 𝒒𝒐𝒃 + 𝒒𝒃 = (𝒒𝒐𝒃; 𝒒𝒃)
Quaternion Multiplication

• Using the rules in the previous slide, we can get the 
following definition for quaternion multiplication:
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Quaternion Multiplication

𝒒𝒂𝒒𝒃 = 𝑪𝒒𝒂𝒒𝒃 = 𝑪ഥ𝒒𝒃𝒒𝒂 𝑪𝒒𝒂 = 𝒒𝒐𝒂 −𝒒𝒙𝒂 −𝒒𝒚𝒂 −𝒒𝒛𝒂𝒒𝒙𝒂 𝒒𝒐𝒂 −𝒒𝒛𝒂 𝒒𝒚𝒂𝒒𝒚𝒂𝒒𝒛𝒂 𝒒𝒛𝒂−𝒒𝒚𝒂 𝒒𝒐𝒂 −𝒒𝒙𝒂𝒒𝒙𝒂 𝒒𝒐𝒂
𝑪ഥ𝒒𝒃 = 𝒒𝒐𝒃 −𝒒𝒙𝒃 −𝒒𝒚𝒃 −𝒒𝒛𝒃𝒒𝒙𝒃 𝒒𝒐𝒃 𝒒𝒛𝒃 −𝒒𝒚𝒃𝒒𝒚𝒃𝒒𝒛𝒃 −𝒒𝒛𝒃𝒒𝒚𝒃 𝒒𝒐𝒃 𝒒𝒙𝒃−𝒒𝒙𝒃 𝒒𝒐𝒃

𝒒𝒂 = 𝒒𝒐𝒂 + 𝒒𝒙𝒂𝒊 + 𝒒𝒚𝒂𝒋 + 𝒒𝒛𝒂𝒌 = 𝒒𝒐𝒂 + 𝒒𝒂 = (𝒒𝒐𝒂; 𝒒𝒂)𝒒𝒃 = 𝒒𝒐𝒃 + 𝒒𝒙𝒃𝒊 + 𝒒𝒚𝒃𝒋 + 𝒒𝒛𝒃𝒌 = 𝒒𝒐𝒃 + 𝒒𝒃 = (𝒒𝒐𝒃; 𝒒𝒃)

𝒒𝒂& 𝒒𝒃 simplify the quaternion multiplication to 
matrix multiplication – ortho-normal matrices.
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Quaternion Multiplication
• Unit quaternions: 𝑞ଶ + 𝑞௫ଶ + 𝑞௬ଶ+𝑞௭ଶ= 1

• For unit quaternions:𝑪𝒒𝒂𝑪𝒒𝒂𝑻
= 𝒒𝒐𝒂 −𝒒𝒙𝒂 −𝒒𝒚𝒂 −𝒒𝒛𝒂𝒒𝒙𝒂 𝒒𝒐𝒂 −𝒒𝒛𝒂 𝒒𝒚𝒂𝒒𝒚𝒂𝒒𝒛𝒂 𝒒𝒛𝒂−𝒒𝒚𝒂 𝒒𝒐𝒂 −𝒒𝒙𝒂𝒒𝒙𝒂 𝒒𝒐𝒂

𝒒𝒐𝒂 𝒒𝒙𝒂 𝒒𝒚𝒂 𝒒𝒛𝒂−𝒒𝒙𝒂 𝒒𝒐𝒂 𝒒𝒛𝒂 −𝒒𝒚𝒂−𝒒𝒚𝒂−𝒒𝒛𝒂 −𝒒𝒛𝒂𝒒𝒚𝒂 𝒒𝒐𝒂 𝒒𝒙𝒂−𝒒𝒙𝒂 𝒒𝒐𝒂= 𝑰𝟒 𝑪ഥ𝒒𝒃𝑪ഥ𝒒𝒃𝑻 = 𝑰𝟒
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Quaternion Properties
• Quaternion conjugate:𝒒𝒂 = 𝒒𝒐𝒂 + 𝒒𝒙𝒂𝒊 + 𝒒𝒚𝒂𝒋 + 𝒒𝒛𝒂𝒌 = 𝒒𝒐𝒂 + 𝒒𝒂 = (𝒒𝒐𝒂; 𝒒𝒂)𝒒𝒂∗ = 𝒒𝒐𝒂 − 𝒒𝒙𝒂𝒊 − 𝒒𝒚𝒂𝒋 − 𝒒𝒛𝒂𝒌 = 𝒒𝒐𝒂 − 𝒒𝒂 = (𝒒𝒐𝒂; −𝒒𝒂)𝒒𝒂𝒒𝒂∗ = (𝒒𝒐𝒂+𝒒𝒂)(𝒒𝒐𝒂 − 𝒒𝒂)𝒒𝒂𝒒𝒂∗ = (𝒒𝒐𝒂𝟐 + 𝒒𝒂. 𝒒𝒂; 𝒒𝒐𝒂𝒒𝒂 − 𝒒𝒐𝒂𝒒𝒂 +𝒒𝒂× 𝒒𝒂)

• For unit quaternions:𝒒𝒂𝒒𝒂∗ = (𝟏; 𝟎)
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Quaternion Properties
• Quaternion conjugate:

𝑪𝒒𝒂∗ = 𝒒𝒐𝒂 𝒒𝒙𝒂 𝒒𝒚𝒂 𝒒𝒛𝒂−𝒒𝒙𝒂 𝒒𝒐𝒂 𝒒𝒛𝒂 −𝒒𝒚𝒂−𝒒𝒚𝒂−𝒒𝒛𝒂 −𝒒𝒛𝒂𝒒𝒚𝒂 𝒒𝒐𝒂 𝒒𝒙𝒂−𝒒𝒙𝒂 𝒒𝒐𝒂
= 𝑪𝒒𝒂𝑻

𝒒𝒂. (𝒒𝒃𝒒𝒄𝒒𝒃∗ ) = 𝒒𝒂. (𝑪ഥ𝒒𝒃∗ 𝒒𝒃𝒒𝒄) = (𝑪ഥ𝒒𝒃∗𝑻 𝒒𝒂). (𝒒𝒃𝒒𝒄) = (𝑪ഥ𝒒𝒃𝒒𝒂). (𝒒𝒃𝒒𝒄)= (𝒒𝒂𝒒𝒃). (𝒒𝒃𝒒𝒄)

𝑪ഥ𝒒𝒃∗ = 𝒒𝒐𝒃 𝒒𝒙𝒃 𝒒𝒚𝒃 𝒒𝒛𝒃−𝒒𝒙𝒃 𝒒𝒐𝒃 −𝒒𝒛𝒃 𝒒𝒚𝒃−𝒒𝒚𝒃−𝒒𝒛𝒃 𝒒𝒛𝒃−𝒒𝒚𝒃 𝒒𝒐𝒃 −𝒒𝒙𝒃𝒒𝒙𝒃 𝒒𝒐𝒃
= 𝑪ഥ𝒒𝒃𝑻
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Quaternions & Rotation Matrices

𝑞 = 𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑢 𝑞∗ = 𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃𝑢𝑢 𝑖𝑠 𝑎 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟
• q is a unit quaternion.

is a pure quaternion (real part is zero).𝑎𝑢ሶ = (0; 𝑎𝑢)𝒒𝒂𝒖ሶ 𝒒∗ = 𝒂𝒒𝒖ሶ 𝒒∗𝑞𝑢ሶ = 𝑐𝑜𝑠𝜃; 𝑠𝑖𝑛𝜃𝑢 0; 𝑢 = (−𝑠𝑖𝑛𝜃𝑢. 𝑢; 𝑐𝑜𝑠𝜃𝑢 + 𝑠𝑖𝑛𝜃𝑢 × 𝑢)𝑞𝑢ሶ = (−𝑠𝑖𝑛𝜃; 𝑐𝑜𝑠𝜃𝑢)

• Given the following quaternions:

𝑎𝑢
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Quaternions & Rotation Matrices

𝑞𝑢ሶ 𝑞∗ = −𝑠𝑖𝑛𝜃; 𝑐𝑜𝑠𝜃𝑢 (𝑐𝑜𝑠𝜃; −𝑠𝑖𝑛𝜃𝑢)𝑞𝑢ሶ 𝑞∗ = (−𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑢. 𝑢;                𝑐𝑜𝑠ଶ𝜃𝑢 + 𝑠𝑖𝑛ଶ𝜃𝑢 − 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑢 × 𝑢)𝒒𝒖ሶ 𝒒∗ = (𝟎; 𝒖)𝒒𝒂𝒖ሶ 𝒒∗ = 𝒂𝒖ሶ
• The product ∗ produces the same vector .

1
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Quaternions & Rotation Matrices

𝑣ሶ = (0; 𝑛 + 𝑎𝑢)
is perpendicular to .𝑞𝑛ሶ = 𝑐𝑜𝑠𝜃; 𝑠𝑖𝑛𝜃𝑢 0; 𝑛 = (−𝑠𝑖𝑛𝜃𝑢. 𝑛; 𝑐𝑜𝑠𝜃𝑛 + 𝑠𝑖𝑛𝜃𝑢 × 𝑛)𝑞𝑛ሶ = 𝑐𝑜𝑠𝜃; 𝑠𝑖𝑛𝜃𝑢 0; 𝑛 = (0; 𝑐𝑜𝑠𝜃𝑛 + 𝑠𝑖𝑛𝜃𝑛ୄ)

𝑢
𝑛𝑛ୄ

𝑣
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Quaternions & Rotation Matrices

𝑞𝑛ሶ 𝑞∗ = (0; 𝑐𝑜𝑠𝜃𝑛 + 𝑠𝑖𝑛𝜃𝑛ୄ)(𝑐𝑜𝑠𝜃; −𝑠𝑖𝑛𝜃𝑢)𝑞𝑛ሶ 𝑞∗= (𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛. 𝑢 + 𝑠𝑖𝑛ଶ𝜃𝑛ୄ. 𝑢; 𝑐𝑜𝑠ଶ𝜃𝑛 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛ୄ− 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛 × 𝑢 − 𝑠𝑖𝑛ଶ𝜃𝑛ୄ × 𝑢)

𝑢
𝑛𝑛ୄ

𝑞𝑛ሶ 𝑞∗ = (0; 𝑐𝑜𝑠ଶ𝜃𝑛 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛ୄ + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛ୄ − 𝑠𝑖𝑛ଶ𝜃𝑛)𝑞𝑛ሶ 𝑞∗ = (0; [𝑐𝑜𝑠ଶ𝜃 − 𝑠𝑖𝑛ଶ𝜃]𝑛 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛ୄ)
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Quaternions & Rotation Matrices

𝑞𝑛ሶ 𝑞∗ = (0; [𝑐𝑜𝑠ଶ𝜃 − 𝑠𝑖𝑛ଶ𝜃]𝑛 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃𝑛ୄ)𝒒𝒏ሶ 𝒒∗ = (𝟎; 𝐜𝐨𝐬 (𝟐𝜽)𝒏 + 𝐬𝐢𝐧 (𝟐𝜽)𝒏ୄ) 2

• From 1 & 2, one can conclude that:𝒒𝒗ሶ 𝒒∗ = 𝒒(𝒏ሶ + 𝒂𝒖ሶ )𝒒∗ = (𝟎; 𝒂𝒖 + 𝐜𝐨𝐬 (𝟐𝜽)𝒏 + 𝐬𝐢𝐧 (𝟐𝜽)𝒏ୄ)

http://www.euclideanspace.com
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𝑛 𝑛ୄ

𝑢
Plane ⊥ to the 𝑢 axis

Quaternions & Rotation Matrices

𝐼(𝑣ሶ)
2𝜃

𝐼(𝑞𝑣ሶ𝑞∗)
𝑋

𝑌
𝑍

𝑣ሶ  &𝑞𝑣ሶ𝑞∗ are pure quaternions𝐼(𝑣ሶ ) & 𝐼 𝑞𝑣ሶ𝑞∗ are the imaginary components of 𝑣ሶ & 𝑞𝑣ሶ𝑞∗.
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𝑛 𝑛ୄ

𝑢
Plane ⊥ to the 𝑢 axis

Quaternions & Rotation Matrices

𝐼(𝑣ሶ)
2𝜃

𝐼(𝑞𝑣ሶ𝑞∗)
𝑋

𝑌
𝑍

𝑣ሶ  &𝑞𝑣ሶ𝑞∗ are pure quaternions𝐼(𝑣ሶ ) & 𝐼 𝑞𝑣ሶ𝑞∗ are the imaginary components of 𝑣ሶ & 𝑞𝑣ሶ𝑞∗.

𝒗ሶ = (𝟎; 𝒂𝒖 + 𝒏)𝒒𝒗ሶ 𝒒∗ = (𝟎; 𝒂𝒖 + 𝒄𝒐𝒔𝟐𝜽𝒏 + 𝒔𝒊𝒏𝟐𝜽𝒏ୄ)
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Quaternions & Rotation Matrices
• Any 3D rotation matrix can be represented by a rotation 

( ) around a unit vector ( ). 
• This rotation can be defined by the following unit 

quaternion:

𝑞 = cos 𝜃2 + sin 𝜃2 𝑢௫𝑖 + sin 𝜃2 𝑢௬𝑗 + sin 𝜃2 𝑢௭𝑘

http://www.euclideanspace.com
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Quaternions & Rotation Matrices
• Rotation maintains the magnitude of a vector:

𝑞𝑣ሶ𝑞∗ . 𝑞𝑣ሶ𝑞∗
= 𝐶̅∗𝐶𝑣ሶ . 𝐶̅∗𝐶𝑣ሶ𝑞𝑣ሶ𝑞∗ . 𝑞𝑣ሶ𝑞∗ = 𝑣ሶ ்𝐶் 𝐶̅∗்𝐶̅∗𝐶𝑣ሶ = 𝑣ሶ ்𝑣ሶ
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Quaternions & Rotation Matrices
• Rotation maintains the angular deviation between two 

vectors:

𝑞𝑣ሶ𝑞∗ . 𝑞𝑣ሶ𝑞∗
= 𝐶̅∗𝐶𝑣ሶ . 𝐶̅∗𝐶𝑣ሶ𝑞𝑣ሶ𝑞∗ . 𝑞𝑣ሶ𝑞∗ = 𝑣ሶ் 𝐶் 𝐶̅∗்𝐶̅∗𝐶𝑣ሶ = 𝑣ሶ் 𝑣ሶ
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Quaternions & Rotation Matrices
• Rotation maintains the magnitude of a triple product:

• Since:
– Quaternion rotation maintains vector magnitude.
– Quaternion rotation maintains angular deviation between two 

vectors.
• Then:

– Quaternion rotation maintains the magnitude of the triple 
product.

𝑣, 𝑣, 𝑣 = 𝑣. (𝑣 × 𝑣)

𝑣, 𝑣, 𝑣 = [𝑞𝑣ሶ𝑞∗, 𝑞𝑣ሶ𝑞∗, 𝑞𝑣ሶ𝑞∗]
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Quaternions & Rotation Matrices
• Quaternion/rotation matrix relationship:

𝑅𝑣 𝑞𝑣ሶ𝑞∗𝑞𝑣ሶ𝑞∗ = 𝐶̅∗𝐶𝑣ሶ
𝐶̅∗𝐶 = 𝑞 𝑞௫ 𝑞௬ 𝑞௭−𝑞௫ 𝑞 −𝑞௭ 𝑞௬−𝑞௬−𝑞௭ 𝑞௭−𝑞௬ 𝑞𝑞௫ −𝑞௫𝑞

𝑞 −𝑞௫ −𝑞௬ −𝑞௭𝑞௫ 𝑞 −𝑞௭ 𝑞௬𝑞௬𝑞௭ 𝑞௭−𝑞௬ 𝑞𝑞௫ −𝑞௫𝑞
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Quaternions & Rotation Matrices
• Quaternion/rotation matrix relationship:

𝐶̅∗𝐶 = 𝑞 𝑞௫ 𝑞௬ 𝑞௭−𝑞௫ 𝑞 −𝑞௭ 𝑞௬−𝑞௬−𝑞௭ 𝑞௭−𝑞௬ 𝑞𝑞௫ −𝑞௫𝑞
𝑞 −𝑞௫ −𝑞௬ −𝑞௭𝑞௫ 𝑞 −𝑞௭ 𝑞௬𝑞௬𝑞௭ 𝑞௭−𝑞௬ 𝑞𝑞௫ −𝑞௫𝑞

𝐶̅∗𝐶 = 1 0 0 00 𝑟ଵଵ 𝑟ଵଶ 𝑟ଵଷ00 𝑟ଶଵ𝑟ଷଵ 𝑟ଶଶ𝑟ଷଵ 𝑟ଶଷ𝑟ଷଷ
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Quaternions & Rotation Matrices
• Quaternion to Rotation Transformation

𝑟ଵଵ = 𝑞௫ଶ + 𝑞ଶ − 𝑞௭ଶ − 𝑞௬ଶ𝑟ଵଶ = 2𝑞௫𝑞௬ − 2𝑞𝑞௭𝑟ଵଷ = 2𝑞௫𝑞௭ + 2𝑞𝑞௬
𝑟ଶଶ = 𝑞௬ଶ − 𝑞௭ଶ + 𝑞ଶ − 𝑞௫ଶ𝑟ଶଵ = 2𝑞௫𝑞௬ + 2𝑞𝑞௭
𝑟ଶଷ = 2𝑞௬𝑞௭ − 2𝑞𝑞௫
𝑟ଷଷ = 𝑞௭ଶ − 𝑞௬ଶ − 𝑞௫ଶ + 𝑞ଶ𝑟ଷଶ = 2𝑞௬𝑞௭ + 2𝑞𝑞௫𝑟ଷଵ = 2𝑞௫𝑞௭ − 2𝑞𝑞௬

𝒒 & − 𝒒 define the same rotation matrix
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𝑟ଵଵ + 𝑟ଶଶ + 𝑟ଷଷ = 3𝑞ଶ − 𝑞௫ଶ − 𝑞௬ଶ − 𝑞௭ଶ𝑟ଵଵ + 𝑟ଶଶ + 𝑟ଷଷ = 4𝑞ଶ − 1𝒒𝒐 = (𝒓𝟏𝟏 + 𝒓𝟐𝟐 + 𝒓𝟑𝟑 + 𝟏)/𝟐

𝑟ଶଵ − 𝑟ଵଶ = 4𝑞𝑞௭𝒒𝒛 = (𝒓𝟐𝟏 − 𝒓𝟏𝟐)/𝟒𝒒𝒐
𝑟ଵଷ − 𝑟ଷଵ = 4𝑞𝑞௬𝒒𝒚 = (𝒓𝟏𝟑 − 𝒓𝟑𝟏)/𝟒𝒒𝒐
𝑟ଷଶ − 𝑟ଶଷ = 4𝑞𝑞௫𝒒𝒙 = (𝒓𝟑𝟐 − 𝒓𝟐𝟑)/𝟒𝒒𝒐

Quaternions & Rotation Matrices
• Rotation to Quaternion Transformation (Option # 1)

Assumption: (𝑟ଵଵ+𝑟ଶଶ + 𝑟ଷଷ + 1) > 0
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𝑟ଵଵ − 𝑟ଶଶ − 𝑟ଷଷ = 3𝑞௫ଶ − 𝑞ଶ − 𝑞௬ଶ − 𝑞௭ଶ = 4𝑞௫ଶ − 1𝒒𝒙 = (𝒓𝟏𝟏 − 𝒓𝟐𝟐 − 𝒓𝟑𝟑 + 𝟏)/𝟐

Assumption: (𝑟ଵଵ−𝑟ଶଶ − 𝑟ଷଷ + 1) > 0

𝑟ଵଶ + 𝑟ଶଵ = 4𝑞௫𝑞௬𝒒𝒚 = (𝒓𝟏𝟐 + 𝒓𝟐𝟏)/𝟒𝒒𝒙𝑟ଵଷ + 𝑟ଷଵ = 4𝑞௫𝑞௭𝒒𝒛 = (𝒓𝟏𝟑 + 𝒓𝟑𝟏)/𝟒𝒒𝒙𝑟ଷଶ − 𝑟ଶଷ = 4𝑞𝑞௫𝒒𝒐 = (𝒓𝟑𝟐 − 𝒓𝟐𝟑)/𝟒𝒒𝒙

Quaternions & Rotation Matrices
• Rotation to Quaternion Transformation (Option # 2)
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𝑟ଶଶ − 𝑟ଵଵ − 𝑟ଷଷ = 3𝑞௬ଶ − 𝑞ଶ − 𝑞௫ଶ − 𝑞௭ଶ = 4𝑞௬ଶ − 1𝑞௬ଶ = (𝑟ଶଶ − 𝑟ଵଵ − 𝑟ଷଷ + 1)/4𝒒𝒚 = (𝒓𝟐𝟐 − 𝒓𝟏𝟏 − 𝒓𝟑𝟑 + 𝟏)/𝟐𝑟ଵଶ + 𝑟ଶଵ = 4𝑞௫𝑞௬𝒒𝒙 = (𝒓𝟏𝟐 + 𝒓𝟐𝟏)/𝟒𝒒𝒚𝑟ଶଷ + 𝑟ଷଶ = 4𝑞௬𝑞௭𝒒𝒛 = (𝒓𝟐𝟑 + 𝒓𝟑𝟐)/𝟒𝒒𝒚𝑟ଵଷ − 𝑟ଷଵ = 4𝑞𝑞௬𝒒𝒐 = (𝒓𝟏𝟑 − 𝒓𝟑𝟏)/𝟒𝒒𝒚 Assumption: (𝑟ଶଶ−𝑟ଵଵ − 𝑟ଷଷ + 1) > 0

Quaternions & Rotation Matrices
• Rotation to Quaternion Transformation (Option # 3)
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Quaternions & Rotation Matrices
• Rotation to Quaternion Transformation (Option # 4)

𝑟ଷଷ − 𝑟ଵଵ − 𝑟ଶଶ = 3𝑞௭ଶ − 𝑞ଶ − 𝑞௫ଶ − 𝑞௬ଶ = 4𝑞௭ଶ − 14𝑞௭ଶ = (𝑟ଷଷ − 𝑟ଵଵ − 𝑟ଶଶ + 1)𝒒𝒛 = (𝒓𝟑𝟑 − 𝒓𝟏𝟏 − 𝒓𝟐𝟐 + 𝟏)/𝟐

Assumption: (𝑟ଷଷ−𝑟ଵଵ − 𝑟ଶଶ + 1) > 0

𝑟ଵଷ + 𝑟ଷଵ = 4𝑞௫𝑞௭𝒒𝒙 = (𝒓𝟏𝟑 + 𝒓𝟑𝟏)/𝟒𝒒𝒛𝑟ଶଷ + 𝑟ଷଶ = 4𝑞௬𝑞௭𝒒𝒚 = (𝒓𝟐𝟑 + 𝒓𝟑𝟐)/𝟒𝒒𝒛𝑟ଶଵ − 𝑟ଵଶ = 4𝑞𝑞௭𝒒𝒐 = (𝒓𝟐𝟏 − 𝒓𝟏𝟐)/𝟒𝒒𝒛
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Quaternions & Rotation Matrices
• Rotation to Quaternion Transformation
• Among the options, choose the one that ensures the 

highest numerical stability.
• Option # 1:  is the largest among (  ௫ ௬ ௭).
• Option # 2: ௫ is the largest among (  ௫ ௬ ௭).
• Option # 3: ௬ is the largest among (  ௫ ௬ ௭).
• Option # 4: ௭ is the largest among (  ௫ ௬ ௭).
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Quaternions & Rotation Matrices
• The product of two quaternions:𝑞ఈ = 𝑐𝑜𝑠𝛼 + 𝑠𝑖𝑛𝛼 𝑢 𝑞ఉ = 𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝛽 𝑢𝑞ఈ𝑞ఉ = (𝑐𝑜𝑠𝛼; 𝑠𝑖𝑛𝛼 𝑢)(𝑐𝑜𝑠𝛽; 𝑠𝑖𝑛𝛽 𝑢)𝑞ఈ𝑞ఉ = (𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽 𝑢. 𝑢;                 𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛽 𝑢 + 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛽 𝑢 + 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽 𝑢 × 𝑢)𝑞ఈ𝑞ఉ = (𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽;                 𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛽 + 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛽 𝑢)𝑞ఈ𝑞ఉ = (cos [𝛼 + 𝛽]; 𝑠𝑖𝑛 𝛼 + 𝛽 𝑢)

• This product is equivalent to rotation angle ( ) 
around the axis .
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Spherical Linear Interpolation
• Problem Statement: Given the rotations represented by ଵand ଶ, whose angular deviation is , we need to 

evaluate the interpolated quaternion rotation , whose 
angular deviations from ଵand ଶ are ଵand ଶ, 
respectively.

• As per the figure above:  ଵ ଵ ଶ ଶ
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Spherical Linear Interpolation
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Spherical Linear Interpolation
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𝑞ଶ
𝑞ଵ 𝑞 𝐶ଵ

𝐶ଶ

𝑞 = 𝐶ଵ𝑞ଵ + 𝐶ଶ𝑞ଶ
𝜃

𝜃ଵ𝜃ଶ

𝑞ଵ. 𝑞ଶ = 𝑐𝑜𝑠𝜃𝐶ଵ 1ൗ = 𝐶ଵ = 𝑠𝑖𝑛𝜃ଶ 𝑠𝑖𝑛𝜃ൗ𝐶ଶ 1ൗ = 𝐶ଶ = 𝑠𝑖𝑛𝜃ଵ 𝑠𝑖𝑛𝜃ൗ

𝑞 = 𝑠𝑖𝑛𝜃ଶ 𝑠𝑖𝑛𝜃ൗ 𝑞ଵ + 𝑠𝑖𝑛𝜃ଵ 𝑠𝑖𝑛𝜃ൗ 𝑞ଶ

Spherical Linear Interpolation
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Spherical Linear Interpolation
• Spherical Linear Interpolation is useful for:

– Interpolation of derived rotation matrices from integrated 
GNSS/INS attitude – This is the case when deriving the 
rotation matrices at much higher rate than that derived from 
GNSS/INS unit (LiDAR & Line Camera systems)

– Modeling variation of the rotation matrices as time dependent 
values for Line Camera Systems 
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Quaternions & Rotation Matrices
• Quaternions characteristics compared to rotation 

matrices:
– It avoids the gimbal lock problem. 

• Happens whenever the secondary rotation is 90°
• Two rotations take place around the same axis in space.

– Quaternion multiplication requires fewer operations compared 
to multiplication of two rotation matrices.

– Quaternion-based rotation requires more operations when 
compared to traditional rotation of vectors.

– Quaternions have one constraint while rotation matrices have 6 
orthogonality constraints.

– Interpolation of quaternion rotations is much more straight 
forward than 3D rotation matrices.
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Gimbal Lock

• A set of three gimbals mounted together to allow three 
degrees of freedom: roll, pitch and yaw. 

• When two gimbals rotate around the same axis, the system 
loses one degree of freedom.

http://en.wikipedia.org/wiki/Gimbal_lock
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Gimbal Lock

X

Y

Z

𝜔 = 90°
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Gimbal Lock

X

Y

Z 𝜙 = 90°
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Gimbal Lock

X
Y

Z

𝜅 = 90°𝜔 & 𝜅 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑔𝑙𝑒𝑠 𝑎𝑟𝑒 𝑎𝑟𝑜𝑢𝑛𝑑 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑥𝑖𝑠 𝑖𝑛 𝑠𝑝𝑎𝑐𝑒.
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Gimbal Lock

X

Y

ZX

Y

Z

90°, 90°, 90°
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Gimbal Lock

X

Y

Z

𝜔 = 180°
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Gimbal Lock

X

Z
Y 𝜙 = 90°
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Gimbal Lock

X

Y

Z

𝜅 = 0°
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Gimbal Lock

X

Y

Z

90°, 90°, 90° & 180°, 90°, 0°  𝑎𝑟𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡‼!
X

Y

Z

Singularity in the derivation of the rotation angles


