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Relative Orientation 

Photogrammetric Model: Coplanarity
Equations
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Relative Orientation
• Photogrammetric Model: Coplanarity Equations

– The perspective centers of a stereo-pair, an object point, and 
the corresponding image points are coplanar. 
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Relative Orientation 

Computer Vision Model
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Relative Orientation: CV Model𝒙𝒍𝒚𝒍𝟏 = 𝝀𝒍𝑲𝒍𝑹𝒎𝒄𝒍 [𝑰𝟑 −𝑿𝑶𝒍] 𝑿𝒀𝒁𝟏𝟏 𝝀𝒍ൗ 𝑹𝒄𝒍𝒎𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 + 𝑿𝑶𝒍 = 𝑿𝒀𝒁

For the Left Image

𝒙𝒓𝒚𝒓𝟏 = 𝝀𝒓𝑲𝒓𝑹𝒎𝒄𝒓[𝑰𝟑 −𝑿𝑶𝒓] 𝑿𝒀𝒁𝟏𝟏 𝝀𝒓ൗ 𝑹𝒄𝒓𝒎𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑿𝑶𝒓 = 𝑿𝒀𝒁

For the Right Image
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Relative Orientation: CV Model𝟏 𝝀𝒍ൗ 𝑹𝒄𝒍𝒎𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 + 𝑿𝑶𝒍 = 𝟏 𝝀𝒓ൗ 𝑹𝒄𝒓𝒎𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑿𝑶𝒓𝟏 𝝀𝒍ൗ 𝑹𝒄𝒍𝒎𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝟏 𝝀𝒓ൗ 𝑹𝒄𝒓𝒎𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑿𝑶𝒓 − 𝑿𝑶𝒍

𝟏 𝝀𝒍ൗ 𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝟏 𝝀𝒓ൗ 𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑩
Assuming that the mapping frame coincides with the left 
image coordinate system:

𝟏 𝝀𝒍ൗ 𝑩𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝟏 𝝀𝒓ൗ 𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑩𝑩Note: 𝐁 × 𝐁 = 𝑩𝑩 = 𝟎
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Relative Orientation: CV Model
• Cross product of a vector with itself = 0

𝒛 𝒚𝒛 𝒙𝒚 𝒙
𝟏 𝝀𝒍ൗ 𝑩𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝟏 𝝀𝒓ൗ 𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 + 𝑩𝑩

𝟏 𝝀𝒍ൗ 𝑩𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝟏 𝝀𝒓ൗ 𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏
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Relative Orientation: CV Model

𝟏 𝝀𝒍 �ି� 𝟏 𝒍𝒍 𝟏 𝝀𝒓 𝒄𝒓𝒄𝒍 𝒓 𝟏 𝒓𝒓
• Multiply both sides dot product with the vector 𝒍 𝟏 𝒍𝒍
𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑲�ି� 𝟏 𝒙𝒍𝒚𝒍𝟏 = 𝝀𝒍 𝝀𝒓ൗ 𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏

𝟎 = 𝝀𝒍 𝝀𝒓ൗ 𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏
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RO: CV Model – Fundamental Matrix

𝝀𝒍 𝝀𝒓ൗ 𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 = 𝟎
𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 = 𝟎

𝝀𝒍 𝝀𝒓ൗ ≠ 𝟎

𝒙𝒍 𝒚𝒍 𝟏 𝑭 𝒙𝒓𝒚𝒓𝟏 = 𝟎
𝑭 is denoted as the Fundamental Matrix𝑭 = 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏



CE 59700: Digital Photogrammetric Systems Ayman F. Habib9

RO: CV Model – Essential Matrix

𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 = 𝟎
𝝀𝒍 𝝀𝒓ൗ 𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑩𝑹𝒄𝒓𝒄𝒍 𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 = 𝟎

𝒙𝒍 𝒚𝒍 𝟏 𝑲�ି� 𝟏𝑻𝑬𝑲�ି� 𝟏 𝒙𝒓𝒚𝒓𝟏 = 𝟎𝑬 is denoted as the Essential Matrix

𝑬 = 𝑩𝑹𝒄𝒓𝒄𝒍
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RO: CV Model – Essential Matrix
• The Essential Matrix has nine elements that should 

satisfy four constraints.
– Only five degrees of freedom

• Det (E) = 0, Rank (E) = 2 
• (SVD) E = ்

– ∑ = 𝜎 0 00 𝜎 00 0 0
– Det (𝑈) = Det (𝑉) = +1 

• ் ଵଶ ்


