Generalized Eigenproblem Algorithms
and Software for Algebraic Riccati
Equations

Numerical issues related t o the computational solution of the
algebraic matrix Riccati equation are discussed. The approach p r e
sented uses the generalized eigenproblemformulation
for the
solution of general forms of algebraic Riccati equations arising in
bothcontinuous-anddiscretetime
applications. These general
forms result fromcontrol and filtering problems for systems in
generalized (or implicit or descriptor) state space form. A Newtontypeiterativerefinement
procedure for the generalized Riccati
solution is given. The issue of numerical condition of the Riccati
problem is addressed. Balancing to improve numerical condition is
discussed. An overview of a software package, RICPACK, coded in
portable, reliable Fortran is given. Results of numerical experiments
are reported.

I.

INTRODUCTION

One of the most deeply studied nonlinear matrix equations arising in mathematics and engineering is the Riccati
equation. The generic term “Riccati equation” can mean
any of a class of matrix “quadratic” algebraic or differential
or difference equations of symmetric or nonsymmetric type
arising inthe study ofcontinuous-time or discrete-time
dynamical systems. In this paper we shall discuss algorithms
and software for certain classes of algebraic Riccati equations. The resulting software package, called RICPACK, can
be used as a module in a larger computer-aidedcontrol
system design package or environment.
Riccati equations arise naturally in a rich variety of situations and their role and use in systems and control theory,
in particular, has been well-established over the past 25
years. A representative but by no means exhaustive sample
of such applications can be found in standard“classical”
textbooks on optimal control (see [I]-[5] and the references
therein) and filtering and prediction (see [3], [5]-[8] and the
references therein). Oneofthe
finest mathematical treatises on Riccati equations is the book of Reid [9] which, in
addition
to
control
and estimation applications, discusses applications to partial differential equations, multiple
uniform and nonuniform transmission lines, the Mycielski-
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Paszkowski diffusion problem, and neutron transport theory. The transport problem is an illustration of the intimate
role played by Riccati equations in the method of invariant
embedding (see [IO], [ l l ] and the references therein). Further details on the use of Riccati equations in solving
two-point boundary value problems are discussed in [I21
and various papers in [13], particularly those of Denman,
Bramley, and Casti.
One aspect of Riccati equations that hasalways been
significant, and which has received increasing attention
over the past 5 years, is effective algorithms for their reliable numerical solution in the finite arithmetic environment
of a digital computer. Reliable implementation of a numerical algorithm involves attention to atleast the following
three concerns:
1) the condition of the underlying problem,
2) the numerical stability of the algorithm being used to
solve the problem,
3) the robustness of the actual software implementation.

Each of these will be illustrated further in the sequel in the
context of solving algebraic Riccati equations.
Reliable numerical algorithms and software now exist for
the solution of linear equations, singular value decomposition, linear least squares, and both standard and generalized
eigenvalue problems [14]-[16]. This has not heretofore been
the case for the solution of algebraic Riccati equations. This
paper will outline, in a tutorial fashion, a class of algorithms
which are quite generally reliable and are readily extendable to a variety of related problems. A Fortran software
package, RICPACK, that implements the preferred algorithmic approach bybuildingon
and emulating [14]-[I61 is
described in detail.
Briefly, the rest of this paper is organized as follows.
Section I1 contains general background information on
Schur-type techniques for the solution of various types of
algebraic Riccati equations. Section Ill gives algorithmic
details for generalized eigenvalue methods for Riccati equation solution. Iterative refinement techniques are discussed
in Section IV. General comments on mathematical software
for Riccati equations along with details concerning the
software package RICPACK are presented in Section V, and
Section VI gives numerical results for example problems.
Some concluding remarks are made in Section VII.
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II.

BACKGROUND

where J =

( M y = -MJ,

In this section we provide some background material on
Schur-type techniques for the solution of various types of
algebraic Riccati equations by means of certain associated
generalized eigenvalue/eigenvector problems. The generalized eigenproblem framework provides a unifying methodology which facilitates the reliable numerical solution of
very general classes of Riccati equations arising in optimal
control or filtering problems (and elsewhere) including
those with "nonstandard" features such as singular control
weighting (or measurement
noise
covariance)
matrices,
cross-weighting (cross-correlation) matrices, and singular
transition matrices (discrete-time). Generalized statespace
models canalsobe
considered and give rise to "generalized" Riccati equations [ 1 2 ] .
The basic algebraic Riccati equation (ARE) arising in continuous-time problems takes the form
A'XE

+ ETXA -( €'X6 + 5) R - l (

BTX€

+ S') + C ' q C = 0
( 1 a)

or
,?X€

+ €'XA

- ETXBR-lB'XF

+ C'QC

- SR-lS'

=0

(1 b)

where
A - ~~-1s'.

I=

This ARE arises in connection withfinding
a feedback
control u( t ) = K x ( t ) which solves the problem
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subject to:
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y = Cx,
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in which M = MT > 0 but M-l is not to be used-largely
for numerical reasons-but possibly also to preserve and
perhaps exploit the structure.
The more familiar form of ( 1 ) occurs when S = 0, € = I,
and C = I

+ X A - XISR-~B'X + Q = 0
(2)
+ X F - X G R - l G ' X + H = 0, according to

A'%

(or even F'X
taste). Equation ( 2 ) can be solved by finding an orthogonal
matrix U such that

U'MU

=
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where
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a Hamiltonian matrix
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a quasi-upper-triangular matrix with all
in the strict left-half-plane. The n "Schur

S,l

vectors" comprising

(:')

span the stable invariant sub-

space and the solution of ( 2 ) is given by X = U21U;,1. This
so-called Schur method, which is described in detail in [ I 7 1
and [I81 has proved to be a rather reliable, general-purpose
method for solving ( 2 ) for modest sized problems (say
n 5 103) where there is no usefully exploitable structure in
the coefficient matrices.
Many other solution techniques exist for ( 2 ) . Mostof
these methods fall into one of the following broad categories:

a) methods based on c

&

t

I

forms

b) daubling and other direct integration (of the associated differential equation) techniques
c) Newton'smethod
d) parameter embedding methods
e) Chandrasekhar-type algorithms
4 methods based on use of the matrix sign function
g) spectral factorization techniques
h) "square root" formulations.
Each of these methods has interesting features but most do
not have satisfactory numerical behavior in finite arithmetic.
Moreover, many of the methods do not extend easily to the
solution of ( 1 ) nor to certain related nonsymmetric Riccati
equations.
For the solution of ( 1 ) we consider the 2n X 2n matrix
pencil
A - BR-lST

+
+

-Q

z'),

=(:

Y E RP.

Under mild technical conditions on the matrices, the minimizing control which is stabilizing (the generalized eigenvalues of X € - ( A B K ) have negative real parts) is given
by K = - R - ' ( BTX€ ST) where X is the unique nonnegative definite solutionof ( 1 ) . We are assuming E is nonsingular. This situation arises, for example, from first-order formulations of second-order models of the form

M=(

and S

( - I0

S R - ~ S-~ CTQC

- BR-'BT
-(A -

BR-~sT)

(3)
The resulting generalized eigenvalue problem is then transformed by orthogonal matrices Vand U to the form
V(XL - M ) U = X i

-k

(4)

where i is upper triangular and k is quasi-upper-triangular
and the stable generalized eigenvalues are determined by
the upper left n X n blocks. TheSchur vectors
the stable deflating subspace and the feedback K is given
by K = - R-1(BTU21U;1
ST). The solution of (1) is given
by X = W,,W,;' where W = ( i :)U;see [ 1 2 ] , [19].
Although the matrix R above is often diagonal oreven
the identity which makes R-l quite trivial to determine, it
may instead be nondiagonal and ill-conditionedwith respect to inversion, or possibly even singular, in which case
the (2n m) X ( 2 n + rn) extended pencil

+

+

[I::][

X 0

ET

0

-

- C'QC

0
-AT
BT

IS'-

(5)

R

can be used. This pencil can be reduced or compressed to
an equivalent 2 n x 2 n pencil [ 2 0 ] whereupon a procedure
similar to that described above is followed.
Of course, all
the
above has
an
analog for the
discrete-time counterpart of the linear-quadratic problem
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described above. In this case, the ARE corresponding to (1)
takes the form

+ s)( B ~ X B+ R)-’

E T x E = ATXA -( A ~ X B

or

,?xi\ - R X B ( BTXB + R)-’ ~ ~ x . 4
+ C’QC - SR-’SJ
(7)
:= A - BR-lS’. Equation (6) arises naturally in

ETxf

A

=

where
stochastic realization problems while form (7) arises naturally in LQC (linear-quadratic-Gaussian) problems.
In this case, the analog of (3) is the pencil

= S A L - M (8)
while i f R-’ is to be avoided (singular R being not uncommon in discrete-time systems) the analog of (5) is the
extended pencil
A

O

B

ST

0

R

The solution procedure involving (8) or a compressed version of (9) is essentially the same as that outlined above for
the continuous-time case. In the special case, S = 0, E = I,
and C = I, (8) takes the form
I

’(0

BR-~B~
AT

)-(-:

which was suggested in [I81 and used in [21]-[24] to avoid
the need for A-’ in the eigenproblem for the syrnplectic
matrix (if A-’ exists)

(;

BR--;BT)-l(

-;
0).

A similar approach was discussed in [25].
Ill.

ALGORITHMICDETAILS

The main algorithmic issues associated with the Schurtype generalized eigenproblem method are the compressionofthe
matrix pencil (5) or (9), thesolutionof
the
generalized eigenproblem (4), and the “ordering” ofthe
generalized eigenvalues so that the stable generalized eigenvalues are contained in the upper left n x n blocks of
A i - f i . Some details concerning these issues are given in
this section. The related issues of numerical condition of
the solution process and balancing to improve the condition are also discussed.
Should R in (5) or (9) be singular or nearly singular (and
not easily invertible) then the following compression procedure due to Van Dooren [20] can be employed. Determine
an orthogonal matrix P E R(2”+m)x(2n+m)
such that

where
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a series of Householder transformations. The remainder of
the compression technique will be illustrated using the
pencil corresponding to the continuous-time problem (5).
The discrete-time problem can be handled analogously as
illustrated in [23]. Applying P to the pencil (5) we see that
the “infinite generalized eigenvalues” are “deflated out” so
that we need only work with the 2n X 2n pencil

I?E R m x m and is nonsingular. Pcan be formed from

It can beshown [20] that the pencils (12) and (5) are
equivalent. Therefore, the pencil (12) can be used for the
Riccati solution and does not involve the explicit inversion
of R. This extended pencil approach is used in [I91 and [20]
and is implicit in the work of Campbell and others (summarized in [26], [27D.
One must essentially solve the appropriate generalized
eigenproblem to transform the pencil to quasi-upper-triangular form as indicated in (4). Basic references for the
numerical solution of the fundamental (unordered) generalized eigenvalue probleminclude [28] and [29]. The algorithm is a generalization ofthe QR algorithm used for
the standard eigenvalue problem and is referred to as the
QZ algorithm.Applicationofthe
QZ algorithm to the
appropriate pencil yields the transformed matrices i and f i
as well as the orthogonal transformation U of (4). Unfortunately, the QZ algorithm does not result in i and fi with
the desired ordering of the generalized eigenvalues.
However, the eigenvalues can subsequently be reordered
to any desired order. Algorithmic and numerical details of
the “reordering problem” for the generalized eigenproblem
were given in [20]. The reordering is accomplished by orthogonal transformations and the method is proved to be
numerically stable.
Animportant aspect of the analysis of any numerical
problem is its condition. That is, if the data of the problem
are perturbed slightly is the resulting change in the solution
“large” (an ill-conditioned problem) or “small” (a well-conditioned problem)? Understanding the conditioningof
Riccati equations is, of course, crucial to their reliable
numericalsolution,but
Riccati equation condition is apparently an exceedingly complex problem. This is borne out
by both analysis and empirical study in [30]. Several proposed “condition numbers” for the Riccati problem are
compared and all are shown to have deficiencies for some
classes of problems. Among those compared are:
a) The condition of U,, or W,, with respect to inversion
(see Section II) [12],[I71 since thefinal Riccati solution
derives from the solutionof a linear system of theform
XU,, = U2, or XW,, = W2,.
It is known that U,, or
are
singular if the underlying model is unstabilizable and/or if
f is singular. Thus near unstabilizability or near singularity
of f can be expected to cause ill-conditioning,whichit
does. Unfortunately, a Riccati equation can still be ill-conditioned with a well-conditioned
or W,,.
b) A condition number in terms of the singular values of
the singular value decomposition of the orthogonal U or W
found in the reductionofthe
generalized eigenproblem.
This result was developed in [31] and extended in [19], but
turns out to be essentially the sameas the one discussed in
a);see [30].

W,

U,,
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c) Various condition numbers based on a first-order perturbation analysis of a Riccati equation. One such derivation is given in [32] while still others are developed in [30].
Examples can be shown (see [30]) where such analyses are
inadequate in the sense of signaling ill-conditioning falsely
or of not detecting ill-conditioning for a known ill-conditioned equation. Further pertinent discussions, results, and
conjectures can be found in [17], and [30]-[32].
The coefficient matrices of many Riccati equations arising
in practice contain numbers of widely different magnitudes.
It i s thus reasonable to expect that some sort of scaling
and/or balancing strategy could be employed to improve
the accuracy of a numerical solution of a Riccati equation in
finite arithmetic. This expectation is, in fact, borne out in
numerical experiments reported in [32] and [33]. The main
technique employed in those experiments involved the
balancing of the generalized eigenvalue problem prior to its
solution. Since the Schur-type solution technique for Riccati equations involves solution of the generalized eigenproblem as a fundamental step, this balancing technique
seems reasonable.
Ward [34] has developed a balancing algorithm designed
especially for QZ numerical solution methods for generalized eigenproblems. The procedure consists of permutations and two-sided diagonal transformations to attempt to
scale L and M in (4) so that their elements have magnitudes
as close to unity as possible. This balancing strategy is
relatively inexpensive, but can improve accuracysubstantially and also increase the reliability of the condition of U,,
or W,, with respect to inversion asan indicator of condition of the Riccati problem.
Another potential balancing schemewas investigated in
[30]. There, as a preprocessing step before the Riccati solution, the underlyingsystem matrices ( A , 6,C, etc.) are "balanced" in the system-theoretic sense[35],[36].This
is an
attemptto give equal weight tobothcontrollability
and
observability, but has the rather severedisadvantages of
requiring open-loop stability of A - A € and of being relatively expensive computationally. Other state coordinate
systems may offer computational advantages. A convenient
algorithm for applying the associated change of coordinate
transformation in the Schur-type Riccati solution method is
given in [30].
IV.

ITERATIVE
REFINEMENT TECHNIQUES

Numericalimplementation
of the Schur-type solution
methods of Section II is relatively straightforward. The
proven stable algorithms discussed in Section Ill are coded
into reliable Fortran software (see Section V). However, the
Riccati problem may be ill-conditioned, and the resulting
numerical solution may not be as accurate as desired. This
section presents an iterative refinement procedure utilizing
Newton's method. This procedure is presented for both the
continuous- and discrete-time problems. The continuoustime method is based on Kleinman [37],and the discretetime method is based on Hewer [38]. Other iterative solution methods are discussed briefly.
If X , , k = 0,1, .. is theunique nonnegative definite
solution of the linear algebraic equation
O=(A-BK,)'XkE+E'Xk(A--Kk)

where, recursively,
Kk=R-'(6'Xk-1EfST),

k=1,2;"

(14)

and KO is chosen such that X € - ( A - BK,) has generalized eigenvalues with negative real parts (stable), then it
can be shown [30] that
a) 0 g X g X k + , g X , g ... g X ,
b) limk+mXk = X
c) in the vicinity of X , IIXk+l - X I [

< c,llXk

-

x1I2

where X solves (1) and C, is a finite constant. This iterative
procedure features monotonic convergence to the nonnegative definite solution to (1) when it exists, as long as
the starting value KO is a stabilizing state feedback matrix.
The global convergence can be quite slow, however, and
result in excessive computation time if a poor KO is chosen.
Numerical experience (see[30] for examples)has shown
that when this iterative method is applied to an initial
solution value produced by the direct Schur-type method,
the convergence is quadratic or faster. This hybrid solution
method is quite useful for improving the Riccati solution
accuracy in the presence of certain sources ofproblem
ill-conditioning. For the case E = I and 5 = 0, the above
result becomes the familiar procedure established by
Kleinman [37].
An analogous result exists for the discrete-time equations
(6) or (7) with the analogs of (13) and (14) being [30]
€'Xk E = ( A - BK,) ' X k ( A - B K k ) -t KLRKk

with the requirement that KO is chosensuch that X € ( A - BK,) has generalized eigenvalues with magnitude less
than unity. For the case E = I and 5 = 0, this result is the
same as that established by Hewer [38].
Other iterative solution methods such as those based on
the matrix sign function arealso potential candidates for
hybrid-type methods for solving Riccati equations. Whatever
iterative method is chosen, two basicadvantagesmake
them well worth including in
a Riccati equationsolution
packane:
a) Accuracy ofcomputed
solutions of ill-conditioned
equations can be improved (even without computing
residuals in extended precision).
b) For sufficiently small perturbations in the coefficient
matrices, a solution of the perturbed equation can be
found more efficiently by a few steps of an iterative
method rather than redoing a full-ordered generalized
eigenproblem.

v.

NUMERICAL
SOFTWARE F O R RICCATI EQUATIONS

Even for problems which are apparently "simple" from a
mathematical point of view, a vast myriad of little details
must be attended to in order to enable a robust or reliable
algorithmic implementation in finite arithmetic. These details can become so overwhelming that the only effective
means of successfully communicating an algorithm is
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through its embodiment as mathematical software. Mathematical or numerical software simply means
an
implementationon a computing machine of an algorithmfor
solving a mathematical problem. Ideally, such software must
be reliable, portable, and unaffected by the machine or
system environment in which it is used.
There are many characteristics that can be listed to characterize "good" or robust mathematical software. State-ofthe-art discussions are to be found in [39]-[51]. Of course,
one of the key features is portability. Inevitably, numerical
algorithms are strengthened when their mathematical
software is made portable since their widespread use is
greatly facilitated. Furthermore, reliable and portable software is usually faster than poorer codes. Portability and
speed largely account forthe
preponderance of good
mathematical software being coded in Fortran although a
strong case couldnow be made for AdaTM, atleast on
portability grounds.
A careful examination of the
modern
mathematical
software literature should lead one to the conclusion that
serious evaluationof
mathematical software is ahighly
nontrivial task. Clearly the quality of software is largely a
function of its operational specifications. It must also reflect
the numerical aspects of the algorithm being implemented.
The language used and the compiler (e.g., optimizing or
not) used for that language will both havean enormous
impact on quality, both perceived and real, as will the
underlying hardware and arithmetic. Different implementations of an algorithm canhave markedly different properties and behavior, even ofthe same goodunderlying algorithm.
Many aspects of systems, control, and estimation theory
are ready for the research and design that is necessary to
produce reliable, portable mathematical software that performs successfully in finite arithmetic. Certainly many of the
underlying linear algebra tools (for example,EISPACK[14],
[I51 and LINPACK[16])are considered sufficiently reliable
as to be used as black-or at least gray-boxes
by control
engineers. Much of the theory and methodology used in
the production of prototypical mathematical software such
asEISPACK and LINPACK can and has been carried over to
problems such as the solution of Riccati equations. However, much of the work done in engineering, particularly
the design and synthesis aspects, is not amenable to nice,
"clean" algorithms and the ultimate software must have the
capability to enable a dialog between the computing machine and the engineer (or scientist), but with the latter
probably still making the final engineering decisions. Most
applications software will not ultimately look like EISPACK
or LINPACK. To even attempt that would be futile. Instead,
a better analogy would be to emulate agood ordinary
differential equation or partial differential equation package.
Schur-type methods for the generalized algebraic Riccati
equations discussed in Section i I have been implemented
by the authors utilizing the algorithms of Section Ill with
the Newton iterative refinement procedure of Section IV in
a Fortran software package,RICPACK[33].RICPACKwas
developed as a research tool to aid in the study ofthe
numerical conditioning of algebraic Riccati equations. The
package consists of modularly designed Fortran subroutines
(approximately 60) together with a Fortran driving program
for use in an interactive ''terminal''-type environment. The
driver prompts for all necessary input and convenient input
TMAda is a trademark of the U.S. Department of Defense.
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default options exist not only for ease of data input, but
also for exploitation by the subroutines to reduce the number and complexity of the computations. These options are
also designed to speed the input of more "standard" type
problems.
Highlights of RICPACK capabilities include:
a) Choice of calculation of the stabilizing
(nonnegative
definite), antistabilizing (nonpositive definite), or just
any (possibly) indefinite solution toa generalized ARE
(see Section 11).
b) Coordinate or system balancing of the system model

W
,IMI.
c) Ward's balancing [34] of the generalized eigenproblem
(prior to the QZ transformation).
d) Direct handling of singular control weighting or singular measurement noise covariance by compression of
the expanded pencils (5) or (9).
e) Direct handling of cross weighting ornoise correlation, i.e., 5 # 0.
9 Provision for robustnessrecovery procedure, i.e., to
replace the CTQCterm with Q TC'C and iterate on
T, the driver program need only modify one block of
the matrix pencil at each iteration.
g) Iterative refinement (or new solutions for small parameter perturbations) by Newton's method and Sylvester
equations, i.e., iteratively solving equations of the form

+

(Discrete)
for X which is optionally either
1) the new solution at each step or
2 ) the required change to the solution at each step.

h) Model unstabilizability detection as indicated by the
condition of U,,or W,, with respect to inversion (see
discussion after (4)); U,, or W,, is singular for an
unstabilizable model.
i) Calculation of unique stabilizing solution for stabilizable models with undetectable modes.
j) Residual calculation of the form
r=

I)Residuall(,
IIXII1

(17)
'

k) Condition estimates for the Riccati problem which
provideinformationon the following sources of illconditioning: model unstabilizability; small separation
of closed-loop spectrum,near singularity of R (continuous-time case).
The authors chose to implement the algorithms as highquality mathematical software because to do less would be
to evade a major responsibility, for to leave software implementation to the algorithm user/reader has the potential to
lead to disastrously bad "versions" of aperfectlygood
algorithm. This software will beusable as amoduleor
"tool" in a wide variety of Computer-Aided Control System
Design(CACSD) environments ranging from small packages
developed by individuals to large commercial packages
such as MATRIX, (Integrated Systems, Inc.)or
CTRL-C
(Systems Control Technology, Inc.).
Fig. 1 illustrates the hierarchy of the software routines.
That is, the routines on the upper levels employ the routines
of the lower levels. At the lowest level we have the basic
matrix manipulation routines like add,subtract, multiply,
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Fig. 1. Hierarchy of subroutines in software packageRICKPACK.

etc., and some simple combinations of thesebasic operations. The next level consists of standard routines for linear
equations, eigenvalues, and singular value decomposition
(SVD). Most routines in this level are from LINPACKor
EISPACK, or are slight modifications to routines from LINPACK and EISPACK. Subroutines that are modified have the
modificationsnotedin
the comment documentation included in thesubroutine. A list of the Level 0 and 1 routines
is given in Table 1. The SVD routine is listed separately with
the BLAS routines that it requires from LINPACK, as it is the
only routine to require the BLAS and could be modified to
eliminate said BLAS.
Subroutines atLevels2
and3 perform more specialized
tasks.Thetask
title is given in Fig. 1, and the main subroutines performing the task are shown in parentheses.
Of course, the main driver program is at the highest level,
Level 4. This main program would be rewritten, or atleast
extensively modified for most applications. This driver was

Table 1

written as a research tool and as such performs calculations
not relevant to manyanalysis and design applications. A
higher level language would be more appropriate to interface the Level 0 through Level 3 subroutines with a larger
CACSD package and perform the necessary input and output.
VI.

NUMERICAL
EXAMPLES

In thissection
we give a few examples to illustrate
various points discussed previously and to provide some
numerical results for comparison with other approaches.
We also note here that all of the examples given in [17],
[22], and [23] were solved using RICPACK and the solutions
obtained were as accurate as the published results.
The following simple continuous-time example is used to
illustrate the numerical properties of RICPACK when stabilizability is the key factor.
Example 1:

Subroutine List for Levels 0 and 1

Level 0
BCORBK
D l NRM
MADD
MMUL
MOUT
DSCAL
MQF
QZVAL
MQFA
MQFWO
REDUCZ
CRADEQ
MSCALE
MSUB
MULA
ROTR
MULB
MULWOA
SCALEC
MULWOB
PERMUT
SAVE
SEQUIV
TRNATA
TRNATB

Level 1

k=
DSVDC

BALANC
DCECOM
DCEFAM
DCESLM
DSTSLV
ELMHES
ClV
CRADBK

MLINEQ
ORTHES
ORTRAN
QZHESW
QZITW

DAXPY
DDOT
DNRMZ
DROT
DROTC

REBAKB
REDUCE

DSWAP

HQR
HQRORT
lMTQL2
LlNEQ

ROTC
SCALBK

(A

y = (1

minimize

-;)x+(

( g U

l)x

km( +
yTy

u‘u) dt.

This system is stabilizable for E # 0 and completely reconstructible. The applicable ARE is
A‘X

+ XA - XBB’X + CTC= 0.

The “true” solution for X can be hand-calculated for comparison purposes as
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Table2

~____

1

N

108

0
2
4
6
8
9
10

y = (1

Numerical Results for Example 1 , r =

K ( U ~ ~ )(17)

Acc*

IOo

io4
10l2
10l6
1018
1020

10-l~
10-10
IO-'
10-1
100

Newton
Iterations

17 ...
14
1010-18
610-20
2
0

r

(17)

Acc*

...

...

10-l'

17
17
17
17

...
...
2
3
4
6

...

0

...

The following data include Wardbalancing effects

0IO-'' IOo
5
io7 1 0 - l ~
IO
1o12
10-18 IO-^
2
11
3 IO-'
12
1017
IO-^
3
13
io1'10-18 IO@
3
14 singular IO1

...
...

17
IS
9
7
7
7
0

...

...
...

...

0
0

17
17
17
17

...

*Accuracy in correct significant digits

Note that as c 4 0 the system approaches unstabilizability
and the (1,l) element of X tends to infinity.
The solution to this problem was numerically computed
on a DEC KL-10 (under TOPS-20) in double precision using
RICPACK. The machine precision is near IO-'' in this case.
The results of interest are summarized in Table 2. The only
measure of condition included in the table is the condition
of U,, with respect to inversion because other measures
did not give an indication that the solution accuracy was
degenerating as E + 0. We note here that the data in Table
2 and in the succeeding tables that areexpressed as a
power of 10are rounded to the nearest power of 10.
Some useful observations can be made on thesedata.
One can see that for this example, K ( U , , )and the residual
( r ) are bothgood indicators ofthe numerical accuracy.
Since machine precision is near
one would expect
about17 correctdigitsfor
a well-conditionedproblem
(which is the case for c = 1). Thedata indicate that one
digit of accuracy is lost for each powerof 10 change in
K(U,,) and r. This is desirable behavior ofa condition
estimate. Note that Ward balancing improves the condition
of U,, and reduces the value of r for the same value of E.
Ward balancing enables solution calculation for smaller
values of c, but the accuracy is not as smooth a function of
~ ( u , , )However,
.
the residual is still a goodindicator of
accuracy. Note that in all cases with a reasonable starting
guess a few iterations of Newton's method restores full
accuracy. The generalized eigenvalue solution was used as a
starting guess and was considered reasonable if K(U,,) <
l./(machine precision). When this condition was not satisfied, the Newton iteration failed to converge to the desired
solution.
Table 2 illustrates that stabilizability of the model
does
indeedinfluence the numerical accuracy of the Riccati
solution. Also, K(U,,)and rare good indicators of solution
accuracy as the model approaches unstabilizability. However, K ( u,,) may not be a good indicator in other situations
as the following example will show.
Example 2:
(-E
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1

0

1 1 l)x

~

o\

/I\

+ U'IJ)

minimize /om( y'y

dt.

The model is completely controllable and observable. The
open-loop poles are at kc f j , and the applicable ARE is

+

+

AX
'
XA - XBB'X
C'C= 0.
The solution to this problem was numerically computed
o n a UNIVAC 1100/83 in double precision using RICPACK.
The machine precision is near IO-'' in this case. The results
of interest are summarized in Table 3. Although an exact
Table 3

Numerical Results for Example 2,r =
KA,(X)

N

100
lo6
1010
10-10
lola
10-l~
8
IOo
10l6
IO-'
9 10-18
100 10181018

0
3
5
7

KB(X)

r

CLP(17)
(19)
w(Ull)
(18)

100

IO-^

IO1

loo
100
loo

IO2
lo7
1011
1015
IOl7

Newton
Iterations

10-16
10-16
10-l~
10-8
10-12

IO-^

10-1

1
I
1
2
2

......

r

(17)
10-l~
10-l~
10-16

hand solution was not possible in this case, the behavior of
the residual can be used to judge thesolution accuracy.
This example was designed to assess the effectofthe
separation of the closed-loop spectrum on solution accuracy and the ability of condition estimates to detect degrading accuracy.The column CLP in Table 3 indicates the
position (real part) of theclosed-looppole
nearest the
imaginary axis in the complex plane.
One can see from this example that K ( U , , ) provides no
indication of loss of accuracy in the solution. However, in
this example we employ two other measures of conditipn
defined in [30] and [32], respectively, as

where
A, = ( A

- BR-lS'

- BR-'BTXE)

and

where

- BR-'B'X.
SEP( F, G) = infllg,,,llPF - GPll, is
A, = A

Note that
a measure of
the separation of the closed-loop spectrum in the previous
definitions. For a detailed definition of SEP(F, G) and a
discussion of its properties see Stewart [52], [53].
The results in Table 3 show that KA,(X) and K B(X)
correlate directlywith the behavior ofthe residual, and
thus, the solution accuracy. Ward balancing of the eigenproblem had no noticeable effect on solution accuracy for a
given value of c. Newton iterations did significantly improve solution accuracy, as measured by the residual, until
the condition K A ~ ( X=
) KB(X) = ?./(machine precision).
At this point, theiterations failed to converge to the desired
solution, as was the case in Example 1.
This example shows that separation oftheclosed-loop
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O’
IO3

maximum of 10 Newton iterations was allowed, and where
10 appears in the table, convergence did not occur. The
value for the residual in that case is the residual associated
with the solution at the tenth iteration. One can see that
the ill-conditioning of R begins to dominate the numerical
accuracy when K ( R ) > IO6. Since R - l is involved in the
Newton iteration calculations, iterative improvement does
not improve accuracy when K ( R ) dominates. The convergence criteria used for the Newton iterations do not recognize this fact and stop the iterations.
The data in Table 5 are essentially the same as those in
Table 4 except for one important aspect. K ( U , ~with
)
rek = (-:,I - O
0.02 ) x + ( o . l
O
spect to inversion provides no information on the problem
0.001 0.01
conditioning once K ( R ) 2 K ( U ~ ~This
) . may indicate that
y = ( I O . 100,)x
Ward balancing will cause other sources of problem ill-conditioning, beside unstabilizability of the model and singularity of E, to be reflected in I C ( U ~ ~ ) .
The preceding examples illustrate that none of the potenThe system is completelycontrollable and observable. As
tial measures ofconditioning
are reliable indicators by
E 4 0, the R matrix approaches singularity. The applicable
themselves. However, numerical experience to date has
ARE is
shown that in all casesatleast
one of the measures will
detect the degeneracy of numerical accuracy as it occurs.
ATX
X A - XBR-l BTX
CTC= 0.
These examples were of small order because the problem
The solution to this problem was numerically computed
condition is not directly related to size, so simple examples
on a UNIVAC 1100/83 in double precision using RICPACK.
were
sufficient
to illustrate the numerical effects of an
The machine precision is near 10-l’in this case. The results
ill-conditioned
problem.
However, one may wonder i f the
of interest are summarized in Tables 4 and 5. Ward balancsize of the problem will affect the numerical results, even
forwell-conditioned
problems. The following example
Table 4 Numerical Results for Example 3, Ward Balancing, c =
shows that size is not a factor.
r
r
Newton
Example 4:
XWX)
KA,(X)
N
Iterations (17)
(18)
(17)
4 4 )
(19)
It is difficultto construct examples of large order for
1
1 0 - l ~ which the exact solution is known, or whose condition can
10-l~
101
100
102
0
IO-”
1
10-l~
102
106
2
102
be inferred. For this reason, two examples were taken from
10-l~
10-l~
io3
1o1O
L
10’
4
the literature. The first is a 64th-order example involving
10-12
10-12
10
lo3
loll
6
io4
circulant matrices that appeared in [I71 as example 5. The
10-10
10-10
10
io3
1013
8
io5
10-8
example was solved using RICPACK on a VAX-11/780 (un10
10-8
10’
1015
106
10
10-8
10-6
10
io3
1017
12
1o7
der VMS) in double precision. The machine precision is
IO-^
IO+
10
io3
1019
14
108
near I O - ” in this case. The resulting solution and closedIO-’
10
lo3
1o9
lo2’ IO-’
16
loop eigenvalues agreed to within the least significant digit
published in [17].RICPACK indicated the condition of the
problem was on the order IO1 and the r value for the
Table 5 Numerical Results for Example 3, System Balancing, E =
solution was on the order
The other large
example,
KA,(X) rS(X)
r
Newton
r
also solved on the VAX, appeared as example 3 in [22]. In
N K ( R ) K(U,,) (19)(18)
(27)
Iterations
(17)
this case, an 80th-order discrete-time problem was solved.
2
10-l~
10-l~
10’
loo
10’
o lo1
The closed-loop eigenvalues were accurate to 16 significant
2
10-l’
io2
io6
1
0
l
~
lo3
2
lo2
digits
and the Riccati solution was accurate to 13. RICPACK
7
10-l~
10-l~
lo3
lo9
4
lo4
lo3
was on the order I O 2 and the r
6
10‘
10
10-12 indicatedthecondition
IO’
8 IO8
10-l1 10
value for the solution was on the order of

spectrum does indeed influence the numerical accuracy of
the Riccati solution and that the condition estimates in
which separation is a factor providegood indicators of
solution degeneracy.
The following example illustrates the effect of ill-conditioning of the R weighting matrix, with respect to inversion,
onthe numericalsolution for the continuous-time case.
Recall that ill-conditioning of R is not necessarily a problem
in the discrete-time case since its inverse is notexplicitly
required.
Example 3:

).

+

IO
12
14
16

1o1O
1o12
1014

+

10’

10’

10’
lo3

10’
10)

lo3

lo3

1015
1017
1019
1021

IO+

IO-^
IO-^
IO-1

IO
10
10
10

IO-^
IO-^

10-2

ing was employedin the calculations for Table 4, and
coordinate balancing [35], [36] was employed for Table 5 .
Results of calculations where no balancing was applied
were nearly identical to those of Table 5 for coordinate
balancing.
The data in Table 4 indicatethat K ( R ) with respect to
inversion accurately reflects the behavior of the residual.
Also, IC((&) with respect to inversion is too optimistic in i t s
estimation ofthe
problem condition and K B ( X ) is too
pessimistic. K A = ( X ) provides no. information in this case. A

VII.

CONCLUDINGREMARKS

While significant progress can be documented already on
the numerical solution of Riccati equations, substantial
numbers of questions remain to be investigated. The
ubiquitous nature of these equations in mathematics and
engineering together with the rapid and fundamental
changes incomputing environments of the 1980s offer
important benefits to be gained in their further study. It is
our contention that further progress is necessary but can
only be made through an interdisciplinary approach blending systems theory, numerical analysis, computer science,
and mathematical software. Theresearch described in this
paper is directed towards that goal.
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