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Abstract.
The transition to instability in the Taylor-Couette problem at small Knudsen (Kn) numbers and arbitrary Mach numbers

is studied via a linear temporal stability analysis of the compressible ’slip-flow’ problem. We focus on the case of stationary
outer cylinder and equal wall temperatures. The results indicate that occurrence of instability is limited to small Knudsen
numbers(Kn . 0.016) owing to the combination of a critical (incompressible) Reynolds number at low Mach numbers and
increased dissipation rates at large Mach numbers. Comparison of the linear results with DSMC calculations and existing
experimental observations demonstrates that the present analysis correctly predicts the boundaries of the instability domain.
We further demonstrate that the neutral curve is well approximated by replacing the incompressible Reynolds number by a
Reynolds number based on mean fluid properties. This simple approximation may present a useful alternative in studying the
effects of various parameters on the onset of instability inthe limit of arbitrarily small Knudsen numbers.

INTRODUCTION

The Taylor-Couette (TC) instability of a fluid between rotating concentric cylinders and the occurrence of secondary
vortex flow (‘Taylor vortices’) is a classical problem in hydrodynamic stability theory [1]. The problem has been
investigated extensively for incompressible fluids. Rayleigh [2] formulated a stability criterion for the mean viscous
flow according to the inviscid perturbation equations. Later works considered the viscous perturbation equations where
transition to instability is governed by some critical value of the Reynolds (Re) number,Rec, depending on cylinders
radii and velocity ratios. Taylor [3] studied the narrow gapapproximation assuming axisymmetric perturbations. Others
(see [1]) analysed the effect of increasing the gap width, showing that viscosity has a stabilizing effect compared with
the inviscid Rayleigh criterion. The onset of instability always occurred via a stationary state (i.e. via ‘exchange of
stabilities’). Krueger, Gross and Di Prima [4] considered the case of non-axisymmetric perturbations and found that
for counter-rotating cylinders the critical mode of transition may be non-axisymmetric and the onset of instability
oscillatory (i.e. ‘overstability’).

Only few works study the compressible TC problem. The nondimensional problem is governed, in addition to the
parameters appearing in the incompressible case, by the temperature ratio of the cylinders and the Mach (Ma) number.
Kao and Chow [5] assumed axisymmetric perturbations and studied the linear stability problem for a single case of
a wide gap. Their results indicate that compressibility (i.e. increasingMa) has a destabilizing effect in the sense that
it decreasesRec relative to its incompressible value. Hatayet al. [6] considered various parameter combinations and
non-axisymmetric perturbations. Their results essentially agree with the observations of Kao and Chow [5] indicating
the destabilizing effect of compressibility. Similarly tothe incompressible results of Ref.[4], the onset of instability in
the counter-rotating case was characterized by non-axisymmetric critical modes and oscillatory transition states.

Instability phenomena in the TC problem occur atRe. O(102) [1]. Both Ref. [5] and [6] study the problem for
0 < Ma≤ 4. The resulting range of Knudsen numbers (∝ Ma/Re) is 0< Kn . O(10−1) . Thus, use of the continuum
approach may be inconsistent. Furthermore, both studies base their Reynolds number definition on the gas density at
the inner cylinder instead of its average value. Consequently, the Reynolds numbers obtained at high Mach numbers
were much smaller than those based on the average density. The interpretation thus given to the comparison of their
parameter with its incompressible counterpart as to the destabilizing effect of compressibility may be incorrect.

Kuhlthau [7] conducted experiments with dry air to study theeffects of compressibility on the TC instability. During
each set of experiments the rotation speed (Ma) was maintained constant while the average density was increased (i.e.
Kn was decreased). The onset of instability was characterizedby a sharp increase in the measured torque on the outer



(stationary) cylinder. The experiments were carried out for 0.7. Ma. 1.5 showing an increase in the critical Knudsen
number (Knc) with increasingMa (see Fig. 1). The resultingRec (∝ Ma/Knc) was nearly unchanged compared with
the corresponding incompressible value.

Numerical studies of the TC problem in rarefied gases have attracted considerable interest in recent years. The
axisymmetric problem has principally been studied by meansof the DSMC method. The numerical simulations follow
the evolution of the system through its terminal state which, in turn, serves to classify the system response as stable
or unstable. Reichelmann and Nanbu [8] studied the TC instability for a Maxwell gas. They justified the use of
the DSMC method for this problem by showing a close agreementwith the results of Kuhlthau [7]. Stefanov and
Cercignani [9] considered the problem for hard-sphere gas and found, contrary to the above-mentioned results, that
compressibility has a stabilizing effect. The authors related this apparent disagreement to the effects of rarefaction
which were not taken into account in the above-mentioned studies. They also pointed out the need for a rigorous study
of the stability problem based on the ‘slip-flow’ model. Golshtein and Elperin [10] and Usami [11] carried out DSMC
calculations for parameter combinations within the instability domain and studied the form of vortices obtained. Bird
[12] investigated the time evolution of the vortices and presented, for the only time so far, results of three-dimensional
DSMC calculations. Aoki, Sone and Yoshimoto [13] and Yoshida and Aoki [14] used the DSMC method to study the
effects of varying both temperature and velocity ratio on the boundary of instability domain.

All of the above-mentioned DSMC studies demonstrate that TCinstability is a smallO(10−2) Knudsen phe-
nomenon. However, the artificial ‘noise’ inherent in these simulations makes it difficult to clearly identify and char-
acterize the final states, particularly for parameters combinations in the vicinity of the transition to instability. Fur-
thermore, these simulations become extremely time consuming in the continuum limit, which obstruct an accurate
delineation of the domain of instability. Consequently, explicit results in the literature have been presented only for
a limited number of parameter combinations. The present contribution is thus intended to avoid these difficulties
and complement the above studies by considering the corresponding linear hydrodynamic temporal-stability problem
based on the ‘slip-flow’ near continuum model valid in the limit of (arbitrarily) small Knudsen numbers1.

FORMULATION OF THE PROBLEM

We consider a perfect monatomic Maxwell gas confined betweeninfinite concentric cylinders which are maintained at
the same uniform temperatureTi. The inner cylinder is rotating with an angular rateΩi while the outer is kept stationary.
To render the problem dimensionless the position vector is scaled by the gap width∆R= Ro−Ri (whereRi andRo
are the radii of the inner and outer cylinders, respectively), the gas density by its mean valuēρ (associated with the
normalization condition (6)), the velocity vector byUi = ΩiRi and the temperature byTi . The transport coefficients of
shear viscosity and heat conductivity are normalized by their valuesµi andκi at Ti and the pressure is normalized by
ρ̄RTi . The dimensionless problem is governed by the continuity equation

∂ρ
∂ t

+ ∇ · (ρu) = 0 , (1)

together with the Navier-Stokes

ρ
Du
Dt

= − 1
γMa2 ∇p− 1

Re
∇ ·p (2)

and energy

ρ
DT
Dt

= − γ
PrRe

∇ ·q− (γ −1)p∇ ·u+ γ(γ −1)
Ma2

Re
Φ (3)

equations as well as the perfect gas equation of state

p = ρT . (4)

In the above,p is the Newtonian deviatoric stress,q is the heat flux density satisfying the Fourier law andΦ =−p : ∇u
is the rate of dissipation. Appearing in (2) and (3) are the Reynolds number,Re= Ui∆R/νi (with νi = µi/ρ̄ denoting

1 Recently, Yoshida and Aoki [15] have considered the corresponding linear stability problem based on the Bhatnagar-Gross-Krook model of the
Boltzmann equation for a case of a wide gap.



the kinematic viscosity); the Mach number,Ma = Ui/
√

γRTi (with γ denoting the ratio of specific heats at constant
pressure,cp, and volume,cv, respectively); and the Prandtl number,Pr = µicp/κi. For a Maxwell gasγ = 5/3,Pr = 2/3
and

µ(T) = κ(T) = T (5)

(see [16]).
We write the above equations in a cylindrical coordinate system(r,θ ,z) whose origin lies on the axis of symmetry

of the cylinders. The problem is supplemented by the normalization condition
∫

ρ dV = 1, (6)

specifying the total amount of gas between the cylinders, and by the boundary conditions

ur = 0, uθ ,z =

[

1
0

]

± ζ
∂uθ ,z

∂ r
, T = 1± τ

∂T
∂ r

at r = (RR−1)−1
[

1
RR

]

, (7)

respectively imposing the vanishing of the normal velocitycomponent and specifying the magnitudes of velocity slip
and temperature jump at the inner and outer cylinders. In (7), RR = Ro/Ri , ζ = 1.1466Kn andτ = 2.1904Kn [17]. Kn
denotes the mean Knudsen number, the ratio of the mean-free-pathl̄ (based onmeandensityandtemperature, see (9))
and the macroscopic scale∆R. To relate the parametersRe, Ma andKn appearing in the above, we make use of the
prevailing Variable Hard Sphere (VHS) model [18] to obtain for a Maxwell gas

Kn =

(

10
3π

)1/2 Ma
Re

T̄1/2 . (8)

In (8) T̄ denotes the mean gas temperature (see (9)).
The viscous-compressible cylindrical Couette flow is calculated numerically assuming a steady-state solution of

(1)-(7) depending only on the radial coordinate with a nonzero velocity component in the azimuthal direction. The

calculation yields the mean fieldsU (0)
θ (r), T(0)(r), ρ (0)(r) andp(0)(r). T̄ in (8) is then obtained as

T̄ =
2(RR−1)

RR+1

∫ RR/(RR−1)

1/(RR−1)
T(0)r dr . (9)

It is worthwhile to note that, although the fluid is considered as compressible, the reference velocity field trivially
satisfies∇ ·u(0) = 0 for all Ma.

The linear temporal stability of this reference state is analyzed by assuming that it is perturbed by small spatially
harmonic perturbations. Accordingly, each of the above-mentioned fields is generically represented by the sum

F = F (0)(r)+ φ (1)(r)exp[i(kzz+kθ θ )+ ωt] (10)

whereinF(0) denotes the steady reference state andkz andkθ are, respectively, the wave-numbers in the axial and
tangential directions. Substituting (10) into (1)-(7) andneglecting non-linear terms, we obtain the perturbation problem
which is not explicitly presented here for brevity. The dispersion relationω = ω(kz,kθ ;Kn,Ma,RR, RU ,RT ,s) is
calculated by means of the Chebyshev collocation method [19].

RESULTS AND DISCUSSION

For a stationary outer cylinder our calculations invariably yield real-valuedω . Accordingly, the onset of convection
takes place via ‘exchange of stabilities’ [1], i.e.ω = 0. Furthermore, in all cases examined we found that the critical
mode of instability is axisymmetric, i.e.kθ = 0. In the following we focus on a case ofRR = 1.12 so as to facilitate
comparison with the results of the experiments of Kuhlthau [7].

The solid line in Figure 1 separates the plane of parameters(Ma,Kn) into respective domains of unstable (U),
ω > 0, and stable (S),ω < 0, response. Also presented are our corresponding DSMC (circles) and experimental (Ref.
[7], crosses) results together with the curves of constantRe= 127 (dashed line) andRe= 127 (dash-dotted line, see
(11)). We note thatKn appearing in the figure is based on thewall temperatureTi (cf. the above definition ofKn).
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FIGURE 1. Division of the plane of parameters(Ma,Kn) into respective domains of unstable (U),ω > 0, and stable (S),ω < 0,
response forRR = 1.12. Also presented are the corresponding DSMC (circles) andexperimental (Kuhlthau 1960, crosses) results
together with the curves ofRe= 127 (dashed) andRe= 127 (dash-dotted).

For all Kn > 0 the instability domain is confined to a finite interval of Mach numbers. The extent of this interval
is rapidly diminishing with increasingKn, vanishing entirely forKn = Knmax & 0.0165. WhenKn . 0.008 (and
Ma . 1), the left branch of the neutral curve coincides with the dashed line. The latter corresponds to a constant
Reynolds number,Re= 127. This is in accordance with theRec obtained in the incompressible case (see [1]) at the
presentRR. Indeed, our mean flow calculations show that at low Mach numbers (Ma. 0.5) the density and temperature
become nearly uniform (see Fig. 2) and thus the energy equation (3) is decoupled from the dynamical problem (1)-
(2). However, forMa & 1 compressibility effects become increasingly important causing the neutral curve to deviate
from the dashed asymptote to larger values ofRe. Thus, contrary to the above-mentioned results of Refs. [5]and [6],
compressibility has a stabilizing effect. It is worthwhileto note that the critical wave-number obtained was nearly
unaffected byMa, equal to its incompressible valuekzcr ≈ 3.13.

The agreement between the linear analysis and experiments is satisfying. The minor differences appearing may be
attributed to the different fluids considered (we apply our analysis to homogeneous monatomic gas whereas Ref. [7]
used dry air for his experiments). However, the limited experimental data are insufficient for a comprehensive com-
parison, in particular regarding the occurrence of the right branch of the neutral curve. Thus, for further confirmation
of our analysis we carry out DSMC calculations. We use the DS2V version by Bird [20]. The axisymmetric flow is
studied in a rectangular computational domainD{(r,z) ∈ D(∆R×∆Z)} with an aspect ratioRL = ∆Z/∆R= 2. The
domain is confined in ther-direction by two diffusively reflecting cylindrical wallswhile a periodic boundary condi-
tion is imposed on the bounding walls in thez-direction2. The gas is initially in thermodynamic equilibrium with the
uniform densityρ̄ and temperatureTi . At t = 0 the inner cylinder starts rotating impulsively. The simulation follows
the evolution of the flow field through its terminal state which, in turn, serves to classify the system response as stable
or unstable. Each circle appearing in Fig. 1 denotes the maximal value ofKn where instability occurs at the corre-
spondingMa. As mentioned above, the artificial ‘noise’ inherent in the simulations makes it difficult to clearly identify

2 This combination of boundary conditions andRL is equivalent to the choice ofkz = nπ, n = 1,2, . . . as the discrete spectra in the linear analysis
(Manela and Frankel [21]). The valuekz = π is approximately equal to the critical wave-number obtained by our calculations across the neutral
curve.
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FIGURE 2. High-Mach effects on the reference state:U (0)
θ (lower part) andT(0) (upper part) at the indicated values ofMa for

Maxwell gas atKn = 0.014 withRR = 1.12. The solid lines correspond to the numerical mean-flow solution and the crosses are
obtained from DSMC simulations.

and characterize the final states obtained in the vicinity ofthe neutral curve. Thus, each of the circles may be better
referred to as the upper bound of an ‘intermediate range’ of Knudsen numbers in which the neutral curve passes.

In view of the vastly different methods of calculation (a linearized eigenvalue problem as opposed to a non-linear
initial value problem), the close agreement between the linear and DSMC results is gratifying. The relative differences
between the respective results increase with increasingMa. Indeed, at high Mach numbers the density in the vicinity
of the rotating cylinder decreases considerably while sharp gradients appear in part of the macroscopic fields (see Fig.
2). Thus, the local Knudsen number (based on the local mean free path and macroscopic scale) increases. This, in turn,
impairs the accuracy of the ‘slip-flow’ model. Nevertheless, the occurrence ofKnmax and the high-Mach right branch
of theU-domain boundary is evident.

To gain some insight into the effects of compressibility, westudy the reference flow at increasing Mach numbers.
Figure 2 presents the reference velocity and temperature distributions atKn = 0.014 and the indicated values ofMa
against the shiftedr∗ = r −1/(RR−1) coordinate. The solid lines correspond to the numerical mean-flow solution and
the crosses are obtained from the DSMC calculations. The agreement between the calculations is excellent for the low
Mach numbers. Differences are distinguishable only for thetemperature distribution atMa = 7.

We first observe that the velocity field is nearly unaffected by Ma. This is attributed to the relation trivially satisfied,
∇ · u(0) = 0, irrespective of the Mach number. However, the temperature field changes considerably withMa. At
Ma = 0.5 it is nearly uniform in accordance with the incompressiblelimit. With increasingMa a maximum appears

approximately in the middle of the gap. Its value grows substantially to T(0)
max ≈ 4.5 at Ma = 7 along with large

temperature jumps at the walls. As can be seen from the energybalance governing the mean flow, this increase results
from large dissipation rates (proportional toMa2) occuring within the fluid. We find, therefore, that at high Mach
numbers the kinetic energy of the rotating cylinders is irreversibly transformed into internal energy of the fluid. This
results in large values of viscosity and heat conductivity (∝ T in the present case of Maxwell gas). Moreover, the local
Mach numbers obtained within the fluid are considerably lower than the definedMa (based on inner-wall properties)
owing to the increase in the local speed of sound (∝ T1/2).

The above discussion seems to suggest that, similarly to thecorresponding incompressible problem, stability is
essentially determined through a balance between destabilizing inertial- and retarding viscous- effects. Such a balance
is expressible in a critical Reynolds number. However, one needs to consider that, owing to the elevated temperatures at



supersonic speeds, bulk-fluid density and viscosity greatly differ from their corresponding values at the inner cylinder.
To roughly account for these we introduce

Re=
Ui∆R

ν̄
(11)

based on̄ν, the mean kinematic viscosity in the reference state. Comparison with (8) yields

Re=

(

10
3π

)1/2 Ma
Kn

(

T(0)

ρ (0)

) −1

. (12)

As mentioned above, the dash-dotted curve in the figure representsRe≈ 127. At subsonic speedsMa . 1, T(0)/ρ (0)

is nearly uniform throughout the gap and this curve nearly coincides with the dashed lineRe≈ 127. At supersonic
speedsT(0)/ρ (0) increases faster than linearly withMa. Consequently, in order to maintain a constant value ofRe, Kn
needs to diminish with increasingMa. Thus, the appearance of the descending branch of the neutral curve is related to
increased dissipation rates at supersonic speeds.

Figure 1 demonstrates thatRe≈ 127 is indeed a surprisingly close approximation of the neutral curve. The close
agreement obtained suggests the mean-Reynolds criterion as a tractable means for easily examining, among other
things, the effects of other values of parameters and modelsof molecular interaction on the boundary of instability
domain.
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