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Abstract. The linear instability of the Poiseuille flow between two parallel plane walls of a gas in the continuum limit for
longitudinal vortical disturbances is studied on the basis of the fluid-dynamic-type system derived as the continuum limit of
the Boltzmann system in the process of which the behavior of the other parameters is taken into account. The amplifying
factor and the frequency of the disturbances are obtained with the stability analysis. Owing to the ghost effect of infinitesimal
curvature of the boundary, the Poiseuille flow can be unstable for longitudinal vortical disturbances.

INTRODUCTION

The authors recently proposed a new kind of ghost effect[1] in a gas in the continuum limit.[2, 3] That is, the behavior
of parallel flows of a gas in the continuum limit between two parallel plane walls has been studied as the limit of nearly
parallel flows between two rotating coaxial circular cylinders when the mean fre€ paththe inverse of the radius

La of the inner cylinder simultaneously tend to zero with the differebad the radii of the two cylinders fixed, i.e.,

as¢/D — 0 andD/La — 0. The fluid-dynamic-type equations and their boundary conditions describing the limiting
behavior, derived by asymptotic analysis of the Boltzmann system, shows an interesting feature. They depend on the
relative speed of decay of the two parameters, the Knudsen number KD and the relative curvatuf@/L of the

inner cylinder, and the infinitesimal curvature effect enters the fluid-dynamic-type equati@ if) /Kn? remains

at a finite value or diverges when ka 0.

In a channel between two parallel plane walls under the pressure gradient along the channel, it is known that a
longitudinal vortical flow exists besides the well-known parallel flow with the parabolic profile (the plane Poiseuille
flow).[4] However, the instability of the plane Poiseuille flow for longitudinal vortical disturbances is not known;
thus, the relation of the two flows is unclear. In the present work, we study the stability of the Poiseuille flow for a
longitudinal vortical disturbance on the basis of the system described in the last paragraph, and show that the flow can
be unstable owing to the ghost effect of infinitesimal curvature. Thus, longitudinal vortical flows bifurcate from the
Poiseuille flow.

BASIC EQUATION AND BOUNDARY CONDITION

Here, we consider a unidirectional parallel flow with a small but finite Mach number of a gas in the continuum limit
between two parallel plane walls with small temperature differeasehe limit of a nearly parallel flow described in
INTRODUCTION. The relative siz¢D/La)/Kn? of the two parameteréD/Ln) and Ki? is taken here to be constant

in the limit Kn — O, because this is the threshold where the effect of infinitesimal curvature appears in the continuum
limit. Let D(x,Y, z) be the Cartesian coordinate system witheing taken in the direction of the parallel flow and the

two walls be ay = 0 and aty = 1. LetV be the characteristic speed of flow in the system. Th&2RTa) /2, whereTa

is the temperature of the wall gt= 0 andR is the specific gas constant, is a quantity of the order of the characteristic

1 The temperature difference of the two plates divided by the temperature of one wall is a small quantity of the order of the Mach number.



Mach number and is put, which is small but finite. The quantityD/La)/Kn? that is kept constant in the limiting
process is putt/4(Ce)?, whereC is a constant of the order of unity. Let the flow velocity &, v, V;), which is
assumed to be nearly parallel; thatug,s of the order of/ or s(ZRTA)l/Z, andvy andv; are infinitesimal quantities
of the order of Kif2RTa)/2. We put the flow velocity(vy, y,v;) and the pressurp of the gas in the form
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where (0y, Gy, 0y), I502, and P, are guantities of the order of unit,= \/mKn/2 = \/7¢ /2D with ¢ being the mean

free path of the gas in the equilibrium state at rest with temperdiy@nd the average densigp of the gas in

the domain,y is a constant that depends on the molecular model, y8.¢:,1.270042(hard sphere gas) and = 1
(BKW model), and the factor€ andy; are introduced to make the resulting equations independent of them. Then,
the parallel flow fieldly varying slowly in spacex and in the time scale of viscous diffusion is determined together
with the amplified infinitesimal cross flow fieldy, G,), independently of the temperature field by the following fluid-
dynamic-type equations and their associated boundary conditions: the equations are
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wherey is the shrunk variable of andf is the shrunk variable of the tintei.e.,
X = kx/Ce, T=1t/[2D/y1(2RTa)"/?K], (4)
whereD/y1(2RTa)Y?k is the time scale of viscous diffusion, and the boundary condfiares
Uy =0a, Oy =0,=0 aty=0, (5a)
Ux=0, Oy=0,=0 aty=1, (5b)
wherela andig are given by the velocitieg, andvg of the walls moving in their plane as
Gan=va/(VCy1/2), Og=vg/(VCy1/2). (6)

STABILITY OF POISEUILLE FLOW
Analysis
The system (2)—(3d), (5a), and (5b) has the following simple solution \ilgenda:
U =Uy =0a+12(1-y)/1uC, Uy=0,=0,
Poz = Poau = —24X/yC, (7)
Poo = Pocu = GRY + 40aY*(3 - 2y) /aC + 144°%(3 — 3y+ £¥°)/(C)? + 9(X),

2 |nfinitesimal speeds of the walls affect the flow field. Here, we consider the case in which they are higher-order infinitesimal.



whereg(x) is a function ofx to be determined in the higher-order analysEhis is the well-known plane Poiseuille
flow. The volume flow rate of the flow through the channel in the unit width is giveviByand the pressure gradient
dp/0Dx by —12y1k[V /(2RTa)¥?](po/D), which is infinitesimal of the order d¢

We will consider the linear instability of the Poiseuille flow (7) for the longitudinal vortical disturbance. First, the
solution of the system (2)—(3d), (5a), and (5b) is put in the form of the perturbation of the Poiseuille flow (7), i.e.,

O =Uy +Uq, Oy =Vy, G, =W, Pz = Poay + P02, Poo = Pooy + P20. 8

Substituting Eq. (8) into Egs. (2)-(3d), (5a), and (5b), and neglecting the second-order terms of the perturbation and
the higher, we obtain the linear partial differential equationgtr Vi, Wi, P02, P20)
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and the boundary conditions
U =Vi=W; =0 aty=0andy=1. (12)

Here, we consider the perturbation in the form of a longitudinal vortical flow. That is, we look for the solution of
the above linear system with the real coefficients in the form

(U]_,V]_,Wl,gog ‘@20) = Rp([U,V,W,O, P] exq)\f_ I(B)?'i_ GZ)]), (12)

where i is the imaginary unity and 3 are real constants, is a complex constant), V, W, and P are complex-
valued functions of, Rp indicates the real part, and the relati®fy, = 0 is due to the consistency with Eq. (9). Then,
substituting Eq. (12) into Egs. (10a)—(11), we obtain the linear ordinary differential equatiois ¥orw, P)

d?u duy
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and the boundary condition
U(y)=V(y)=W(y) =0 aty=0andy= 1. (15)

The system, containing the parameters3, A, 1/y1C, anddp, is linear and homogeneous. For the system to have
a solution, these parameters must satisfy some relations, i.e.,

Ar=Ar(a,B,1/yC,0a), Ai = Ai(a,B,1/yC,0a), (16)

3 This function does not contribute to the following stability analysis.
4 (i) In the dimensional variables, the velocity and pressure are independ@rfpothe relative limiting speed) except for the infinitesimal of the
order ofk? and the higher.

(ii) In this simple solution, the motion of the wall is unimportant, because it is just a translation.



whereA; and A; are, respectively, the real and imaginary parts\ ofThe plane Poiseuille flow is linearly unstable
for a longitudinal vortical disturbance whéen > 0, and it is stable whei, < 0. Here, it may be better to note the
interpretation of the result, because the characteristic sgeefdthe Poiseuille flow does not apparently enter the
result. We are considering the limiting case in which the Knudsen number Kn and the relative cubydtyreanish
keeping(D/La)/Kn? fixed (say, at,?). Here we have chosan/(2RTa)Y/2, whereV is the average flow speed of the
Poiseuille flow, ag. Thus,CV/(2RTa)Y/2 = \/Ti6y/2. That is,1/y1C is expressed with andcy as’

1/nC = (2/VmIV/(2RTa)"?/Eons. (17)
The expression (12) for the perturbati@sy, Vi, Wi, &220) can be transformed in the form
Ur = (UU)2exp(A D) cos X +az— AT gu), U= (UU)"exp(idu), (18)

andUq, U, and ¢y are replaced by the corresponding functions for the functiQndh, and &7,p. The translation
given by ¢y + ¢o, dv + ¢o, dw + ¢o, and o + ¢o, Wheregg is an arbitrary constant, is also the solution. In view
that x is the infinitesimally shrunk variable defined by Eq. (4), the perturbation is a travelling wave, unifogm in
periodic inz, and is propagating in thez direction, withz= const being infinitesimally deflected fkx/Ce + az=

const. Let(U,V,W,A) be the solution fofa, B,1/y1C,0a). Then, obviously from Egs. (13)—(15U,V,-W,A)is a
solution for(—a,B3,1/yC,0a), and(U,V,—W,A) is a solution for(a,—f3,1/y1C, 0a), and vice versa, where the bar

— over the complex variablés), V, W, A) indicates their complex conjugates. Thus, it is enough to consider the case
for a > 0andf > 0. The latter two solutions are the same solution and the mirror image with respeetQof that

for (a,,1/y1C,0a). The proof in APPENDIX in [5] applies to the present case as it is, because the explicit form of
Uy is not used there. Thug; = 0 or the solution is not oscillating whe = 0.

Numerical Results

We will summarized the result, especially the relation (16), of the homogeneous boundary-value problem (13)—(15)
obtained by numerical computation, which can be done in a procedure similar to that of bifurcation analysis in Bénard
problem in [5] or [3]. First, take the case when both the walls are at rest{ii.e-,0g = 0. Figure 1 (a) shows the
neutral surfac@, = 0 in the spacéa, 3,1/y1C) and the corresponding valuesXfon it, that is, level lined/yC =
const and\; = const forA, = 0 are drawn in the planéa /m, 3/m). Figure 1 (b) shows level line&, = const and
Ai = const in the plan€B/m,1/y1C) whena /rm= 1. Generally, the homogeneous boundary-value problem (13)—(15)
has infinitely many solutions, thus infinite sets(af, A;), for a given set of the parametears 8, and1/y;C. Thus in
panel (a), the neutral surface with the smalte§sC is shown, becaus# is shown numerically to be negative for
1/y.C smaller than this value. The neutral surface folds back along the dot-dash line, across which no neutral surface
exists or minl/y;C is discontinuous, and the surface going to highgrC folds back again and extends further from
the dot-dash line (see the right upper corner of the figure). The computation is carried out/ype= 2500below
which the neutral surface does not appear in the right lower half of the domain. It may be notadithpositive
just above this neutral surface but thatcan be negative above the neutral surface between other neutral surfaces. In
panel (b), the largest values &f and the values of; of the corresponding solution are shown; a family of solutions
that vary with the parameters does not always take the lalgestthe plane(3/m,1/y1C), but another family takes
the largest\, is some part of the plane; the intersection of the two regions is shown in a dot-dash line in the panel (b);
naturally, the level lined; = const are generally discontinuous there.

Next, the effect oy on (Ar, Ai) is studied. Figure 2 shows the level lings= const and\; = const in the plane
(Ua,1/y1C). As in Fig. 1, we are interested in the solution with the largest valulg ébr a given set of 0a,1/y1C).

Panel (a) is for the cager = 1T, 3 = 0), for which A; is always zero as already explained, and panel (b) is for the case
(a =m, B =mn). There is a neutral line in the regiaia < 0 that does not pas& = 0. There is a region where the
solution is stablé¢A, < 0) in the central part between the two neutral curifgs= 0). In addition to the situation of the
surface max, (Ua,1/y21C) mentioned in the explanation of Fig. 1 (b), the surfagdormed by a family of solutions
can be multi-valued. Thus, the surfam@x A, is discontinuous [panel (a)] or is not smooth [panel (b)]. These points

5 If you choose a different quantity asthe formula is apparently different, but the content is the same. One has to leave the freedom in the relation
between the characteristic speéadnd¢y. If you chooseV/ C as newV, then you loose the freedom in choosing the two parameters, characteristic
flow speed and the ratio of the curvature to the Knudsen number squared.
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FIGURE 1. Stability diagram I: the two walls are at resiy = vg = 0). (a) Neutral surface in the spage/m, 3/1,1/y1C) andA;

on the surface, and (b) level lindgs = const (solid lines) and; = const (dashed line) in the plagg/m,1/y1C) whena /= 1. In

panel (a), level line4/y;C = const (solid lines —) and; = const (dashed lines - - -) fa; = 0 are drawn in the plangx /m, 3/ ).
Generally, there are infinite number of solutions, thus infinite set;04;) for a given set of the parametexs 3, and1/y,C. Thus

in panel (a), the neutral surface with the smalle§yC is shown. The neutral surface folds back along the dot-dash line, across
which no neutral surface exists or nifiy;C is discontinuous, and the surface going to highgsC folds back and extends further
from the dot-dash line (see the right upper corner of the figure). The numerical data at theccaolgst the squareson the
dot-dash line are, respectively, the valued 0f1C andA; there. The computation is carried out uplit,C = 2500below which

the neutral surface does not appear in the right lower half of the domain. In panel (b), the largest vajumsdothe values of;

of the corresponding solution are shown; a family of solutions does not always take the largeste plane(3/m, 1/ C), but
another family of solutions takes the largastin some part of the plane; the intersection of the two regions is shown in a dot-dash
line in the panel (b); naturally, the level linds= const are generally discontinuous there. N = 19.7392. - - .
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FIGURE 2. Stability diagram II: The level linea, = const and\; = const in the planéla, 1/y1C), when two walls are moving
with the same velocity. (ay = ,3 = 0, and (b)a = 1, 3 = . The solid lines — are\; = const, and the dashed lines - -- are
Ai = const. The largest values af and the values aof; of the corresponding solution are shown. The mafpanel (a)] and its
derivative [panel (b)] across the dot-dash lines —-— are discontinuous; theliscontinuous there. The circleon the dot-dash
line in panel (a) show that the corresponding level lings= const cease to be makx there, because the surfatieof a family of
solutions folds back there; in the narrow region surrounded by the dot-dashliisenegative. The discontinuity of ma¥ exists

in this negative\, region but is not shown here.
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FIGURE 3. Eigenfunctions(U1,V1, W) of the perturbation on the neutral lingr = 7 and 8 = 0). (a) (0a,1/y1C) =
(200,3.9873), (b) (0a,1/11C) = (0,185675), and (c)(0a,1/y1C) = (—200,4.4172. In each panel, the profile ¢§; atz= 0,
0.25, 0.5, 0.75, and1 and the cross fiel@V;,W;) are shown. The arrows af®¥7,Wj) at their starting points and their scdldés
shown on the left shoulder of each figure.

are shown by dot-dash lines. Thgis generally discontinuous across these lines. The behavior of the levellires
const and\; = const are delicate in narrow regions near the edges of the dot-dash lines in the stabléXegion,
which is not shown here. Obviously, from these figures, the flow is more unstablelyk€0.

The result of the present analysis apparently is not Galilean invariant, i.e., uniform parallel motion of the walls
modifies the stability. However, careful examination is required for correct understanding. The solution of the problem
is not unique; it depends on the limiting process. The correct correspondence of the limiting processes in two inertial
systems corresponding to a given physical situation gives the solutions related by the Galilean transformation. If the
common axis of the cylinders is at rest in one system, the axis is moving in the other system; thus, the solution with
the wall velocities in boundary conditions (5a) and (5b) being shifted is not an appropriate correspondence in the
moving system. The above apparent violence of Galilean invariance is due to the inappropriate correspondence. More
explanation is found in [3].

EigenfunctiongU1,V1, Wy) of the disturbance foo = mand 3 = 0 are shown for three differerita’s in Fig. 3,
where it is made definite bf()l(UU +VV +WW)dy = 1. It may be noted that owing to the relation (1), the cross flow
(w,V,) is infinitesimal, but the disturbance to the main flow correspondiry tis finite.

CONCLUDING REMARKS

We have studied the linear stability of the plane Poiseuille flow for longitudinal vortical disturbances on the basis of the
system derived from the Boltzmann system in the continuum limit where the curvature of the boundary wall vanishes
together with the Knudsen number. Owing to the ghost effect of infinitesimal curvature, the flow can be unstable. That
is, owing to the infinitesimal curvature of the boundary, infinitesimal cross flow field is amplified, and the main flow
becomes unstable by the convection effect of the cross flow. The present choice of parameters, i.e., the Mach number
is finite and the Knudsen number is infinitesimal, corresponds to infinite Reynolds number. Thus, the longitudinal
vortical disturbances bifurcate at infinite Reynolds number. In the atmospheric condition, the mean free path is very
small but finite; thus, the instability takes place only when the curvature of the boundary is finite. However, in a flow

in a channel wittDh = 10cm andv = 50 cm/s, the instability due to the curvature effect appears when the curvature is
larger thanl/1000m~2. In other words, we have to control this size of curvature to eliminate its effect.
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