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INTRODUCTION

It may be currently considered that a new independent CRExtiim (computational rarefied gas dynamics) has been
formed. The leading role here belongs to the Direct Simutakilonte Carlo (DSMC) method [1]. The DSMC method
is traditionally considered as a method of computer sinmadf the rarefied gas flow as a set of a great number of
model molecules with binary collisions. Usually the numbésimulated molecules is large enough 10° — 10),

but this is extremely small in comparison with the number @leuules that would be present in the real gas flow.
Each simulated molecule is then regarded as representimgp@opriate numberH,m of actual molecules. The
conventional treatment of the DSMC method is based on timeipie of splitting of continuous motion and collisions
of molecules within a small time steld into two consecutive stages: free-molecular transfer amfdum collisional
relaxation at the time intervait.

Another approach to constructing numerical schemes fob®&C method, based on the principle of the majorant
collision frequency (MCF), was proposed in [2, 3, 4, 5]. Tlheshemes were derived on the basis of the probability
interpretation of the integral form of the master kinetiziation (Kac equation in the spatially uniform case and
Leontovich equation in the spatially nonuniform case)Nerparticle distribution function. The statistical estimafe
gas dynamic parameters used in both uniform and nonunifasescwere proved there to be unbiased. In their nature,
the MCF schemes obtained are "time-accurate," i.e., tmeipie of splitting was not used in their construction. Tdes
schemes without splitting, the so-called "splitless" M@Rames, were applied for the first time in [5] for solving
the problem of the shock-wave structure. Though the contiput efficiency of these schemes depends linearly on
the number of simulated particles, they are more CPU-exyetizan the schemes that involve the splitting principle
(NCT, NTC). Therefore, approximate MCF schemes based osptitéing principle were constructed in [3]. The main
advantage of these schemes is the correct reproductior abtlision frequency with a small number (close to unity)
of model particles in a collisional cell. More than 15-yeasperience of application of these MCF schemes with
splitting for various problems of rarefied gas dynamics cargd their high efficiency in solving multidimensional
problems of high-altitude aerodynamics.

An important problem that arises in DSMC modeling is the e&tbn of the numerical accuracy of the results
obtained, and how far they are from the solution of the Bo#tamequation. This question is especially important for
the near-continuum flows. One of the most important issues isethe analysis of solution convergence in terms of
the timestep. Normally, this analysis reduces to perfognairseries of computations with decreasiigFor a near-
continuum regime, the computations are often conductethusi available computer resources, and no additional
accuracy-establishing computations are possible in #ge.cThe use of spitless MCF schemes allows avoiding these
difficulties and obtaining results containing no errors thume discretization. The present paper describes tha mai
stages of constructing spitless MCF schemes and gives deamptheir combined application with MCF schemes
with time splitting.



MAJORANT COLLISION FREQUENCY SCHEMES

DSMC computations always employ a finite system of modeligiag; hence, the-particle master kinetic equation
can be naturally used to construct modeling schemes. OwideEnation is based on the master kinetic equation, for
which the transition to the Boltzmann equation was examinektail in [6]. Such an approach allows one to estimate
the adequacy of modeling results to the solution of the Bwdtan equation.

The regularized master kinetic equation [3] is presentetarform

0
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Here fy = fn(t,R,C), f§ = f(t,R,Cj;) are theN-particle distribution functionsf fn(t,R,C)dCdR = 1; (R,C) =
(ri,va,...,rn, ), (R, Ci; ) (r1,ve,...,ri,vi,...rj, ’J ..,IN,VN) are the &l-dimensional vectors of coordinates

and partlcle velocmes( i,Vj) and (vhvj) are the velocmes of a pair of particles before and afteirtbellision;
W(vi, V! | = ViLYj Iri,rj,p) is the probability density of the transition of the collidipair (i, j) from the statgv;,v J) to
the state(vi ,Vvj) with fixed values of the coordinatés;,r ); p is a regularization parameter. We also have

W(vi, V! i — Vi, Vjri,rj,p) — w(v{,V} i — Vi, Vj)o(ri—rj )Whenp — 0,

W(Vi,Vj — Vi, vj)dvidv] = gijbijdbijde;; :gija(g.J,X.J)smx.,dxudaj,

Jw(vi,vj — Vi, vj)dvidv; = g6 (gij),
wherebj; andg; are the collision parameters aggl is the angle of deviation of the relative velocity after tiodision.

Then the total collision frequency is

V(R,C) =% Nh(ri,rj) /w Vi, Vj — Vi, V)dvidvj = > h(ri,rj)gijci(gij)-
i<] I<]

It should be noted that the direct evaluatiorvgR, C) would require a computational effort proportionalNg. This
is very costly in terms of computational resources. To owere this difficulty, a method for constructing numerical
schemes of the DSMC method based on the majorant colliseaquéncy was proposed in [3], which allowed the
computational effort to grow linearly witN.

In constructing the Monte Carlo schemes on the basis of therard frequency principle [5], we transform Eq. (1)
to the form
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where vij(gijIri,rj, ) = [W(vi,vj — Vi,Vj[ri,rj, )avi, Vi [Vijlm = max {vij(gij[ri,rj,p)}, Vm = N v is
TR

majorant collision frequency.

Equation (2) with the initial and boundary conditions carpbesented as an integral equation. Then, as it follows
from the general theory of Monte Carlo methods, the prolsigiltreatment of the kernel and the free term of this
equation yields the process of DSMC modeling. To avoid toayrdetails of secondary importance, let us trace all
considerations as applied to a particular case of a spaitiddbmogeneous Cauchy problem for Eq. (1). All principal
issues of modeling of particle collisions and transfer atained. In the general case of the initial-boundary prable
modeling of collisions with the body surface and fluxes otipées entering the computational domain does not suffer
any significant changes. Modeling of these processes wdgedtin detail in [3] and is naturally included into the
scheme of the DSMC method for Eq. (2).

The integral equation for the collision densiyt, R,C) = vy fn(t, R, C) has the form

t
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where Kipg(t',R',C' —t,R,C) = Ky (C' — C|R') Ka(t' — t|R’,C) K3(R — R|C,t), and
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Ka(R' — R|C,t) = 8(R—R' —C(t —t')), 6)

o(t,R,C) :/fN(O, R’,C)vmexp{— vt IKa(R' — Rt,C).

The probabilistic interpretation of the integral form ottmaster kinetic equation (3) with kernels (4)-(6) allows
us to formulate a new scheme of DSMC modeling of a spatialipimogeneous rarefied gas flow: a splittess MCF
scheme [3, 4, 5]. We present this scheme for the general sésze the computational domain is bounded by the
external surfac&€ and by the body surfage We assume that the surfalcés subjected to the steady conditions

fi(rr,v) = f9(rr,v), (v,nr) <0, rrer;

qr(rr,v) = [(v,nr)[f2(rr,v);

ar(rr) = [a(rr,v)dv,vr = [ [q*(rs,v)dvds,
and the body surfacgis subjected to the condition

(v.nplfatry,v) = [ (Vi) futry, V)TV = vidv; [Ty (v = V)dv =1, ryey.

(V/,ny)<0

Herenr andny are the outward normals to the surfa€eandy, respectively, at the pointg andry. The particle
entry into the computational domain and interaction ofipkes with the body are modeled in a manner similar to that
used in [1].

Thus, the general scheme of the DSMC method for a spatidiignmogeneous rarefied gas flow, based on the
majorant frequency principle, can be presented as follows.

0. In accordance with the initial distributiof (O, R, C), the coordinates; and velocities; of particles for a given
trajectory of the random process are sampled.

1. The time of the next transition in the system, caused eltlgeintermolecular collisions or by generation of
a new particle on the surfade, is sampled with a probability density|,exp{—v/,7}. Here vl, = vr + v, and

Vm = W[vij]m. All particles are transferred in accordance with the timg = min{ty, 7}, wheret, is the
time of the first intersection of the body surface after theett,. If th;1 = th+ Tmin > T ([0, T] is the time interval
where the evolution of thBl-particle model of the gas is considered), this trajectsgrminated, and one should go
back to Step 0.

If the particles leave the computational domain owing tarttisplacement, then we hag 1 = N, —AN~, where
AN~ is the number of particles left; otherwidl 1 = Ny andRp;1(Nnt1) = Rn(Nnt1) + TminCnt1(Nns1)-

If Tmin = Ty, One should go to Step 2; otherwise to Step 3

{th+1,Nnt1, Rt 1(Nnt1),Cnia(Nnsa)}, n=0,1,2,... 2. In the case of a collision with the body, the velocity of
the reflected particle is sampled in accordance with the tdyrtransforn,, and one should go to Step 1.

3. A collision of a pair of particles occurs with a probalyilit,/ v/, (Step 3.1), and a new particle is generated with
an additional probability (Step 3.2).

3.1. The collision occurs in accordance with the keKIC, 1 — Cni2|Rnt1) :

3.1.1) Pairgi, j) are uniformly chosen amoni, 1 particles;

3.1.2) with a probability - % there occurs a dummy collision, i.e., the particle velesitremain

unchanged, and one should go to Steftnl1, Nnt1, Rny1(Nnt1), Cnr2(Nnr1)}, n=0,1,2,...;

3.1.3) with a probabilityij (Rn+1, Cny1)/[Vij]m, there occurs a real collision.

The direction of the relative velocity vector after the @itin is sampled with a probability density(gij, €) /0t (9ij),
and the velocities of the particleg are replaced by, = 3(v{+Vi) +3dj&  vj=3(vVi+V})—3de d;=I[v|—Vi].

Then one should go to Step {1, Nnt1, Rnr1(Nnt1), Cnt2(Nny1)}, n=0,1,2,...;

3.2 The coordinates of the new particle are sampled with &ghitity densityqg®(rr-)/vr and velocity with
a probability densityq* (rr-,v)/q"(rr). Number of particleNn;2 = Npy1 + 1. Then one should go to Step 1:
{tn+1,Nnr2,Rn+1(Nnt2), Cni2(Nni2)}, n=0,1,2,...;

Cyclic repetition of Steps 1-3 yields one trajectory of adam process on a time intervi@, T]. To determine the
gas flow parameters, one should Usteajectories and standard estimates of the DSMC method.

Let us consider particular methods of regularization ofabiision integral in Eq. (1). The structure of kernels (4)-
(6) of the integral equation (3) remains unchanged for @ésyof regularization of the collision integral. Its pauter
form affects only the kernék;(C’ — C|R’) responsible for particle collisions in the system. The glanodeling



scheme for a particular type of regularization requires dditenal description only on Step 3.1 to allow for the
relative spatial positions of the colliding particles. Agpg the regularization conventionally used for the Boiemn
equation, we obtain

W(V{, Vi — Vi, viri r, p) = h(ri, rp)w(vi, V| — vi,vj)

whereh(ri,vj) = gy 1 if [ri—rj| < pand Oif|ri—rj| > p; o= 4mp°. The parametep determines the size of
the "region of particle interaction.” We will call such rdgtization the free cell regularization.

In the case of regularization corresponding to decompwsdf the computational domain into non-intersecting cells

M
di, (k=1,...,M); I dqx =W, the so-called cell regularization, collisions occur betw particles that belong to
k=1
one cell. In this case,
M

(VL V] = Vil p) = {2 (rh(r el WOV, V] — vi,vj).

Three numerical schemes of the DSMC method implementingltioee-mentioned types of regularization were
developed in [5]. The first two schemes (free cell and celesnds) do not use sorting of particles over the cells,
and the computation efficiency is increased by using a spajanization of the computational process (the so-called
delayed transfer of particles). The third scheme (cell sejenvolves sorting of particles over the cells, which ketm

a significant decrease in the majorant frequency of cotis&nd, hence, to substantial improvement of computational
efficiency. It was the third scheme that was used in computatiescribed below.

COMPUTATIONAL EXAMPLES

Some examples computed with the use of the splitless MChselsre described below and compared with data
obtained by the MCF scheme with time splitting (for brevihe latter scheme will be further called the MCF scheme
or the split MCF scheme).

The first example was a one-dimensional Couette flow betweernrfinite parallel plates with a distangefrom
each other. One of the plates moves with respect to the oldwer\pith a constant velocity (the velocity vector lies in
the plane of the plate). Both plates have an identical teatpeeT,,, and the law of diffuse reflection of molecules with
full accommodation of energy is defined on the surface. Mdéscare assumed to interact as hard spheres. In such a
formulation, the problem of the Couette flow depends on tweetlisionless parameters: Knudsen nuntbes A /D,
whereA is the mean free path, and speed ratio v//2RT,. In the study described, the values of these parameters
were Kn=0.1 andg = 10.

The DSMC results are plotted in Figs. 1 and 2. The computstiovolved 50 collisional cells and 10,000 model
particles. The curves in the figures referiz=0.16 (1),At=0.04 (2),At=0.004 (3),At=0.0004 (4), and splitless MCF
scheme (5). All curves except for curve 5 show the resultainbt by the MCF scheme with splitting, using different
time steps nondimensionalized by the mean collisional tijneAll values of At used were smaller than the residence
time (mean time needed for the particle to cross the celljisTthe formal constraints on the time step in the DSMC
method were satisfied even for the greatest valui of

All the presented gas-dynamic parameters were non-dimealszed as follows: temperatuﬁ’é =T /Tw, Stress-
tensor component®,, = P/ (00C?), Pry = Pxy/(Poc?), and heat-flux vector componeng = S/ (pc®), S, =
S,/(poc®), wherec = /2R T,

The left part of Fig. 1 shows the temperature profiles. Thepgmature is seen to comparatively weakly depend on
the time step and to coincide, almost in all cases, with thidegs MCF result. The heat-flux profil& in the right
part of Fig. 1 are more sensitive to the valuefaf For a large time step (curve 1), the difference in the heat flu
obtained by the MCF and splitless MCF schemes can reach 2bi&difference tends to zero with decreasing time
step.

The most sensitive indicators of the error due to a finite te@ are the stress-tensor components plotted in Fig. 2.
For high values ofAt, the values ofPx and Ry (curves 1 and 2) are no longer constant in terms,ofvhich is
qualitatively incorrect. It is only after a significant deaese imt that the distributions of the stress-tensor components
become constant and approach the result obtained by thessgil CF scheme.

A comparison of CPU costs for split/splitless schemes fevibe advantages of the split scheme: even with the
minimum time step, the split scheme is several times faktan the splitless scheme. Nevertheless, if we take into
account that a series of computations is needed to verifgdhgergence of the numerical solution in termsAbf
the use of the splitless scheme is preferable in the onerdiimeal case. In two-dimensional and three-dimensional



FIGURE 1. Temperature and heat flux.

Pxx’ Pxy’
3.20 0.7 k
" ]
\ ;
3.15 \ :
3.10f 0.8f" ;
e . ;
3.05f s T e it | . ”
3.00f 0.9f el
— ~ P e .
iIeEexefefepeisichopejc opacicheRerclononcdchoneacihoreicac iy SN L b
= w
2.90 -1.0f
fat O e} vadabavav
2.85
2.80f 1.1
2.75 1 — 2 3 4 1T — 2 3 — 4
o 5 o 5
2.70 : 1.2 :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

FIGURE 2. Stress-tensor components.

cases, straightforward application of the splitless sehé&rtoo CPU-expensive. Thus, a combined use of the split
and splitless schemes is implied. The flow is first computedhleyconventional MCF scheme until a steady state
was reached, and then the splitless MCF scheme is used. Sumppeoach allows obtaining a numerical solution
independent oAt with reasonable CPU-costs.

This approach was demonstrated by considering a two-dim@aisargon flow around a cylinder with a diameter
d = 0.3048 m. The flow had the following parameters: Mach number @)&hudsen number Kn=0.25 (based on the
cylinder diameter), and free-stream temperature 200 K.citinder temperature was 500 K, and the law of diffuse
reflection was set on the cylinder surface.

A series of computations was performed with the split schesttea decreasing time step. The maximum time step
was chosen to be 0.2 of the mean collisional time in the frezast. Below, the time steps are normalized to their
maximum value. As it could be expected, the distributiorhefpressure coefficient over the cylinder surface is almost
independent of the time step, whereas the distributionkefriction coefficient (Fig. 3, left part) and heat-transfe
coefficient (Fig. 3, right part) are extremely sensitive he value ofAt. The maximum difference is 20% for the
friction coefficient and 15% for the heat-transfer coefitid his fact confirms that it is necessary to perform a series
of computations with different time steps to verify theimwergence. The results obtained by the above-described
approach with a combined use of the split/splitless MCF sateare also plotted in these figures (the solution with
At = 1/2 was used as the initial data for splitless computationsg. flelds of temperature, which is one of the most
sensitive parameters to the time step, are shown in Fig. théosplitless computation and for the computation with
the minimum time step. Though there are some differencesrebd far from the cylinder, the results in the vicinity of
the stagnation point, i.e., in the zone of strong gradiearts jdentical. The computed results presented here ditestr
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FIGURE 3. Skin-friction and heat-transfer coefficients.
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the feasibility of the combined use of the split/splittes€Mschemes, which allows one to avoid the procedure of
verification of the convergence in termsAtfin the analysis of the accuracy of DSMC simulations.
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