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Abstract. The rotational collision number of nitrogen gas is evaluated using a combination of Monte Carlo integration of 
Wang-Chang-Uhlenbeck (WCU) theory and classical trajectory calculation (CTC) for diatomic molecules. The 
rotationally inelastic cross section is also estimated from the rotational collision number presented here and combined 
with the statistical inelastic cross-section (SICS) model. It is then applied to analysis of the normal shock wave structures 
for nitrogen. Shock wave structures obtained using the present rotationally inelastic cross-section are compared with 
results of inelastic cross section based on Parker’s energy gain function and experimental data. Results show that shock 
wave structures given by the proposed rotationally inelastic cross section have better agreement with experimental results 
than those given by Parker’s energy gain function.  
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INTRODUCTION 

For Monte Carlo simulation [1] of rarefied gas flow, a realistic and effective molecular collision model or an 
accurate calculation technique for molecular collision is crucial for realistic simulation. For elastic molecular 
collisions, accurate and realistic calculation techniques based on scattering theory, as well as simple scattering 
models [2][3][4] based on kinetic theory have been developed and applied to various rarefied gas flow problems. For 
a rotationally inelastic molecular collision, a simple model is more practical for engineering because inelastic 
collision phenomena are complicated; enormous calculation time might be required for accurate approaches such as 
the classical trajectory calculation (CTC) [5] for diatomic molecules. Some attractive models have been developed, 
including the dynamic molecular collision (DMC) [6] model, the phenomenological model formulated by 
Borgnakke-Larsen (BL) [7], and the statistical inelastic cross section (SICS) [8] model. 

The BL and SICS models require functions for the inelastic collision probability or inelastic collision cross 
section to express the inelastic collision number of real gases. Parker’s energy gain function, which appears in his 
approximate theory for the rotational collision number (rotational relaxation time)[9], is widely employed in these 
models for rotationally inelastic collision for diatomic molecules. Parker’s energy gain function, however, is derived 
with the assumption that pre-collision molecules have no internal energy, which is different from realistic 
phenomena as well as the collision process in the DSMC simulation. 

In the present study, the rotational collision number of nitrogen gas was evaluated using Wang-Chang-Uhlenbeck 
(WCU) theory [10] with a combination of CTC and Monte Carlo integration to estimate the function for the 
rotationally inelastic collision probability and rotationally inelastic collision cross-section. 

 

ROTATIONAL COLLISION NUMBER OF DIATOMIC MOLECULES 

The first approximations for the rotational collision number [ZR]1 are defined using the Wang-Chang-Uhlenbeck 
(WCU) theory [10] as 
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where p is pressure, [τR]1 is the first approximation of rotational relaxation time, [η]1, and [ϖ ]1 are the first 
approximations of viscosity and bulk viscosity coefficients of diatomic molecules, which are defined respectively as 
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where m, n, k, T, μ, g, and ERi (i = 1, 2) respectively represent the molecular mass, number density, Boltzmann 
constant, temperature, reduced mass, relative velocity, and the rotational energy of the colliding molecules, and Q is 
the classical partition function for the internal modes, Ω represents the phase space for the rotational degree of 
freedom, and the prime (') symbol denotes the post collision state. In this study, the viscosity and bulk viscosity 
coefficients given by Eqs. 1–4 were calculated using Monte Carlo integration with the classical trajectory calculation 
(CTC) for diatomic molecules. The motion of the diatomic molecules was handled as a four-body problem with 
interaction forces between each pair, except for the pairs that constitute each molecule. In this study, particles 1 and 
2 constitute one molecule (molecule 1), and particles 3 and 4 constitute the other (molecule 2). The interatomic 
distance in each molecule was assumed to remain constant. The motion of each particle is therefore described as 
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where mi and ri denote the mass and spatial coordinates of particle i, φij is the potential between particles i and j, and 
∇i is the differential operator for ri. The term hj is a constraint condition on particle i, which for particles i and j is 
expressed as 
 2 2 ( ) 0,j i j eh r= − − =r r  (9) 

where re is the interatomic distance in a diatomic molecule, and λi are Lagrange indeterminate multipliers set to 
fulfill the constraint condition after the new time step. In this study, the extended Lennard-Jones potential [11] was 
employed as given by 
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where P2 is the second Legendre Polynomial, εLJ is the potential well, dLJ is the size parameter, and A and B are 
anisotropy parameters. The interatomic distance, molecular mass, and the parameters of extended Lennard-Jones 
potential for nitrogen molecules are listed in Table I. 



The initial position ri and velocity vector ui are applied to each particle. The particle trajectory is calculated using 
Eq. 8 by the RATTLE method [12]. The initial velocity vectors and positions were determined by the following 
equations with the initial relative velocity g assigned from the Maxwellian velocity distribution function and the 
initial rotational energies ER1 and ER2 assigned from the Boltzmann distribution function for rotational energy. 
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In those equations, Rnd is a uniform random number in the range [0,1], and er is arbitrary unit vector, e0 expresses 
a unit vector perpendicular to er, and r0 represents the initial separation of centers between colliding molecules, e12 
and e12' are unit vectors perpendicular to r12, and e34 and e34' are unit vectors perpendicular to r34. The impact 
parameter b is determined using the probability density function  
 max .ndb b R=  (26) 

Here, bmax is given by the following equation, which is based on the relation between the cutoff angle χmin in a 
monatomic molecule and the maximum impact parameter (bmax)e1 [5]: 
 ( )max max eelb b r= +  (27) 
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The initial separation of centers between colliding molecules (r0) is then given by the following expression from 
Ref. [5]: 
 [ ]0 maxmax 3 ,1.1 .LJr d b= ⋅ ⋅  (29) 

Figure 1 shows the comparison of rotational collision number ZR among the CTC, Parker’s approximate theory, 
and experimental data [13]. The rotational collision number predicted in this study took a large value in the 
temperature range of T ≤ 500 K and a small value in the temperature range of T ≥ 500 K than Parker’s approximate 



theory, as shown Fig.1, but both ZR predicted in this study and Parker’s approximate theory are in reasonable 
agreement with  the experimental results. 

ROTATIONALLY INELASTIC CROSS SECTION OF DIATOMIC MOLECULE 

The rotationally inelastic cross section in the SICS model is defined as 
 ( )0 1 2/ , ,R el tr R RE E E E Eσ σ ζ ε= = + +  (30) 
where σel is the elastic collision cross section, ζ is the function for rotational inelastic collision, and ε0 is the reference 
energy. Parker’s energy gain function ζParker is employed widely in SICS and BL models. 

In this study the variable soft sphere model for inverse power law potential σel=C(Etr/k)-ω is applied to elastic 
collision, where C and ω are VSS model parameter constants and the function ζ is assumed to be of a form that is 
similar to the Parker’s energy gain function  
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where ai represents fitting parameters that are determined to describe the rotational collision number of CTC results 
applying least-squares estimation. Figure 2 shows the rotational collision number estimated using Eqs. 30 and 31 for 
C = 499.5, ω = 0.359, a0 = 6.06 × 10-2, a2 = 0.863, and a2 = 0.444 compared with the CTC results, Parker’s 
approximate theory, and measured data. As shown in Fig.2, the rotational collision number based on Eq.31 is in 
reasonable agreement with that of CTC results, although it took a small value in the temperature range of T ≤ 1000 
K and a large value in the temperature range of T ≥ 1000 K than CTC result. 

 

 
 

 ANALYSIS OF NORMAL SHOCK WAVES STRUCTURE 

Calculations were handled as one-dimensional steady-state problems, with flow in the x direction. The flow 
domain was −30l1 ≤ x ≤ 30l1, divided into collision cells and data cells of uniform size Δx = 0.1l1, where l1 is the 
reference length of the upstream region defined as the following. 
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In that equation, η1 is the viscosity coefficient for monatomic molecules at upstream temperature T1. The initial 
wave was placed at the origin (x = 0) with a thickness of zero; i.e. the simulation molecules were distributed 
uniformly in the computation domain according to the upstream (x < 0) and downstream (x > 0) equilibrium 
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FIGURE 2. Same as Fig. 1 for the present model, CTC 
results, Parker’s approximation theory, and experimental 
results. 
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FIGURE 1.  Comparison of rotational collision number 
among the CTC results, Parker’s approximate theory, and 
experimental results. 



Maxwellian velocity distributions and equilibrium Boltzmann distributions for rotational energy. The upstream and 
downstream boundaries were connected to the Rankine-Hugoniot relation. Time was advanced by Δt, each molecule 
was moved, and molecules that had exited the analysis domain were deleted. Molecules were also introduced via the 
interfaces in the appropriate equilibrium conditions. Computations for intermolecular collisions occurring in each 
collision cell during Δt were carried out using the null-collision method [14]. After a steady-state shock wave had 
formed, the temporal mean of the flow field was taken and the macroscopic physical quantities were calculated. 
Figures 3 and 4 show distributions of normalized density n* = (n − n1)/(n2 − n1), normalized translational 
temperature Ttr* = (Ttr − T1)/(T2 − T1), and normalized rotational temperature TR* = (TR − T1)/(T2 − T1) at upstream 
Mach numbers and temperatures of (M1, T1) = (1.71, 191 K), and (12.9, 9.15 K). Subscript “2” in the above 
definitions refers to the equilibrium condition downstream of the shock wave. The experimental density distribution 
and rotational temperature distribution [15] are also shown for comparison. The calculation results are shown with a 
scaled x coordinate to x/L*, where L* is the characteristic length used in the experiment, as defined by 
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Therein, u is the mean velocity in the shock wave, and η* expresses the viscosity coefficient of N2 at the speed of 
sound at sonic temperature Ts and is calculated using Eq. 2. The non-dimensional time step used for the 
computations was Δ(t × cm/l1) = 10−4, and the number of simulation molecules was set to approximately 100 in each 
upstream equilibrium cell. Here, cm is the most probable thermal velocity of the molecules at the upstream 
temperature. Figures 3 and 4 show that both the model based on ζ and that based on ζParker [8] reproduce the 
experimental density distribution very well at both Mach numbers and that the model based on ζ approaches the 
experimental rotational temperature distribution more closely than the model based on ζParker, although the rotational 
temperature of ζ relaxed slower than observed in the experiment. Therefore, it appears to be necessary to improve 
the energy function. Figures 5 and 6 compare the molecular rotational energy distribution within the shock wave 
obtained using the ζ based model with the experimental results. The figures provide log plots for the ratio of the 
fraction of molecules in the ground state versus the fraction of molecules in state ER: y(ER)/y(0). Lines BD(T1) and 
BD(T2) in the graph respectively represent the upstream and downstream equilibrium Boltzmann distributions. The 
typical location within the shock wave is where the experimental and calculated values of TR

* match. Figure 5 shows 
that the model reproduced the experimental results well at a low Mach number of M1 = 1.71, where log[y(ER)/y(0)] 
is linear, indicating equilibrium. As Fig. 6 also indicates, however, log[y(ER)/y(0)] exhibits a bimodal distribution at 
higher Mach numbers of 12.9, indicating non-equilibrium conditions. This agrees qualitatively with experimental 
results. However, at M1 = 12.9, the model underestimated the fraction of molecules possessing low rotational 
energies. Some discrepancies exist in the rotational energy distribution for the highly non-equilibrium state obtained 
through calculations and experiments, even when the rotational temperatures for the calculation and the experiment 
are identical. Consequently, the model departs from real phenomena in terms of the exchange between rotational and 
translational energies during collisions in the highly non-equilibrium region. Therefore, to express microscopic 
physical quantities such as rotational energy distributions correctly, it appears necessary to make further 
improvements to the part of the model describing energy distributions in collisions. 

CONCLUDING REMARKS 

The rotational collision number of a nitrogen molecule was calculated using a combination of classical trajectory 
calculation of diatomic molecule and Monte Carlo integration of the WCU theory. The rotational collision number 
predicted in this study is in reasonable agreement with experimental results and the number indicated by estimations 
using Parker’s approximation theory. The rotationally inelastic collision cross section was estimated from the 
rotational collision number of CTC results. The rotationally inelastic collision cross section obtained by Monte Carlo 
integration was then incorporated into the SICS model and applied to analysis of the normal shock wave structure. 
Results show that the proposed model provides results that more closely approximate the experimental results than 
the model based on Parker’s theory. However, predictions of the model in the non-equilibrium region show a delay 
in the rotational temperature and discrepancies in the rotational energy distribution with respect to experimental 
results, indicating that the energy gain function and the principles of the energy transfers between translational and 
rotational energy must be further refined. 

 
TABLE 1.  Intearatomic distance, molecular mass and parameters of extended Lennard-Jones potential for nitrogen molecule.

re [ Å ] m [ au ] dLJ [ Å ] ε/k [ K ] A B 
1.094 28.013 3.681 91.5 0.13 0.7 
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distribution (lines) with that determined by SICS with 
present model for a Mach 12.9 nitrogen shock wave. 
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T* = 0.769: x/L* = 0.36 (∇), x/L* = - 0.13 (            ). 
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FIGURE 4.  Same as Fig.3 for M = 12.9 
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FIGURE 3.  Comparison of shock wave structure among 
the present model, Parker’s energy gain function, and 
experimental data for M = 1.71. 
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