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Abstract. We study the spiral Couette flow between two cylinders, the inner of which not only rotates but also slides along its
axis. The analysis is based on the numerical solution of the model kinetic equation by a second-order accurate finite-volume
scheme conservative with respect to the model collision integral. The influence of ratio of cylinder radiuses, velocities of the
inner cylices as well as the Knudsen number on shear stresses, mass flow rates as well as macroparameters are investigated in
the broad range of Knudsen numbers.
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INTRODUCTION

The plane Couette flow of a rarefied gas between two plates is a classical problem of fluid dynamics. Its axisymmetric
extension is given by the flow between moving cylinders and is of not only theoretical but also practical interest. The
current literature is devoted to the study of Knudsen-number dependence of the solution for the pure rotation case,
e.g. [1, 2, 3, 4]. The influence of two other important parameters of the problem, the sliding velocity of the cylinder
and the ratio of their radiuses, has so far been studied only in the pure longitudinal Couette flow [5]. However, these
parameters can have a significant influence on the flow pattern in the general case as well in which the inner cylinder
both rotates and slides along its axis.

From the numerical point of view the cylindrical Couette flow is a difficult problem due to the different behavior of
the velocity distribution function for large and low Knudsen numbers. The method of steady-state iterations [6, 1]
is most commonly used to construct the solution. The shortcomings of this method are its poor convergence at
low Knudsen numbers and the complexity of its software implementation; also the second order version [4] is non-
monotone around steep gradients due to the use of linear differentiation operators.

The basic goal of this study is two fold. Firstly, we develop a universal numerical method for analyzing axisymmetric
Couette flows on the basis of kinetic equation with the S-model collision integral [7, 8]. The method can be viewed
as an extension of [5] and is second-order accurate, implicit and conservative with respect to the collision integral.
Secondly, we apply this numerical method to the Couette problem in the generalized formulation in which the inner
cylinder not only rotates but also slides along its axis. This effectively gives three possible flow patterns: longitudinal,
rotational and spiral cylindrical Couette flows. For each pattern we study the dependence of macroparameters, stresses
and mass flow rates on Knudsen number and ration of cylinder radiuses.

FORMULATION OF THE PROBLEM

We consider a steady-state rarefied monatomic gas flow between two infinite coaxial cylinders with radiir1 and r2
(r1 < r2). The outer cylinder is at rest. The gas flows due to the motion of the inner cylinder which travels along the
symmetry axis at a constant velocityUz and rotates with a constant angle velocityΩ. On the surfaces of the cylinders
a constant temperatureTw (the same for both cylinders) is maintained. The momenta and energies of the incident
molecules are totally accommodated by the cylinder surfaces and diffusely reflected with the equilibrium distribution
functions at the given temperatureTw. The radial gas velocity component is equal to zero.

We introduce the cylindrical coordinate system(r,ϕ,z), where thez axis coincides with the axis of the cylinders,r
is the distance from this axis, andϕ is the azimuthal coordinate. The axisymmetric state of the rarefied gas, which is
independent ofz, is determined by the molecular velocity distribution functionf (t, r,ξr ,ξϕ ,ξz), whereξr , ξϕ andξz are



the orthogonal components of the velocity vector in the radial, azimuthal, and axial directions, respectively. In velocity
space we also introduce a cylindrical coordinate system with the axis parallel to thez axis. We will denote byζ the
velocity component in a plane perpendicular to the axis of the cylinders and byω the angle between this component
and the radial direction outward from the symmetry axis. The relationship between the orthogonal components of the
velocity,ξr andξϕ , and its polar coordinates is given byξr = ζ cosω, ξϕ = ζ sinω.

We now introduce non-dimensional variables, taking as the scales for the spatial coordinater, velocityξ , densityn,
temperatureT, viscosityµ, and distribution functionf , respectively,
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Here,n0 is the mean density of the gas between the cylinders,m is the molecular mass,R is the gas constant,λ0 is the
free path in the gas at rest with densityn0 and temperatureTw. Although in the non-dimensional variables the radius of
the inner cylinder is equal to unity, below the notationr1 is retained for convenience of presentation. In what follows,
we will denote the non-dimensional quantities by the same letters as the corresponding dimensional ones.

We will assume that the distribution functionf (t, r,ξr ,ξϕ ,ξz) satisfies the Boltzmann equation with an S-model
collision operator [7, 8]. Following [9], we reduce the problem dimension by going over from the distribution function
to its integralggg = (g1,g2,g3,g4)T by means of the formula
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The kinetic equation forggg in the cylindrical coordinate system can be written in the following conservative form [10]:
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where the components of G can be found from the gas macroparameters using the formulas
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Here,Kn = λ0/r1 is the Knudsen number, which determines the degree of gas rarefaction;Pr = 2/3 is the Prandtl
number. The gas densityn, velocityuϕ , uz, temperatureT, heat fluxesqr , qϕ , qz and the shear stressesPϕz, Prz can be
expressed in terms of the distribution functionf in the form of integrals with respect to the molecular velocity
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Note that, if|Uz|> 0, the longitudinal heat fluxqz is also nonzero [11]; therefore, we have to useg4.
On the surface of the cylinders we assign the conditions of diffuse scattering of the molecules with total thermal

accommodation to the surface temperature
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whereUϕ = Ωr1 and is taken into account that in the non-dimensional variablesTw ≡ 1. The densities of the reflected
particlesnw1 andnw2 can be found from the conventional impermeability condition.

Interesting integral characteristics of the problem considered are the gas flow-rates per unit time in longitudinal and
azimuthal direction which with account for the normalization condition (1) are given by the integrals
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We will conclude this section with the following integral relations. which are the consequence of the kinetic equation:

r2Prϕ = const= A, rPrz = const= B, rEr = const= C (5)

whereEr is the energy flux in the radial direction, The constants A, B and C depend on the degree of gas rarefaction,
the ratio of the radiiε = r1/r2 and the dimensionless velocitiesUz, Uϕ . We used conditions (5) for checking the
accuracy of the computations.

METHOD OF THE SOLUTION

The steady-state solution of the problem is found by marching in time to the steady state. Let us define∆t = tn+1− tn,
gggn = ggg(tn, r,ω,ζ ), δδδ = r(gggn+1−gggn). A fully implicit difference scheme for kinetic equation (2) can be written in the
following form [12, 13]:
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Next in variablesr, ω we introduce a finite-volume mesh with cell centersr i , ω j that is refined toward the surfaces
of the cylinders. With respect toζ we use a uniform mesh with nodesζk and cell size∆ζ . The range ofω is
divided into four subdomains depending on the sign of the molecular velocity componentsξr , ξϕ : −π + mπ/2≤
ω ≤ −π/2+mπ/2, wherem= 0, . . .3. For each subdomain, the derivatives with respect tor andω on the left-hand
side of (6) are approximated by first-order accurate upwind differences. As a result, the distribution function at a new
time level is determined according to a running scheme. For example, form= 1, the computation is performed from
left to right with respect tor by the formula
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KKKn
i jk = r iHHH

n
i jk −

Xn
i+1/2, jk−Xn

i−1/2, jk

∆r i
−

Yn
i j+1/2,k−Yn

i j−1/2,k

2sin(∆ω/2)
(8)

where the numerical fluxes through the cell boundaries are determined by the formulas
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On the surfaces of the cylinders, we setδδδ ≡ 0. The distribution function values on the boundaries of the cellsgn
i+1/2, jk,

gn
i j+1/2,k are determined by monotone piecewise-linear interpolation [14], which ensures second-order accuracy on

smooth solutions and guarantees that no spurious oscillations occur on the discontinuities. The macroscopic gas
parameters, involved inGi jk , are determined in such a way that the mass, momentum, and energy conservation laws
are satisfied. In order to achieve this, we use a direct approximation of the conditions used in deriving the model
equation [15, 5]. For a fixed spatial positionr this results in the following system for macroparameters (indexi is
omitted for simplicity):
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FIGURE 1. Results forUϕ = Uz = 1/2. Solid lines – spiral movement, circles – pure rotation, triangles – pure longitudinal
movement, crosses – linearized solution, dashed lines – Navier-Stokes solution. Curves 1,2,3 correspond toε = 0.1, 0.5, 0.9.

HereA jk are the weights used in the quadrature formula. As a rule, the integrals with respect toζ are evaluated by using
the composite Simpson rule, while the integrals with respect toω are evaluated by applying the second-order accurate
midpoint formula involving the distribution function values at the cell centersω j . System (9) for the macroscopic gas
parametersn, uφ , uz, T, q is easily solved by Newton’s method.

The resulting numerical method has no time-step restrictions associated with the Courant condition or the approxi-
mation of the collision integral and ast →∞, it approximates the steady kinetic equation to second-order accuracy. The
converged steady-state solution satisfies the discrete conservation laws for the density, the z-component of momentum,
and energy. This property follows from the conservativeness of the approximation to the right-hand side of the scheme
and from the midpoint formula used for evaluating the integrals with respect toω.

RESULTS

All the results presented below were obtained forµ =
√

T, which corresponds to molecular interaction in accordance
with the hard-sphere law. The calculations were performed using nonlinear kinetic equation for the radius ratios
ε = r1/r2 = 0.1, 0.5 and0.9, which correspond to large, moderate, and small widths of the gap between the cylinders,
respectively. We have also used the linearized kinetic equation and the incompressible Navier-Stokes equations for
comparisons. The description of these equations is omitted here to save space. We note that forε ≈ 1 it is more natural
to define the effective Knudsen number asKn1 = λ0/(r2− r1) = ε Kn/(1− ε) whereas in the opposite caseε << 1
we can useKn2 = λ0/r2 = ε Kn so thatKn2 << Kn << Kn1.

The solution of the problem depends on four parameters:Kn, Uϕ , Uz andε. For the continuum solution as well as
the linearized equations the gas flow is obtained by superposition of longitudinal and rotational motions which depend
linearly on the cylinder velocity. In the case of the nonlinear kinetic equation the influences ofUϕ andUz cannot in
general be separated except the free-molecular case, in which the longitudinal motion of the cylinder does not affect
the flow characteristics corresponding to rotation:uϕ , Prϕ . The opposite is not true:uz andPrz depend in a nonlinear
way onUϕ . One of the aims of the calculations was to study if the above-mentioned properties of the free-molecular
solution hold for the finite Knudsen numbers as well.

Fig. 1 illustrates the dependence of shear stresses and mass flow rates, normalized by their free-molecular values,
e.g.A′ = A/A∞, onKn for Uϕ = 1/2, Uz = 1/2. Solid lines correspond to the spiral movement, circles showA′, Q′

ϕ in
the case of pure rotation (Uz = 0), triangles showB′ Q′

z in the case of pure longitudinal movement (Uϕ = 0), crosses
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FIGURE 2. Results forUϕ = 1/2, Uz = 4. Notation as in Fig. 1.

depict solution of the linearized kinetic equation and dashed lines correspond to the incompressible Navier-Stokes
solution. Curves 1,2,3 correspond toε = 0.1, 0.5, 0.9. We see that overall the solution of the problem depends strongly
on ε. Interestingly, the normalized shear stresses have the following properties:

A′(Kn,ε,Uϕ ,Uz) = A′(Kn,ε,Uϕ ,0), B′(Kn,ε,Uϕ ,Uz) = B′(Kn,ε,0,Uz)

Moreover, there is a good agreement with the linearized solution in the whole range of the Knudsen numbers. The
continuum solution is close to the kinetic one for small effective Knudsen numbers, defined above.

Dependence of mass flow rate on the cylinder movement is more complex. Similar to shear stresses,Q′
ϕ is not

influenced by the value ofUz; nonlinear and linearized solutions agree reasonably well. However, the values ofQ′
z,

are affected by rotation of the cylinder, especially for smallε andKn. Since in the linearized problem rotation and
longitudinal movement of the cylinder do not influence each other, the linearized solution forQ′

z coincides with the
nonlinear solution in the caseUϕ = 0 but differs from the nonlinear solution for the spiral movement. The continuum
solution for mass flow rates does not depend onKn and for smallε does not agree with the kinetic one.

The further increase ofUz leads to strong nonlinearity of the solution. Fig. 2 illustrates the same quantities as in Fig.
1 but forUz = 4, Uϕ = 1/2. The most significant difference is the appearance of the stress maximum effect in both
longitudinal and azimuthal directions: with decrease in the Knudsen number,A′, B′ first increase and then begin to fall.
Surprisingly, the maximum inA′ is much more pronounced than inB′ and is achieved for smaller Knudsen numbers.
We remark that for the plane Couette flow the stress maximum effect was first observed in [16]. We also not that the
spiral nonlinear solution for shear stresses differs from both linearized and or pure rotational/longitudinal movement
for all Knudsen numbers. On the other hand, the dependencies of the mass flow rates onKn andε, shown in Fig. 2 are
qualitatively similar to those plotted in Fig. 1 an forε ≥ 1/2 agree well with the linearized solution.

Finally we investigate the dependence of gas macroparameters onε and movement of the cylinder. Fig. 3 illustrate
the distributions of density and temperature as functions of reduced spatial coordinatex = (r − r1)/(r2− r1) for
Kn = 0.01,Uz = 1/2,Uϕ = 1/2 and differentε. Solid lines correspond to the solution of the nonlinear kinetic equation,
circles show the case of pure rotation, triangles – pure longitudinal flow. Curves 1,2,3 correspond toε = 0.1, 0.5, 0.9.
We can see a strong dependence of the results onε as well as on the type of the cylinder movement. The velocity
profiles (not shown here) are not sensitive to the latter factor; the linearized solution for velocity agrees well with the
nonlinear one. However, the incompressible Navier-Stokes solution agrees with the kinetic one only forε = 0.1 and
0.5, when the effective Knudsen number is sufficiently small.
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CONCLUSIONS

We have presented a second order accurate non-oscillatory method for solving the S-model kinetic equation for the
cylindrical Couette flow. The method is easy to code and is conservative with respect to the collision integral. We have
applied the method to the Couette problem in the generalized spiral formulation in which the inner cylinder not only
rotates but also slides along its axis. Our study also included the linearized kinetic equation as well as incompressible
Navier-Stokes solution.

We have analyzed the influence of four main problem parameters: Knudsen number, two cylinder velocities as well
as ratio of radiuses on shear stresses, mass flow rates and distribution of macroparameters. For large sliding velocities a
stress maximum effect is observed in both azimuthal and longitudinal directions: with decrease in the Knudsen number
the normalized shear stresses first increase and then begin to fall.
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