NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

The analyses in this section are written in a manner that’s more appropriate for a fluid
mechanics course rather than for the current thermodynamics course. I'm providing the
4.3. Conservation of Mass notes for your reference, but you will likely get more out of the textbook reading on this
topic since what’s presented here, particularly in the examples, is more advanced.

In words and in mathematical terms, COM for a system is:

D
The mass of a system remains constant. = Di / pdV = 0. (4.29)
Dt Jy,

ays
system mass

where D/Dt is the Lagrangian derivative (implying that we're using the rate of change as we follow the

system), V is the volume, and p is the density. Using the Reynolds Transport Theorem, Eq. (4.29) can be

converted into an expression for a control volume,

D d
= dV = — AV rel - dA) = 0, 4.30
Dt/vs,ysp i +/Cs(pue1 ) (4.30)
d
— pdV  + (puge - dA) =0 (4.31)
dt Jov cs
rate of increase of net rate at which mass leaves
mass inside the CV the CV through the CS

This equation is Conservation of Mass for a control volume!

Notes:

(1) Carefully draw your control volume. Don’t neglect to draw a control volume or draw a control
volume and then use a different one.

(2) Make sure you understand what each term in Conservation of Mass represents.

(3) Carefully evaluate the dot product in the mass flux term.

(4) You must integrate the terms in conservation of mass when the density or velocity are not uniform.

(5) Note that the first term in Eq. (4.31) is the rate of increase of mass in the CV, which can be
re-written as,

d d dMcy

— dV = — (M =

dt oV P dt ( CV) dt )
where Mcy is the mass inside the control volume. Similarly, the second term in Eq. (4.31), which

is the net rate at which mass leaves the CV through the CS, may be written as,

/Cs(puml.dA): o= > m, (4.33)

all outlets all inlets

(4.32)

where 7 is a mass flow rate. Combining Eqs. (4.31) - (4.33) gives:

dMc . .
dtV: Z m — Z m|. (4.34)

all inlets all outlets

Note that the net mass flow rate term has been moved to the right side of the equation.
(6) The term “steady state” means that none of the properties within the control volume change with
time, i.e.,

% ( o )cv =0, (4'35)

where the dots can be any property.
(7) The term “steady flow” means that the mass flow rates into and out of the control volume do not
change with time, i.e.,
m; = constant;, (4.36)
where the subscript “i” refers to each inlet/outlet.
(8) It’s possible to have a steady state, but not a steady flow. For example, consider a simple system
consisting of a rigid tank with a single inlet (¢) and a single outlet (o) with the mass flow rates
m; = m, = Asin(wt) (not steady flow). From Conservation of Mass, the mass inside the tank
would not vary with time and, thus, the control volume would be at steady state.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

(9) It’s possible to have steady flow, but not steady state. For example, consider the same rigid tank
system, but this time 7; > r,, where each mass flow rate is a constant (steady flow). From
Conservation of Mass, the mass within the control volume increases with time and, thus, would not
be at steady state.

Let’s consider a few examples to see how COM is applied.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAs Dynamics COM_02

Consider the flow of an incompressible fluid between two parallel plates separated by a distance 2H. If the
velocity profile is given by:

2
={1=37)

where u. is the centerline velocity, determine the average velocity of the flow, # . Assume the depth into
the page is w.

\i\\\\\\ \\\\\\\\\\\\\\\\\\\

/T///// /L

SOLUTION:

The volumetric flow rate using the average velocity profile must give the same volumetric flow rate using
the real velocity profile. n

O J dA= JdQ yIH ( /jc;jv——u WH =3 W

=do The velocity, u(y), is nearly constant
over the small distance dy so we can
write the volumetric flowrate over this
small area as dQ = u(y)dA = u(y)(dyw).

Ouerage = ju -dA =i (2Hw) (There is no need to integrate since the velocity is uniform overy.)  (2)

A
Qreal = Qaverage = %uc wH = E(ZHW) (3)
LU= %uc “4)
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_03

An incompressible flow in a pipe has a velocity profile given by:

rZ
u(r)= uc[l - sz

where u. is the centerline velocity and R is the pipe radius. Determine the average velocity in the pipe.

—, i
R
S S N — A _
——»

SOLUTION:

The volumetric flow rate using the average velocity profile must give the same volumetric flow rate using
the real velocity profile.

The velocity, u(r), is nearly constant
over the small annulus with radius dr so
we can write the volumetric flow rate
over this small area as dQ = u(r)d4 =
u(r)(2nrdr).

- 2
Qreal = fA dQ = fA u-dA= f::(:?uc (1 - Tz

R

) (2ardr) = %nuch )

=dA

=dQ

Oyverage = Iu -dA=u (ﬂRz) (There is no need to integrate since the velocity is uniform overr.)  (2)
A

Qreal = Qaverage = %”uCRZ = L_l(ﬂ-RZ ) ©)

LU= %uc “4)

y=+H dA

r? 1 2
Qrealzju'dA:IdQ: J’ uc(l_ Az)@m’dr)ziﬂucR
A A y=—H
=dQ
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_I5

Calculate the mass flux through the control surface shown below. Assume a unit depth into the page.

Y.Y V¥V V¥V Y. Y Y Y

control surface

SOLUTION:

The mass flux through the surface is given by:
0=%

m= J.purel -dA = J. P Ki -(—cosHﬁ-i—sinHj)(Rdﬁ)
cs O=—n4 Mo T T —a4
0=7,
=—pVR J. cos8d6 = —pVRsin 6’|_/2”/ =-2pVR
2
0=—7%

We could have also figured out the mass flux by noticing that any mass passing through the curved control
surface must also pass through a vertical control surface as shown below.

- K

-

V. V. V. V. V. vYvY

A
1
I
|

vV

y=R
= I pu, -dA = J P Ki -(—i)(dy) =-2pVR =—pVD (The same answer as before!)
Cs

=W N

y=—R —h =d4d
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_04

Water enters a cylindrical tank through two pipes at volumetric flow rates of Q1 and Q». If the level in the
tank remains constant, calculate the average velocity of the flow leaving the tank through a pipe with an

area, As.
/\
v
/\
\_/
* —— O
& _
h=constant
> -,
A3 V.=
\ 4
SOLUTION:

Apply conservation of mass to the fixed control volume shown below.

v
== B
M:ﬂf
5 * ——=— O
S — |
:' h=constant !
: —
| [ A -
U | 3
I"‘Q BEPE BT
d
- J' pdV + J'purel dA =0 (1)

cv cs
where

% I pdV =0 (steady flow, the mass in the control volume isn’t changing with time)
cv

'[ U A ==p0; = pQ, + pVs 4y
cs
Substitute and re-arrange.

—p0, —pQ, + PI73A3 =0

= _ 0+0,

=S )
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_05

Water enters a cylindrical tank with diameter, D, through two pipes at volumetric flow rates of Q1 and 0>
and leaves through a pipe with area, 43, with an average velocity, V5. The level in the tank, 4, does not
remain constant. Determine the time rate of change of the level in the tank.

& _ 5

h#constant

SOLUTION:

Apply conservation of mass to a control volume that deforms to follow the free surface of the liquid.

——— O
@

As |4

E h#constant :

% j pdV + j pu,-dA =0 (1)
CcvV CS
where

d d(  zD*)_ dhxD’
L pav =L ppZ2 |- p 2
al” dt[p 4det 4
Ccv
=Mcy

J. pu -dA =—pQ, — pQ; + pVs 44
Ccs
Substitute and re-arrange.

dh D* _
P2 —p0y —pOy +pV34; =0

ﬁ:Q2+Ql_V3A3 (2)
dt 7zD7
4
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_05

We could have also chosen a fixed control volume through which the free surface moves. Using this time
of control volume, conservation of mass is given by:

d
< par [ pug-aa=o 3)
(6AY CS
where

di I pdV =0 (the mass of fluid in the fixed control volume remains constant)
t

cv
i
— ;171 zD?
_f Pl A ==pQy = pQy + pVs s +p — - —
Tty
Substitute and re-arrange.
dh _ pOs +pQ, — V34,
dt 7;07
4
dh +0, -V, 4
—= &233 (This is the same answer as before!) “4)
dt zD /
4
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_06

A spherical balloon is filled through an area, 41, with air flowing at velocity, V1, and constant density, p1.
The radius of the balloon, R(¢), can change with time, z. The average density within the balloon at any

given time is pu(?). Determine the relationship between the rate of change of the density within the balloon
and the rest of the variables.

p1, 1, A1

SOLUTION:

Apply conservation of mass to a control volume that deforms to follow the interior surface of the balloon.

p1, V1, A

d
> j pdV + jpurel dA =0 1)
(&% CS
where

d d 4 3 4 3 dpb 2 dR
— dV =— —nR’ |=—7nR°—=+4mp, R~ —
dsz dt[pb3 j 3 ar O
cv NS
=Mcy

.[ Pl -dA = _pr]A]

cs
Substitute and simplify.

AR dp,

dR
+470,R> ==~ pV, 4, =0
3 r Pp dt PrV14

d PV Ay =47, R a*
Pb — dt (2)
dt %ﬂ'R3
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_07

A box with a hole of area, 4, moves to the right with velocity, ubox, through an incompressible fluid as
shown in the figure. If the fluid has a velocity of unuid which is at an angle, 6, to the vertical, determine
how long it will take to fill the box with fluid. Assume the box volume is Vvox and that it is initially empty.

[T

Ufluid

D

area, A
Ubox

volume, Vvox

SOLUTION:

Apply conservation of mass to a control volume fixed to the interior of the box. Change our frame of
reference so the box appears stationary.

Lo

Ufluid

[en)

Ubox

!

volume, Voox

d
EjpdV+jpurel-dA=O )
(6\% CS

where

d d(pPVev) _ dVey
A pav = _
dr CIV r a

I Pl -dA = p (_uboxi — Upyig ST O —g,;q cOS 9])' A | = —p(ttyoy +ttgyig 5in0) 4
s =dA
Sl

Substitute and simplify.

dv; .
EV. — p(tpoy +ttpyiq Sin0) A=0
dt
dV,
dCV = (ubox + uﬂmd Sin 0) A
t
Vev=rey =T
dViy = (tpoy +Ugyiq sin0) A | dt (Note that uvex, unuid, 6, and 4 don’t change with time.)
Vey=0 1=0

Vev = (Upox +Ugig Sin0) AT

T = Vev
(ubDX + Ugig SIN 6) A

2
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_08

Determine the rate at which fluid mass collects inside the room shown below in terms of p, V1, A1, V2, A2,
Ve, R, and 0. Assume the fluid moving through the system is incompressible.

2R
141 room ¢
4 = ) )
= , v=v|1-2
—
F
A>

SOLUTION:

Apply conservation of mass to a control volume fixed to the interior of the room.

room

N\
N
™

%jpdV+Ipurel-dA:O (1)
(6\% CS

where
dM -y

d

E | pav =

dt j P dt
Cv

r=R
I pu,, -dA = p(Vli-—Ali)+p[(V2 sinHi—cosHj)-—Azﬂ+p J. Vi-dAi
Cs r=0

r=R
=—pV A + pV,yA4,cos0+p I V. (I—V%z)%rrdr
r=0

=—pW A4 + pV, 4, cos 6 + %pVCRZ
Substitute and simplify.

dM
dtCV = pVi 4y + pVy 4y cos 0+ % pV,R* =0
dM
L= phhd - pls 4 COSH—%PVCRZ 2
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_09

Water enters a rigid, sealed, cylindrical tank at a steady rate of 100 L/hr and forces gasoline (with a specific
gravity of 0.68) out as is indicated in the drawing. The tank has a total volume of 1000 L. What is the time
rate of change of the mass of gasoline contained in the tank?

gasoline

water

SOLUTION:

Apply conservation of mass to the control volume shown below.

gasoline )
Note that the interface between

the gas and water is moving.

water

d
Ejpdmjpum-dA:o (1)
(6)% CS
where
d d M ,,, dv, . .
— | pdV ="M, + My, |=—=+pp —2 (Gas and water are incompressible.)
dr &, L N T dt dt
J. purel : dA = pgangas - IDH2OQH20
Cs
Substitute and simplify.
aM £
dtg * P dlzzo * Pyas ans = Pr20Ozo =0
dM av.
d; = szO (QHZO - d?ZO j_ pgangas (2)

Note that the time rate of change of the water volume, dVioo/dt, is equal to the water’s volumetric flow rate,
Omoo. Furthermore, since both liquids are incompressible and the total tank volume remains constant, Qgas
= Omo. Utilizing these facts to simply Eqn. (2) gives:

dMgaS
dt = =Py Griz0 = S CGas Pz Ging ©

Using the given parameters:

SGgas = 0.68
oo = 1000 kg/m®
O = 100 L/hr = 0.1 m’/hr
=  dMedt = -68 kg/hr=0.019 kg/g
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_11

The (symmetric) V-shaped container shown in the figure has width, b, into the page and is filled from the
inlet pipe at volume flow rate, Q. Derive expressions for:

a. the rate of change of the surface height, dh/dt

b. the time required for the surface to rise from 4 to /2.

SOLUTION:

Apply conservation of mass to the deformable control volume shown in the figure below.

%ijpdmcjspum -dA =0

where

d d h 2pbh dh
= | pdv==| p2-Lh b |= n)= -
dtc";p dt(p > tan @ ] taant( ) tan @ dt

Ipure] dA:_pQ
Ccs

pb d

Substitute and simplify.
2 pbh dh
O 0=0
wno a0
dh _tan6
dt  2hb

O

Solve the differential equation to determine the time required for a specified change in the liquid level.
dh tané
@ 2w ©
tan &

2b

1=t

det

t=t,

h=h,
j hdh =
h=h

tan 0
%(hzz_hlz)z 3-21; Q(tZ_t])

b(h )
Lty =———— ()
QOtan6
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

COM 14

The motion of a hydraulic cylinder is cushioned at the end of its stroke by a piston that enters a hole as

shown. The cavity and cylinder are filled with hydraulic fluid of uniform density, p.

a. Obtain an expression for the average velocity, Vou, at which hydraulic fluid escapes from the
cylindrical hole assuming that the cylinder moves at a constant velocity, Veyi.

L
I

o’

N

7

...

R

\
\
\
\
\
\
\
\
\

7

:

i

N
=
]

hydraulic fluid of density, p

TS
I

L

%

!

b. Determine the velocity, Vou, with relative uncertainty, for the following conditions.
p =900 £ 5 kg/m’
L=100%0.1 mm
R=15+0.1 mm
r=10£0.1 mm
Vet = 100 £ 1 mm/s

SOLUTION:

Apply conservation of mass to a control volume that deforms to follow the piston as shown below.

— e
|
§ N
\§ Vout
N 1 IR
\]l\:]:\
N NN
X § |\I :\
N DR
NI N
L l N\ l\: N
NI SN
N ST N
N ot N
\ chl |\
Ve
— R e
|
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_l14

% J‘ pdV + J- pu, -dA=0
cv cs
where

d dx
fadl J. pdV = pa’ |:7Z'R L—rr x}-—pﬂr E——pﬂr chl
-

- VCV

R _ 2
j Pl -dA = P out”( -r )
cs
Substitute and solve for Vout.
—pﬁr ol TP Outﬂ'(Rz —r2) =0
—y. " ’

eyl R2 _,2

1
=V m—3—
R ) -1

V

out

%

out

r

The total relative uncertainty in Vou is given by:

iy =i+ i ]
where

1 oWy, (B -1 5V,

Wiyt = Vout67t§VCyl = eryl ( Iy) oyl = chlyl =y,
_ L o s (ly) z/chyl __ 2%2 SR "2 OR_ Qup
T W) T T
2 2

1 oV, ( -1 2R 3 Ven / 2 S
uy = or= or= T—= 3
T W) ST )

Substitute and simplify.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_l14

Using the given data:
Vou =80 mmy/s

out

1 mm, _ *1072
uy, AOOmm_l.o 10

0.1 mm _ -3
U B =67%10

0.1 mm —_10%102
u,_ IOmm_l‘O 10

_10 mm, _ -1
%e_ (s m = 6-7*10

oy _4.5%107 = 6V, =3.4 mm/s
| Vou =80.0%3.6 mmys |
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_22

A hydraulic accumulator is designed to reduce pressure pulsations in a machine tool hydraulic system. For
the instant shown, determine the rate at which the accumulator gains or loses hydraulic oil (with a specific
gravity of 0.88).

5.75 gpm _L—f_r—> average speed = 4.35 ft/s

SOLUTION:

Apply conservation of mass to the control volume shown below.

A

ijpdV+Ipurel~dA:0 (1)
dt CcvV Cs

where
< Moy @)
dt dt

J‘purel'dAz_le+pI72A2 (3)
Cs

Substitute and simplify.
M,

dt _le +pI72A2 =0 (4)

M.,
dt

J'pdV:
cv

(0. -7t) ©)

Using the given data,
P = (0.88)(1.94 slug/ft* ) = 1.71 slug/ft3
01 =5.75gpm=128*%102ft’/s
v, =435fts
A2 n(1.25 in.)?/4 = 8.52*1073 {2
= |dMcvldt = -4.15%10 slug/s| The accumulator is losing oil.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_01

Construct from first principles an equation for the conservation of mass governing the planar flow (in the xy
plane) of a compressible liquid lying on a flat horizontal plane. The depth, /(x,?), is a function of position,
x, and time, £. Assume that the velocity of the fluid in the positive x-direction, u(x.), is independent of y.
Also assume that the wavelength of the wave is much greater than the wave amplitude so that the
horizontal velocities are much greater than the vertical velocities.

—> h(x,t)

liquid
’ u(x,t)

X

7
SOLUTION:

Apply conservation of mass to the fixed control volume shown below. Assume a unit depth into the page.

h(x1)
W Note that the mass flow
v 1— i u(x,?) rate at the center of the
x ! control volume is puh.
7
= dx
d
EjpdV+J‘purel-dA=0 (1)

cv cs
where
d 0 0
— dV =—(phdx)=—(ph)d
dz-[p o pheke) =5 (ph)d
cv My

J -t = (pun) s (o) (-3 1| (oun)+ £ (pun) ()|

CS

=My =Myight

zg(puh)dx

Substitute and simplify.
0 (ph)dx+§(puh)dx -0
X

o
0 0
—(ph)+—(puh)=0 2
ot (,0 ) ox (,D ) ‘ 2
If the fluid is incompressible, then Eqn. (2) simplifies to:

oh 0
—+—(uh)=0 3
ot 6x( ) )

C. Wassgren 373 2021-12-15

Page 1 of 1



NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS COM_10

In order to avoid getting wet, is it better to walk or run in the rain? Assume that the rain falls at an angle 6
from the vertical. Clearly state your assumptions and provide justification for your conclusion.
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