NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

3.5.6. Ideal Gases

One particularly important class of substances that is the ideal gas. An ideal gas is a model describing the
behavior of real gases in the limit of zero pressure and infinite temperature (i.e., zero density). It does not
account for the interaction between molecules of the gas (e.g., inter-molecular forces). Nevertheless, the ideal
gas model is a reasonably accurate model for gases where the system pressure is less than 0.05 times the
critical pressure or the system temperature is more than twice the critical temperature (to be discussed).

3.5.6.1. Equation of State

An equation of state is a relationship between properties of a particular substance or class of substances.
Equations of state cannot be obtained from thermodynamics but are obtained either from experimental
measurements or from some molecular model. Note that there can be various types of equations of state,
e.g., two equations of state for an ideal gas include a thermal equation of state which is the ideal gas law,
p = pRT , and a caloric equation of state which describes the relationship between the internal energy and
temperature, du = ¢, (T)dT .

Thermal Equation of State
The thermal equation of state for an ideal gas is given by what is commonly referred to as the ideal gas law,

p=pRT or pv=RT or pv=RyT or pV=mRT or pV =nRyT, (3.79)

where p is the absolute pressure of the gas, p is the gas density (= 1/v, i.e., the inverse of the specific
volume), R is the gas constant for the gas of interest, and T is the absolute temperature. The quantity @ is
the specific volume on a per mole basis, e.g., [0] = m®/mol, V is the volume, e.g., [V] = m®, m is the mass,
e.g., [m] = kg, and n is the amount of the substance, e.g., [n] = kmol. The quantity Ry is the universal gas
constant (discussed in the following notes).

Notes:

(1) Absolute pressures and temperatures must be used when using the ideal gas law or anything derived
from the ideal gas law.

(2) The gas constant, R, will be different for different gases. The gas constant can be determined in
terms of the universal gas constant,

Ry
R = Tiia (3.80)
where Ry = 8314J/(kmol - K) = 1545.4 (ft - 1bg) /(Ibyor - °R) = 1.986 Btu/(1bpel - °R) and MW is
the molecular weight of the gas. The gas constant for air is R,;, = 287J/(kg - K) or, in English
units, Rair = 53.3 (ft - Ibg)/(Iby, - °R). Note that MW,;, = 28.98 kg kmol 1.
(3) The compressibility factor, Z, is defined as,

_o_ P

" RT  pRT’
If Z ~ 1 for a gas, then it can be modeled well with the ideal gas model. The compressibility
factor, Z, is plotted in Figure 3.27 for a variety of substances as a function of the reduced pressure,
p/pe, and reduced temperature, T/T., where p. and T, are the critical pressure and temperature for
the substance. Note that the critical temperature is the temperature above which a gas cannot be
liquefied no matter how large a pressure is applied. The critical pressure is the minimum pressure

for liquefying a gas at the critical temperature.
(a) For values of p/p. < 0.05 or T/T. > 2, Z =~ 1 so in this range the ideal gas model works well.
(b) Table 3.1 lists the critical temperature and pressure values for various substances.

(4) One should be careful in treating superheated water vapor, i.e., steam, as an ideal gas. Figure 3.28
shows a T -v plot for water. The points in the plot are the relative error between a specific volume
found using the thermodynamic property table, which is very accurate, and the specific volume
using the Ideal Gas Law, which is approximate ([|vtable — Videal|/Vtable] * 100%). The shaded area in

(3.81)
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: _Jen Su. “Modified Law of Corresponding States,” Ind. Eng. Chem.
[Source: Gour-len =%, (international ed.) 38 (1946), p. 803.]
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FIGURE 3.27. A plot of the compressibility factor Z as a function of the reduced pressure
Pr = p/p. for different reduced temperatures T = T/T..

TABLE 3.1. Critical temperatures and critical pressures for various gases.

Gas | T. [K] | pe [atm]
air | 132.41 37.25
He 5.19 2.26
Hy 33.24 12.80
N, 126.2 33.54
Oy | 154.78 | 50.14
CO2 | 304.20 | 72.90
CO | 13291 34.26

the plot is the region where the relative error is less than 1%, i.e., the region where steam can be
reasonably modeled using the Ideal Gas Law. As a rule of thumb, it’s better to use the property
tables for water in the superheated vapor region rather than assuming ideal gas behavior.
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FI1GURE 3.28. A T -v plot for water. The numbers on the isobars indicate the relative error
in the specific volume found from the table vs. the Ideal Gas Law, i.e., [[Utable — Videal|/Vtable) *
100%. The shaded error is the region where the relative error is less than 1%, i.e., using the
Ideal Gas Law in this region will give an accurate prediction of the specific volume. The
figure is Figure 3.49 from Cengel, Y.A. and Boles, M.A., Thermodynamics - An Engineering
Approach, 5th ed., McGraw-Hill.
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A tank contains 0.5 m® of nitrogen (N2) at -71 °C and 1356 kPa (abs). Determine the mass of nitrogen, in
kg, using,

a. the ideal gas model, and

b. data from the compressibility chart.

SOLUTION:
Using the ideal gas model,
5 __RT
pv=RT = v=—, 1)
p
Using the given data,
P 1356*10° Pa
T -71°C=202K
R = 8314 J/(kmol K)
= v =1.23 m¥/kmol

The molecular weight of N2 is M = 28.01 kg/kmol. Hence,
v= % = v=0.0442 m/kg Q)

The mass may be found from the specific volume and the volume of the tank,
m=K = m=11.31kg 3)
v
using V'=0.5 m’.

In order to use the compressibility chart, we must first calculate the reduced temperature and reduced
pressure. Note that the critical temperature and critical pressure for Nz are 7. = 126 K and p. = 33.9 bar (=
33.9*10° Pa). Hence,

T
Tp=7 = Te=1603, “
_p —
pr=— = pr=0.400. Q)
P.
Using the compressibility chart (e.g., Figure A-1 from Moran et al., 7" ed.) with these reduced values,
Z=0.98. (6)

Hence, the specific volume using the compressibility chart will be 0.98 times the specific volume using the
ideal gas law (where Z = 1, Eq. (2)),
v =0.0433 m¥/kg. @)

Thus, from Eq. (3), the mass is,
m = 11.54kg )

The relative error in using the ideal gas model is,

£= mideal gas - mcompressibility , (9)

mcompressibility
£=10.020. (10)
Assuming ideal gas behavior only results in a 2% error in the calculation of the mass, which is sufficiently
small for most engineering calculations.
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Caloric Equation of State

Now let’s return to a discussion of the caloric equation of state for an ideal gas. Since an ideal gas is considered
a simple, compressible system, the internal energy, u, is uniquely determined by two properties. Here we’ll
use the properties of temperature, T', and specific volume, v(=1/p),

u=u(T,v), (3.82)
so that any change in the internal energy is given by,
Ju Ju
du=—| dT+ —| dv. 3.83
“=or) M T e, (3.83)
Utilizing our definition for specific heat given in Eq. (3.67) we have,
0
du = ¢, dT + Ll (3.84)
ov | p

The second term on the right-hand side of Eq. (3.84) is zero for an ideal gas. (This can be shown using
Maxwell’s relations, a topic not addressed in these notes. See for example, Moran and Shapiro, Fundamentals
of Engineering Thermodynamics, 3rd ed., Wiley, Section 11.4.2.) Thus, the internal energy of an ideal gas,
u, is a function only of the temperature,

d
uw=u(T) = du= %dT. (3.85)
Using the definition given in Eq. (3.67) we have,
du = ¢, (T)dT. (3.86)
Integrating both sides and noting that the specific heat can be a function of temperature in general,
T
U — Uref = / Cy (T)dT, (387)
Tret
where the subscript “ref” indicates some reference state. Evaluating at two different states,
T2
Uy — U] = / co(T)dT. (3.88)
Ty

The specific enthalpy is also only a function of temperature for an ideal gas as shown below,
h=u+2=u+RT = h=n(T). (3.89)
p

Taking the derivative of the specific enthalpy with respect to the temperature and using the definition given
in Eq. (3.68) we see that,

dh = %dT = ¢,(T)dT, (3.90)
T
B — et = / ¢, (T)dT, (3.91)
Tref
or,
T>
hz - hl = / CP(T)dT, (392)
T

where ¢, is the specific heat at constant pressure which can, in general, be a function of temperature and the
subscript “ref” indicates some reference state. In addition,

dh = du+ RdT = ¢,dT + RdT, (3.93)
= (¢y + R)dT. (3.94)
Comparing Eqs. (3.90) and (3.94) we see that the specific heats for an ideal gas are related in the following

manner,
o=eeh] 59
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The specific heat ratio, k, defined as,

N (3.96)

Cv

appears frequently in thermo-fluid systems. Other helpful relations that can be derived by combining
Egs. (3.95) and (3.96) include,

=t (3.97)
Co = ——. (3.98)

Notes:

(1) When the temperature change for a process is sufficiently small (small depends on the substance,
but a few hundred Kelvin is a good rule of thumb), the dependence of ¢, and ¢, on temperature
can be reasonably neglected, i.e., ¢, = constant; and ¢, = constants. As a result, Egs. (3.88) and
(3.92) may be written as,

U2 — U = Cv(TQ — Tl), (399)
hg — h1 = Cp(Tg — Tl). (3100)

An ideal gas with constant specific heats is referred to as a perfect gas.

(2) The values for ¢, and ¢, as a function of temperature have been tabulated for various gases in the
back of some textbooks, e.g., Table A-20 in Moran et al., 8th ed.

(3) Since air is a frequently used substance in engineering, the values for several properties, such as
specific internal energy and specific enthalpy, taking into account the temperature dependence of
¢y and ¢, have been tabulated in some textbooks, e.g., Table A-22 in Moran et al., 8th ed.

(4) Plots of the variation in the specific heat at constant pressure made dimensionless by the universal
gas constant (¢,/Ry) for various gases are shown in Figure 3.29. Note that for air the specific heat
does not vary more than approximately 12% over a few hundred Kelvin in the range T > 270 K.
Hence, a perfect gas assumption for air flows in this range and a temperature change of less than a
few hundred Kelvin is reasonable. Obviously it would be more accurate to account for the variation
due to temperature. The specific heat temperature dependence can be predicted from statistical
mechanics models. The variations in specific heat are due to the activation of different energy
storage modes (e.g., vibration and rotation) within the gas molecules at different temperatures.
More detail on this topic can be found in Callen, H.B., Thermodynamics and an Introduction to
Thermostatistics, Wiley.
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One kilogram of air, initially at 5 bars (abs) and 77 °C, and 3 kg of carbon dioxide (CO»), initially at 2 bars
(abs) and 177 °C, are confined to opposite sides of a rigid, well-insulated container. The partition is free to
move and allows conduction from one gas to the other without energy storage in the partition itself.
Determine:

a) the final equilibrium temperature

b) and the final pressure

You may assume that the specific heats for both the air and CO: remain constant over the range of
temperatures: c¢v,i—0.726 kJ/(kg-K); ¢v,c02=0.750 kJ/(kg-K); ¢p.air=1.013 kJ/(kg-K); ¢p.c02=0.939 kJ/(kg-K)

COz air . .
3 ke I ke well-insulated, rigid tank
initially at initially at
2 bars 5 bars
177 °C 77 °C

movable,

conductive

partition

SOLUTION:

Apply the 1% Law to the following CV.

[iininininininininininininininininln _______________':
1 CO2 air i . ..
L3 kg 1 ke ! well-insulated, rigid tank
 initially at initially at
i 2 bars 5 bars !
i 177 °C 77 °C |

movable,

conductive
partition
AE‘CV = Qimo + VVon (1)
(&% (&%

where
AEcv = AUcv = Uf» —U,- = My, (Ucoz,f —Uco, ) +m,, (uair,f - uair’,.)
0.0 =0 (well-insulated tank)
CcvV
W, =0 (rigid tank)
CcvV

Assuming constant specific heats (perfect gases) and simplifying COE gives:

mCOz cv,COz (TCOZ,f - TCOZ,i ) + maircv,air (T;ir,f - Y;ir,i ) = 0

Since the partition is conductive, Tt,, , =T, , =T, resulting in:

mCOz CV,COZ (Tf - TCOZJ ) + maircv,air (]} - Tzﬂr,i ) = 0

. mC02 cv,COZ TCOZ S + maircv,air];ir,i
T, = @

f
Me €, co, +My,C,

air v, air
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Using the given values:

mco2 = 3kg

cveoz = 0.750 kJ/(kg-K)
Tcozi = 177°C=450K
Mair = 1 kg

Cv,air = 0726 kJ/(kgK)
Tari = 77°C=350K

= Iy = 426K=153°(

The final pressure in each compartment will be the same otherwise the partition would continue to move.
Use the ideal gas law to determine the final densities of the gases in terms of the final temperature and
pressure.

p
=pRT = p=-—— 3
p=p P=27 (3)

In addition, the total volume of the tank is the sum of the final volumes occupied by each gas.

Meo,

+ mair (4)
p CO,.f p air, [
— —_

tank =
=Vr'02 N iy
Combine Eqns. (3) and (4) and simplify.
Reo, T, R.T
+m

air” f

I/tank = mCOQ air
Py Py
p =m RCOZ ]} +m Rair]}
! €0 I/tank " I/tank
T
p/ = —(mCOZ RCOZ + mairRair ) (5)
Vvtank
The tank volume is known from the initial masses, pressures, and temperatures.
m _ R T, R.T.
ank = C02 + malr — mCO C02 (/02’ +mair air - air,l (6)
pCOZ,i pair,i : pCOZ,i pair,i
— 2 =
=V('()Z i Vi
Using the given data:
mco2 = 3kg
Rco2 = 0.1889 kJ/(kg-K)
Tcozi = 177°C=450K
pcozi = 2Dbar=202.7 kPa
Mair = 1 kg
Rar = 0.287 kl/(kg-K)
Tiri = 77°C=350K
pairi = 5 bar=506.63 kPa
Ty = 426 K (from previous part of the problem)

= [Vak = 1.46 m*|and [py = 250 kPa = 2.46 bai]
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A piston-cylinder assembly contains carbon monoxide modeled as an ideal gas with a constant specific heat
ratio of k£ = 1.4. The carbon monoxide undergoes a polytropic expansion with n = k from an initial state,
where the temperature is 200 °F and pressure of 40 psia, to a final state where the volume is twice the
initial volume. Determine:

a. the final temperature, in °F, and final pressure, in psia, and

b. the work done by the gas and heat transfer into the gas, each in Btu/lbm.

SOLUTION:
Treat the CO as an ideal gas. Hence,
pV=mRT or pv=RT.

)

Since the process is polytropic, — k________ |

n C pZ ‘/l ]n

pVi=cor p=— = —=|—|, @
4 Dy [Vz

where n = k= 1.4, for this case, and c¢ is a constant, which can be determined from the initial state. Note

that the mass of CO remains constant, so combining Eqs. (1) and (2) gives,

P2V _ T vi\"V2 _ T2 Vi n_l_Tz

er-n= ) a2 =% 9
Using the given parameters and Egs. (2) and (3),

p1 =40 psia

71 =200 °F =660 °R

n =k=14

V2 =20

= |p2=15.16 psia,

7> =500.2 °R = 40.19 °H

The work done by the gas may be found using,
A

v, v,
Wy = | pdV =c[V7"dV = ﬁ(v{" ~V™)= - (Vr—v)  @m# 1, 4)
Vi 4

n_n
pim v, 1,,1( I-n l—n)
=—m V. —V

by gas 2 1 >
y gas 1—n

<

®)

Wy gas — pl_vln(vl—n _vl—n)
m 1-n'" v

where the initial conditions have been used to determine the constant ¢. The specific volume v» may be

found using Eq. (1),

_RT

p
Using the given data,
Mco = 28.01 lbw/Ibmmol
R co = 1.986 Btu/(Ibmmol.°R)
p1 =40 psia = 5760 lbm/(ft.s?)
T = 660 °R
V2 = 2w
n =k=14
= Rco =0.07090 Btu/(Ibm.°R), vi = 8.124*107 {t*/lbm, v2 = 1.625*107 ft}/lb,m
= [Woy sas/m = 28.33 Btu/Ibu).

(6)

v

(M

The heat added to the gas may be found using the 1% Law applied to the gas,
Qimos S W sys
Xintosys _ Ausys 4 bysys , (8)

b;
Y sys m m

AE‘sys = Qimo sys Why sys = mAusys = Qinlo sys W
——

=AU,
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where kinetic and potential energies have been neglected. The change in specific internal energy of the
gas, assuming ideal gas behavior, may be found either through ideal gas tables at the appropriate
temperatures (e.g., Table A-23E of Moran et al., 7" ed.),

u, = 3275.8 Btu/lbmmol (at 71 = 660 °R) = u1 =117.0 Btu/lbm

i, = 2479.2 Btu/lbmmol (at 7> = 500 °R) = u> = 88.51 Btu/lbm
Note that u =u/M where Mco =28.01 lbm/Ibmmol. Hence, from Eq. (8) and the previously calculated

value for specific work,
IQinto gas/m =-0.16 Btu/lbml.

If we instead assume that the CO behaves as a perfect gas (an ideal gas with constant specific heats),
uz_ulzcv(Tz_T])s )

where ¢, = 0.178 Btu/(Ibm.°R) (from Table A-20E in Moran et al., 7" ed., at a temperature of 100 °F).
Thus,

Qinto gas/m =-0.11 Btu/lbm.
We get approximately the same result using either method.

It can be shown that the heat transfer is, in fact, identically zero for a polytropic expansion of an ideal gas
when n =k, as is the case here. Combining Eqgs. (6) and (7) gives,

Wbygas :pl_‘};l(vé—n_vll—n): (RTl/V1)V1n (V;—n _vll_n): RTIVIH (V;_n—vll_"):ﬂ[[vijln_ljl, )

m I-n 1-n 1-n I-n|{v

Wiy _ RT, (v_j ) 1]=ﬂ[(ﬁ][v_zj_ _1}&{(&](&]—1}, (11)
m I-n|{ v I-n|\ v, )\ v I=n|\v, )\ p,

where Eq. (2) has been used in the last step. Continuing to simplify,

Wi, RT [(RT R
= | 2 =1 = (T, T)) (12)
m I-n|\ RT, I-n
Since we’re told that n = k for this polytropic process,
W as R
%:H(Q—Tl):cv(n—ﬂ), (13)

where the relationship between the specific heat at constant volume, the gas constant, and the specific heat
ratio has been used for an ideal gas. Note that the right hand side of this expression is the change in the
specific internal energy, assuming a perfect gas (ideal gas with constant specific heats),

W as
—E oy —u, (14)
m

Thus, from the 1% Law, we must have Q = 0. Our previous answers were close to zero, but there is some
numerical error. Plus, the O = O result assumes constant specific heats, which isn’t exactly true.
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FIGURE 3.29. Plots of (A) ¢,/Ry as a function of temperature for various gases. (Figure
from 77?.) (B) ¢, as a function of temperature for air at various pressures. (Figure from
The Engineering ToolBox.)
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