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Abstract— We present a method for constructing linear
minimum-variance unbiased state estimators for discrete-time
linear stochastic systems with unknown inputs. Our design
provides a characterization of estimators with delay, which
eases the established necessary conditions for existence of
unbiased estimators with zero-delay. A consequence of using
delayed estimators is that the noise affecting the system becomes
correlated with the estimation error. We handle this correlation
by increasing the dimension of the estimator appropriately.

I. INTRODUCTION

In practice, it is often the case that a dynamic system can
be modeled as having unknown inputs. When the unknown
inputs are assumed to have some defined structure (such
as being bounded in norm), robust filtering techniques have
been developed to estimate the state of the system [1]. Re-
searchers have also proposed methods to optimally estimate
the system state when the unknown inputs are completely
unconstrained [2], [3], [4], [5]. These latter works revealed
that the system must satisfy certain strict conditions in order
to reject the unknown inputs. Furthermore, it was shown
in [5] that this decoupling might force the system noise to
become correlated with the estimation error (i.e., the noise
behaves as if it is colored). In [4], Saberi et al. showed
through a geometric approach that allowing delays in the
estimator can relax the necessary conditions for optimal
estimation. Delayed estimators were also studied in [6], but
the design procedure outlined in that paper did not fully
utilize the freedom in the estimator gain matrix, and ignored
the correlation between the noise and error [7].

In this paper, we study delayed estimators for linear
systems with (unconstrained) unknown inputs, and develop a
method to construct optimal linear estimators. More specifi-
cally, our goal is to estimate the entire system state through
linear recursive estimators that minimize the mean square
estimation error. In addition, we require that the estimator
be unbiased (i.e., the expected value of the estimation error
must be zero). Our approach is an extension of earlier work
on observers for deterministic linear systems with unknown
inputs [8], [9]. The fact that we incorporate delays in our
design procedure allows us to construct optimal estimators
for a much larger class of systems than that considered
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by [2], [3], [5]. Our approach is purely algebraic and is
more direct than the method in [4], which first transforms
the estimator into a dual system and then uses techniques
from Hs-optimal control in order to obtain the estimator
parameters. Finally, our design procedure avoids the problem
of colored noise described in [5] by increasing the dimension
of the estimator appropriately, and makes full use of the
freedom in the gain matrix, which produces better results
than the method in [6].

II. PRELIMINARIES

Consider a discrete-time stochastic linear system S of the
form

Trt1 = Az + Buy + wy,
yr = Cxp + Dug + v (1)

with state vector z € R", unknown input u € R™, output
y € RP, and system matrices (A4, B,C, D) of appropriate
dimensions. The noise processes wy and vy are assumed
to be uncorrelated, white, and zero mean, with covariance
matrices ()i and Ry, respectively. Note that we omit known
inputs in the above equations for clarity of development. We
also assume without loss of generality that the matrix [ 5] is
full column rank. This assumption can always be enforced by
an appropriate transformation and renaming of the unknown
input signals. Note that no assumptions are made on the
distribution of the unknown inputs (and that is the reason
for distinguishing between uj and the noise v; and wyg).

The response of system (1) over o+ 1 time units is given
by
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The matrices ©, and M, in the above equation can
be expressed in a variety of ways. We will be using the
following identities in our derivations:
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where (,_1 = [A*"'B A*?B ... B].

In the rest of the paper, we will be using E{-} to denote
the expected value of a stochastic parameter. The notation
I, represents the r x r identity matrix, and (-)7 indicates
matrix transpose. We are now in place to proceed with the
construction of an estimator for the states in S.

III. UNBIASED ESTIMATION

Consider an estimator of the form
241 = Az + K Yibta — Oazi) &)

where the nonnegative integer « is the estimator delay, and
the matrix K is chosen to (i) make the estimator unbiased
and (ii) minimize the mean square error between zx,; and
Zp+1. Note that for @« = 0, the above estimator is in the
form of the optimal estimator for systems with no unknown
inputs [10]. Using (2), we obtain the estimation error as

Ck+1 = Zk+1 — Th+1
= (A - KiO,) zi + KiYkkta — Az — Buy, — wy,
= (A - KiO4) ex + K Viika + KiMoUg.p1a
— Buy, + K My s Whik4a—1 — Wi - (6)

In order for the estimator to be unbiased (i.e., E{e;} =0
for all k, regardless of the values of the unknown inputs),
we require that

KyM,=[B 0 --- 0] . (7)

The solvability of the above condition is given by the
following theorem.
Theorem 1: There exists a matrix K, satisfying (7) if and
only if
rank [M,] — rank [M,_1] =m . (8)

Proof: There exists a K, satisfying (7) if and only if
the row space of the matrix R = [B 0 0] is in the
space spanned by the rows of M. This is equivalent to the
condition rank [ | = rank [M,]. Using (4) we get

v D 0
rank [ RO‘] =rank |On,_1B M,_1
B 0

By our assumption that the matrix [ 5] has full column rank,
we get rank [ M | = m + rank [M,_,], thereby completing
the proof. |

The result in the above theorem was also obtained in [6]
for the specific case of D = (. Note that (8) is the condition

for inversion of the inputs with known initial state, as given
in [11]. If we set @« = 1, condition (8) becomes
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X leB D

which is the well known necessary condition for unknown-
input observers and unbiased estimators that estimate x4 1
based on yy, and yx+1 [3], [5]. This is a fairly strict condition,
and demonstrates the utility of a delayed estimator. When
designing such an estimator, one can start with o = 0 and
increase « until a value is found that satisfies (8). An upper
bound on « is provided by the following theorem.

Theorem 2: Let q be the dimension of the nullspace of
D. Then the delay of the unbiased estimator (5) will not
exceed a« = n — ¢ + 1 time-steps. If (8) is not satisfied for
a =n — g+ 1, then unbiased estimation of all the states is
not possible with an estimator of the form given in (5).

The proof of the above theorem is immediately obtained
by making use of the following result from [12], which
considered the problem of system invertibility.

Lemma 1: Let q be the dimension of the nullspace of
D. Then there exists an « satisfying (8) if and only if
rank [M,,_,4+1] — rank [M,,_,] = m.

It is apparent from (6) that for o > 0, the error will
generally be a function of multiple time-samples of the noise
processes wy and vi. In other words, the noise becomes
colored from the perspective of the error. Darouach et al.
studied this situation for o € {0,1} in [5], and proposed
certain strict conditions for the existence of unbiased optimal
estimators with dimension n. Consequently, the estimators
proposed in that paper can only be applied to a restricted
class of systems. In the study of Kalman filters for systems
with no unknown inputs, it has been shown that colored noise
can be handled by increasing the dimension of the estimator
[10]. In the next section, we will apply this technique to
construct an optimal estimator for the system in (1). The
resulting estimator can be applied to a much larger class of
systems than the estimators presented in [5], [2], [3].

} =m+rank[D] ,

IV. OPTIMAL ESTIMATOR

If Theorem 1 is satisfied for o = 0, the noise in (6) will
not be colored, and an optimal estimator of dimension n can
be constructed. The resulting estimator is called an optimal
predictor in [5], and can be found by using the method in
that paper. To construct an optimal estimator for o > 0, we
will rewrite system S to obtain a new system S given by
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Note that the state vector in this new system has dimension
n = a(n + p) for « > 0. From (2), the output of this
augmented system over « + 1 time-steps is given by
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We notice that a portion of this equation is independent
of the noise vector n;, and so we can obtain some linear
functions of the state vector Z, directly from the output. We
will use the following definition and theorem to characterize
these linear functions.

Definition 1 (Rank-d Linear Functional): LetI' be adxn
matrix with rank d. Then the quantity 'z will be termed a
rank-d linear functional of the state vector Zy.

Theorem 3: For system (9) with response over v+ 1 time-
steps given by (10), let 5, be the dimension of the left
nullspace of M,_;. Then it is possible to obtain a rank-
(¢ linear functional of Zj, directly from the output of the
system.

Proof: Let P be a matrix whose rows form a basis for
the left nullspace of M,_;. Note that the dimension of P is
equal to

Bo = ap —rank[M,_1] . (11)

Define the matrix P = [75 0], where the zero matrix has
p columns. Using (4), we see that PM, = 0, and left-
multiplying (10) by P, we obtain PYj.x 1o = PO,Tx. From
the definition of ©, in (10), it is apparent that PO,, is full
row rank (with rank f3,), and so the theorem is proved. W

To estimate the remaining states of Zj, we choose a matrix
‘H such that the matrix

12)

is invertible. In particular, P and H can be chosen so that 7°
is orthogonal. Now consider the system S that is obtained
. T A z
by performing the similarity transformation 2, = L%Lk =
2,k
Tz, where 1, represents the first 3, states in 5. The

evolution of the state vector in this system is given by
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From Theorem 3, we see that £ j, is directly available from
the output of the system over o+ 1 time-steps, since &1 =
POLTr = PYi.k+a- Therefore, we have to construct an
estimator for Z ;, which evolves according to the equation

Topr1 = Ag1®1 g + Ago®a g + HBuy + HByny

= Aok + A21PYhkra + HBur + HByuny .
(13)

Let U be a matrix such that {Z} is square and invertible.

Define
R ZE) _|P
ol 2ol e
Using (3), (4) and (10), we note that
0 0
jMa = [QMJ ) JMn,a = |:gMn,a:| 3
a T __ Iﬁa O
\76047— - |:L1 L2:| b
where
[Li L] =GO6,T" . (15)
Left-multiplying (10) by J, we get
P s, O] 0
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We see that the first 5, rows of the above equation do not
contain any information about £5 . The remaining rows can
be written as

(g - Llp) Yk:k+a - L2§72,k + gMaUk:k+a + gMn,ank: .

(16)
To estimate &2, we use (13) and (16) to construct an
estimator of the form

Zkt1 = Aoz + A21PYgikta

+ K, ((G — LiP) Yickta — Lozi) , (17)

where K} is chosen to (i) make the estimator unbiased
and (ii) minimize the mean square error between zx,; and



29 g+1. Using (13) and (16), we find the error between the
two quantities to be

Chtl = Zhtl — T2 kt1
= (Ag2 — KiLs) e, + (KxGMypo — HBy) ny,
+ (KxGMo — [HB 0 0]) Ukikta -

Note that the noise in (18) is no longer colored from the
perspective of the error, allowing us to construct an optimal
estimator. For an unbiased estimator (i.e., E{e;} = 0), we
require that

(18)

KyGMy=[HB 0 --- 0 (19)

The solvability of the above condition is given by the
following theorem.

Theorem 4: There exists a matrix K}, satisfying (19) if
and only if rank [M,] — rank [M,_1] = m.

Proof: Arguing as in the proof of Theorem 1, there
exists a K, satisfying (19) if and only if the row space of
the matrix S = [HB 0 0] is in the space spanned
by the rows of GM,. This is equivalent to the condition

rank {gi\s{a] = rank [GM,| (20)

Since PM,, = 0, we use (4) and (14) to get

[PM,
rank G Mo =rank | GM, | = rank Mo
S S
| S
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Left-multiplying the second row in the above expression by
‘P and inserting the result into the matrix, we obtain

D 0
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rank{ g }rank ﬁéatlg 0
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Since P = [75 0], we have PO,_; = PO,,. This, along
with the definition of 7 in (12) and our assumption that the
matrix [ 53] has full column rank, gives us

D 0

rank {gi\g"‘] =rank {Oq_1B M,y
B 0
= m + rank [M,_1]

Finally, we note that rank[GM,,] = rank[J M,,] = rank[M,]
in (20), and this concludes the proof. [ ]

The condition in the above theorem is the same as the one
in Theorem 1. This means that the upper bound on the delay
provided by Theorem 2 also applies to the reduced order
estimator in (17).

To solve (19), we note that if the condition in Theorem 4 is
satisfied, then the rank of GM,, will also be m+rank[M,_1].
Let N be a matrix whose rows form a basis for the left

nullspace of the last am columns of GM,,. In particular, we
can assume without loss of generality that A satisfies

NGM, = {0 0} 21

I, O
Note that GM,, has (« + 1)p — B, rows, and the last am
columns of the matrix have the same rank as M,_;. Using
the expression for 3, given in (11), the number of rows in
N is given by

dim (A') = (o + 1)p — flo — rank[Mo_1] = p .
From (19), we see that K must be of the form

K, = KN (22)

for some IA(k = [I?Lk IA(M}, where IA(;L,;C has p — m

columns and I?Q’k- has m columns. Equation (19) then
becomes

(R Ra] |1 0] =18 0]

(23)
from which it is obvious that K- 2k = ‘HB and K 1,k 1s a free
matrix.

Returning to equation (18), define

|:q)1:| ENL27 |:\I]1:| ENgMn,oc ) (24)

0 Uy

where ®, and ¥, have m rows each. Substituting (22) into
(18), the expression for the estimation error can be written
as

€k+1 = ((Azz — HB(I)Q) - 1?1,141)1) €k

+ (H (BY, — By,) + I?Lk\Ifl) ne . (25)
Denoting
AEAQQ—HB(I)Q, BEH(B\IJQ—BTL) s
_ Ty _ |@kta—1 0
Hk = E{nknk} = |: 0 Rk+a:| ) (26)

we use (25) to obtain the error covariance matrix

Skt1 = Elerieig}
= AN AT + BILBT — Ky, (AS0T — BIL0T)"
— (Aze] - BI,97) KT,

+ Ky (015,07 + w1, 97) KT, 27)

The matrix K 1, must be chosen to minimize the mean
square error (or equivalently, the trace of the error covariance
matrix). Recall from the definition of Kj, in (22) that K j
will have p — m columns. This means that there will be no
freedom to minimize the mean square error if the number of
outputs is equal to the number of unknown inputs. If p > m,
we take the gradient of (27) with respect to K ; and set it
equal to zero to obtain the optimal gain as

Ryp = (AT — BILUT) (85,07 4 w11, 07) ™
(28)



Substituting this expression into (27), we get the optimal
covariance update equation to be

Yep1 = ASp AT + BILBT
— (AS®T — BIUT) (015,87 + Uy T, 07) " x
(Aspo? - B, e’ . (29)

Note that equations (28) and (29) require the calculation of a
matrix inverse. If this inverse fails to exist, it can be replaced
with a pseudo-inverse [10].

We can now obtain an estimate of the original system
states as follows. Using (22) and (23), we get the estimator
gain in (17) to be

Ky =Ry HB|N (30)
where K 1% 1s specified in (28). The estimator is initialized
with initial state zo = HE{Zo}, which will ensure that e

will have an expected value of zero. The estimate of the
original state vector in (1) is given by

n= [ 0T 0] 77 [PREe]

and the estimation error for the state vector Zj is given by

PYk+1:k+a+1:| _ |:£1,k+1:| _ [ 0 }

€rr1 =
[ Zk+1 T2 k+1 €k+1

where ey is defined in (18). The error for the augmented
system in (9) (with state vector Zx) can then be obtained as

ehp1 =T eppr =H exqa (32)
and the error covariance matrix of the original state vector
is given by

_ _ ITL
Zw,k:+1 = [In O} E{ek+1e£+1} |:O:|

=[I, OJH"S, 1 H [ﬂ , (33)
where Y41 is given by (29). The trace of the above
covariance matrix will be the mean square estimation error
for the state vector in the original system. The initial error
covariance matrix for the update equation (29) can also be
obtained from (32) as X = HXgHT, where £y = E{eoed }
is the initial error covariance matrix for the augmented
system in (9).

Remark 1: Note that the estimator uses the output of the
system up to time-step k + « in order to estimate xj. In the
Kalman filter literature, such estimators are known as fixed-
lag smoothers [10], where a lag of « is used to obtain a better
estimate of the state zj_, (i.e., to reduce the mean square
estimation error). In contrast, for the systems considered in
this paper (which have unknown inputs), delays are generally
necessary in order to ensure that the estimate is unbiased.

V. DESIGN PROCEDURE

We now summarize the steps that can be used in designing
a delayed estimator for the system given in (1).

1) Find the smallest « such that rank[M,] —
rank [M,_1] = m. If the condition is not satisfied
for « = n — q+ 1 (where ¢ is the dimension of

the nullspace of D), it is not possible to obtain an
unbiased estimate of the entire system state.

2) Construct the augmented system given in (9).

3) Choose P = [P 0] and H so that 7 = [Pffu} is
orthogonal, and P is a basis for the left nullspace of
M, _1. Also choose U and form the matrix G given in
(14).

4) Find the rank-p matrix A satisfying (21).

5) Form the matrices Ly, Lo, [} ], and [ 3] from (15)
and (24). R

6) At each time-step k, calculate K ) using equation
(28), and update the error covariance matrix using
equation (29).

7) Use (30) to obtain the estimator gain Kj.

8) The final estimator is given by equation (17). The
estimate of the original state vector is given by (31),
with error covariance matrix given by (33).

VI. EXAMPLES
A. Example 1

Consider the system given by the matrices
01 1 11
T S T

0 1 0 0
o[ 1] o= [0 Y me oo

It is found that condition (8) holds for a« = 2, so our
estimator must have a minimum delay of two time-steps.
The state and noise vectors in the augmented system will be

T 17 1T Wg+1
v v ng =
k k+1} ) [UHJ

e =[] Wl

Using Theorem 1, we find 3, = 2 and choose

B 064 —-0.34 034 0 U= 01 1 0
| =036 —-0.34 034 0 |’ {00 0 1|’
and
0 0o 1 0 0 0 0 0
04 013 0 08 —0.13 0.15 —0.15 0
H— 0.4 -064 0 —-0.03 0.64 0.03 —-0.03 0
- —-04 -0.13 0 0.15 0.13 0.85 0.15 0
04 013 0 -0.15 -0.13 0.15 0.85 0
0 0 0 0 0 0 0 1

The matrix N in (21) is then given by N = [ %23 ' 0].
We use (15) to obtain the matrices L; and Lo, and from
equation (24), we get
o |1 —-043
Dyl | O 0.73

-0.39
-0.19

—0.57
0.27

—123 1
073 0|~
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Since ®5 and W5 have m = 2 rows, ®; and W; are empty
matrices. Therefore, in this example, we have no freedom to
minimize the trace of the covariance matrix (i.e., all of the
freedom in the estimator gain is used to obtain an unbiased
estimate). Using (30) (and the fact that K ; is the empty
matrix), we get the gain to be

0 0 0 0

—0.1108 0.4436 —0.4436 0

K, — —0.4888 0.4221 —-0.4221 O
0.1108 —0.4436 0.4436 0

—0.1108 0.4436 —0.4436 O

0 0 0 0

The final estimator is given by (17) and an estimate of
the original system states can be obtained via equation
(31). To test this estimator, the system is initialized with
a random state with zero mean and covariance matrix I.
A set of sinusoidal signals is used as the unknown inputs
to the system. The estimator is initialized with an initial
state of zero, and the resulting estimates are shown in
Fig. 1. Note that the estimated state should technically be
delayed by two time-steps (since our estimator has a delay
of a = 2), but we have shifted the estimate forward for
purposes of comparison. After allowing equation (29) to run
for several time-steps, we find the error covariance matrix
for the original system state (equation (33)) converges to

5 0.1156 —0.0320
71 —=0.0320  0.0400 |
which has a trace of 0.1556.
B. Example 2
Consider the following example from [6].
A = diag(0.1,0.2,0.3,0.9), B = [ﬂ , Qr=0.01I ,
2

100 O 0 0

c=[ 100 0] o0 Y. mmoo,.

Once again, we find that (8) is satisfied for a = 2. Following
the procedure outlined in this paper, we find that the error
covariance matrix converges to a matrix with a trace of
0.2824. In contrast, the trace of the error covariance matrix
for the estimator constructed in [6] converges to 0.3778,
which is approximately 34% worse than the performance
achieved by our estimator. This discrepancy arises from the
fact that the procedure in [6] ignores the correlation between
the error and the noise.

VII. SUMMARY

We have provided a characterization of linear minimum-
variance unbiased estimators for linear systems with un-
known inputs, and have provided a design procedure to
obtain the estimator parameters. We have shown that it

6 T

T T
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.
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Fig. 1. Simulation of system and estimator.

will generally be necessary to use delayed measurements in
order to obtain an unbiased estimate, and that these delays
cause the system noise to become colored. We increased the
dimension of our estimator in order to handle this colored
noise. The resulting estimator can be applied to a more
general class of systems than those currently studied in the
literature.
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