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(sqgrt (sqgrt x))

(D (D 1))

(map (lanmbda (x) ... (map (lanbda (y) ...) ..) ..) ..)
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maxminf (x,y)
Xy
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The Essence of Forward-Mode AD

flo f'lo_ (0 » ()
f(ct+e)= o T ety &t e e

Taylor, B. (1715).Methodus Incrementorum Directa et Inveréandon.
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The Essence of Forward-Mode AD

f(c) f'(c) f’(c f0(c) |
f(ct+e)= (()!)+ 1(!)54— 2(!)52—1—--'4— i!( )5'+---

To computeD f c:
o evaluate at theterm c + ¢ to get apower series
@ extract the coefficient of, and
o multiply by 1! (noop).

Key idea: Only need output to befinite truncated power seriegs+ be.
The inputc + ¢ is also a truncated power series.

Can do anonstandard interpretationf f over truncated power series.
Preserves control flow: Augments original values with derivatives.
(D f)is O(1) relative tof (both space and time).
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Arithmetic on Complex Numbers

a+ bi

Hamilton, W. R. (1837)Theory of conjugate functions, or algebraic couples
with a preliminary and elementary essay on algebra as the science of pure
time Transactions of the Royal Irish Acadeny(1):293-422.
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the London Mathematical Societ§,381-95.
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Dynamic OverloadingsCMUTILS

(define-structure bundle prinal tangent)
(define (primal p) (if (bundle? p) (bundle-prinal p) p))
(define (tangent p) (if (bundle? p) (bundle-tangent p) 0))

(define +
(let ((+ +))
(lanbda (x1 x2)
(make-bundl e (+ (primal x1) (prinmal x2))
(+ (tangent x1) (tangent x2))))))

(define *
(let ((+ +) (* *))
(lambda (x1 x2)
(make-bundle (* (primal x1) (primal x2))
(+ (* (prinmal x1) (tangent x2))
(* (tangent x1) (primal x2)))))))

(define ((Df) x) (tangent (f (nake-bundle x 1))))
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F<F<doubl e> > f(F<F<doubl e> > x) {return 2xx*xx*X;}
F<F<doubl e> > x;

x.diff(0, 1);
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T X;

Slow andinconvenient

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs

Yale March 2009

9/67



Static OverloadingrADBAD ++

doubl e f(double x) {return 2xx*x*x;}
doubl e x;
... f(x)

F<doubl e> f (F<doubl e> x) {return 2xxxxx*x;}
F<doubl e> x;

x.diff(o, 1);

... f(x).d(0)

F<F<doubl e> > f(F<F<doubl e> > x) {return 2xx*xx*X;}
F<F<doubl e> > x;

x.diff(0, 1);

x.diff(0, 1).diff(0,1);

... f(x).d(0).d(0)

tenpl ate <typenane T>

T f(T x) {return 2xxxxxXx;}
T X;

Slow andinconvenient

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs

Yale March 2009

9/67



Our API for Functional Forward AD

Differential geometry bundles poini&’ in a manifold with tangent vectoi®”
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Our API for Functional Forward AD

bundle : R"xRA— (R">Rf)

Differential geometry bundles poini®’ in a manifold with tangent vectoi®”
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — R
tangent : (R">R") — RS

Differential geometry bundles poini&’ in a manifold with tangent vectoi®”
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — RO
tangent : (R"r>Rf) — RA
j* i (B RM) - (B> R - (B" > RF)

Differential geometry bundles poini&’ in a manifold with tangent vectoi®”
j * maps dunctionto its push forward
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Our API for Functional Forward AD

bundle : R"xR"— (R"r>Rf)
primal : (R">RY) — RO
tangent : (R"r>Rf) — RA
i* : R"—>R™ - (R">RH) — (R">RM))

Differential geometry bundles poini&’ in a manifold with tangent vectoi®”
j * maps a function to itpush forward
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Our API for Functional Forward AD

bundle : R"xR"— (R">Rf
primal : (R">RM) — R
tangent : (R">Rf) — RA
j* o (BRV-RM) - (B> B - (B" > )

Differential geometry bundles poini&’ in a manifold with tangent vectors”
j * maps a function to itpush forward
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Our API for Functional Forward AD

bundle : 7x7 — (r>7)
primal : (r>7)—7
tangent : (7> 7)— T
j* ¢ (m—on) - (e ) = (> 7))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward
Generalize to arbitrary types
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Our API for Functional Forward AD

bundle : 7x 7 = (r>7)
pri nal (t>7)—r
tangent : (7> 7)— T
j* (1 —=12) = (> ) = (2> 73))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?
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Our API for Functional Forward AD

bundle : 7x7 — (r>7)
primal : (r>7)—>7
tangent : (7> 7)— T
j* ¢ (momn) - (e ) = (> 7))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as 7
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Our API for Functional Forward AD

bundle : 7x7 — 7
primal : T -7
tangent : T — 7
j* 1 (nom) = (7 — )

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?
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Our API for Functional Forward AD

bundle : 7x 7 — 7

primal : T -7

tangent : T — 7
- RN N
J ¢ (m—1m)— (11— )

Differential geometry bundles poin&" in a manifold with tangent vectof&"
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a discrete value or a function?

Can abbreviate > 7 as7

Sometimes writg¢ * as./
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Our API for Functional Forward AD

bundle : 7x 7 — 7
primal : T -7
tangent : T — 7
j*  (nom) = (7 —7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward

Generalize to arbitrary types
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Our API for Functional Forward AD
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primal : T -7
tangent : T — 7
j*  (nom) = (7 —7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)

Differential geometry bundles poini&’ in a manifold with tangent vectofs’
j * maps a function to itpush forward
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Our API for Functional Forward AD

bundle : 7x 7 — 7
primal : T -7
tangent : T — 7
j*  (nom) = (7 —7)
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(D f)
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j*  (nom) = (7 —7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ...) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectofg’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent of a dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj

Whatis(j* j*)?

Convenient

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 10/67



Our API for Functional Forward AD

bundle : 7x7 — 7T

primal : T -7

tangent : T — 7

j*  (nom) = (7 —7)

(define ((D f) x) (tangent ((j* f) (bundle x 1))))
(D f)
(D (D f))
(D (lambda (x) ... (D (lanbda (y) ...) ...) ..) ..)

Differential geometry bundles poini&’ in a manifold with tangent vectofg’
j * maps a function to itpush forward

Generalize to arbitrary types

What is the tangent ofa dlscrete value or a function?

Can abbreviate > 7" as T

Sometimes writg * asj
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A property
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A property

X : R" X :R" f:R" - RM
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A property

x: R" X RN f:R" - RM
(7 1) 0li,j] = 20
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X : R" X :R" f:R" — RM
(7 O =28l (T 6)x) : rm
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X : R" X :R" f:R" - RM

(DN =28 (T 5% R™N ((71)x) RS R
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X : RN X RN f:R" - RM
(7 )Wl = 2@ (7 1% k™0 (71 B0 LR
(primal ((j* f) (bundle x X))) =(f X
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R
(primal ((j* f) (bundle x X))) =(f X

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
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X : R" X :R" f:R" - RM

(T 00 = 2B (TR (7Hx R LR
(primal ((j* f) (bundle x X))) =(f x

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
(tangent ((j* f) (bundle x X))) =((Jf)x) X)
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R

(primal ((j* f) (bundle x X))) =(f x

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 11/67



X : R" X :R" f:R" - RM

(T 00 = 2B (TR (7Hx R LR
(primal ((j* f) (bundle x X))) =(f x

(tangent ((j* f) (bundle x X))) =(Jf)x) x X
(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]
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X : R" X :R" f:R" — RM

(7 )i =250l (T Hx:R™N (F1)%) R =R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f.R" L R
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:R0 L RM

0/1 matrix, every row has exactly one 1
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:R0 L RM

0/1 matrix, every row has exactly one 1

(T Hx
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:R0 L RM

0/1 matrix, every row has exactly one 1

(7 )% = Z5all
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:R0 L RM

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T X =5 {O otherwise
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)
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st _ )1 when(f x)[i] = x[j]
(T X =5 {O otherwise =f
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X : R" X :R" f:R" - RM

(T DX = 2R (T X :R™ (T f)x) R 5 R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:R0 L RM

0/1 matrix, every row has exactly one 1

(7 1) %) = 200 — {1 when(f x)[i] = x[j

0 otherwise
whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

=f
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X : R" X R" f:R" - RM

(T Qi) =2 (F6)x R (T )% RS R

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:Rrn 5 RM

0/1 matrix, every row has exactly one 1

(7 1)) = 200 — {1 when(f x)[i] = x[j

0 otherwise
whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

=f
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X711

1T fimp—m

(T 1) W,) = Zet (THX:m 5w

(primal ((j* f) (bundle x X))) =(f x

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal x)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:m L [y

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T X =5 {O otherwise =f

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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X:T1 tT1 f:m—m

(7 1) 0li,j] = 2! (T :im =

(primal ((j* f) (bundle x X))) =(f ¥

(tangent ((j* f) (bundle x X))) =(Jf)x) x X

(tangent ((j* f) (bundle x X))) =((Jf)x) X)

((j* f) x) =(bundle (f (primal X)) (((Jf)(primal x)) (tangent x)))
rearrangement functior{vi) (3j) (f x)[i] = x[j]

f:m L T

0/1 matrix, every row has exactly one 1

st _ )1 when(f x)[i] = x[j]
(T X =" {O otherwise =f

whenf is a rearrangement function
((j* f) X =(bundle (f (primal x)) (f (tangent x)))
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What is the tangent cft ?
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What is the tangent cft ?

What if we taket#tt” = #f ?
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t xy) —(# xYy but f:(#f xy) —(# y X
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function

((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t xy) —(# xYy but f:(#f xy) —(# y X

f is a rearrangement function
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function

((j* f) x) =(bundle (f (primal x)) (f (tangent x)))
f:(#t xy) —(# xYy but f:(#f xy) —(# y X

f is a rearrangement function

((j+ f) (bundle (#t xvy) (# X ¥)))
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) — (#t x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X 7VY)))

=(bundle (#t x vy (# Yy X))
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) — (#t x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X 7VY)))

=(bundle (#t xvy) (#f Yy X))
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) — (#t x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X 7VY)))

=(bundle (#t xvy) (#f Yy X))
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What is the tangent cft ?

What if we taket#tt” = #f ?

whenf is a rearrangement function
((j* f) x) =(bundle (f (primal x)) (f (tangent x)))

f:(#t xy) — (#t x Y but f:(#f xy) —(# y X
f is a rearrangement function

((jr f) (bundle (#t xy) (# X 7VY)))

=(bundle (#t x vy (# Yy X))

Problem avoided if we tak#t’ = #t
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Whatis(j * j*)?

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 13/67




Whatis(j * j*)?

whenf is a rearrangement function
((j*x f) x) =(bundle (f (primal x)) (f (tangent x)))
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Whatis(j * j*)?

whenf is a rearrangement function
((j*x f) x) =(bundle (f (primal x)) (f (tangent x)))

bundl e, pri mal ,t angent , andj * are rearrangement functions
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Whatis(j * j*)?

whenf is a rearrangement function
((j*x f) x) =(bundle (f (primal x)) (f (tangent x)))

bundl e, pri mal ,t angent , andj * are rearrangement functions
((j* bundle) x)=(bundle (bundle (primal x)) (bundle (tangent x)))
((j* primal) x)=(bundle (primal (primal x)) (primal (tangent x)))

((j* tangent) x)=(bundle (tangent (primal x)) (tangent (tangent Xx)))
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X

n = (J T Xo) x X§

=
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=
= f XoX§
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y=AXX
=f(x)

Xq = (J f Xo) x X§

=
= f XoX§

o= (J f x0)" x Xn

N ¢ Ay
= f Xg Xp
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Xaliil= ' x0 §
= (T f x0)[;]
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= (B xA)xXx
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Li R
l !

L — 0 u

U =D u xi-1[R]
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Li R S
| ! |
1
1
L — 0 b/l blz
1
R — 1
S - 1
1

by = D1 bi (xi—1[Ri], xi—1[S])
by = Do bi (xi—1[R], Xi—1[S])
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Xi—1[1]

AL — 1]

b, x X 3[R] + by x X 7[S]
Xi—1[Li + 1]

%7R]

1[S]

5 1im

Jeffrey Mark Siskind (Purdue/ECE)
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Xicr = fi X1 X
= (Jfix) x X

i . e
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L+ 1] - 1 ilLi+ 1
Y x “xi[Li] + "xi[R] u 1 ?{[R]
xm L)\ Sim

u =D U Xi—1[R]
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Xi—1
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0
Xi[Li + 1
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wkﬁm+2m

i
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A (Not So) Brief Tutorial on AD

X1 = f]_ Xo
X{I = f{xX§
Xn fn Xn—1
Xn = fn Xn—1 Xn-1
‘
(x1,X{) = ((fL%0), (f1 Xo X3))
(X, X7) = ((faXn-1), (fq Xn—1 Xn-1))
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X1:f1XQ leﬁro
Xn = fn Xn_1 Xn :ﬁm
X = (X X)
T X =((fFx),(F xX))
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—\
X =UXg ~ X, = Ui XR;
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~ N N~
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’ N N7  —
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~ SN N
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A (Not So) Brief Tutorial on AD

Xn = fn Xn—1

—

Xn=AX X1 (fiXo X)
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A (Not So) Brief Tutorial on AD

N
(x1,%1) = ((f1x0),(A'x %o (frx0 X))

(%) = ((f¥os), AKX 53 (Ta %0 X))
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A (Not So) Brief Tutorial on AD

X1:f1XQ IX—lzﬁ/X—O

Xn = fn Xn_1 Xn = /E)IT—I
X = (x,%)

TX =%, 0% x(F xX)
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A (Not So) Brief Tutorial on AD

T x=beginx:=Ax (' x X);
(f x) end
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A (Not So) Brief Tutorial on AD

X = A[] begin‘g—i-‘— (DU 5R) x X

X|_i = U XRi ~ [l] en(;)’
)(Ti:: Ui )a
X = A[] begin Xg +:= (D1 bi (&, %8)) x X.;
s +i= (D2 bi (R, 55)) X X
X, =bi (Xr,Xs) ~ X, = 0;
L X[]end
X|_I = b, (XR7XS)

z_
X

X
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X|_i = U XRi ~

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs

A (Not So) Brief Tutorial on AD

A

A
X, = U XR

Xrti= (DU Xg) X X
\ TLI: 0
X, = bi (XRHXS)

XRti= (DLbi (0R,%8)) X X

Xg+:= (D2 b (%), %5)) X X_;

X:= 0

Z_
X

X

YYale March 2009



The Functional Reverse-Mode Transformation

X, = U1 Xg;

XL, = Un Xsg,
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The Functional Reverse-Mode Transformation
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TM = 0
x5, +i= (Duixg) X X,
\ TH = =0
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The Functional Reverse-Mode Transformation

X, = UnXs
X o= 0
XL, = W Xg :
: 8 Xm = 0
X, = UnXs, Xg, +:= (DunXs) X X,
X, = 0
xs, +i= (Duixg) X X,
\ TL1 = =0

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 44167



The Functional Reverse-Mode Transformation

X1 = Uz Xg
Xn Un Xs,
X1 = WXy Xo 0
0 ~ .
Xa = UnXs, Xp-1 = 0
X5, +:= (DunXs) X Xn
L Tsl +:= (D Up Xsl) X ?1
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The Functional Reverse-Mode Transformation

X1 = Uz Xg
Xn Un Xs,
X1 = WXy Xo 0
0 ~ .
X = UnXs, -1 = 0
Xs, +:= (DunXs) X X
L Tsl +:= (D Uq X31> X ?1
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The Functional Reverse-Mode Transformation

( Xy = Up Xs,
Xn — Un XSn
—
X; = U Xg X = 0
~ :
: -
Xn = UnXs, Xp—1 = 0
~ I v
X& +:: Un Xn
~ ' I W
L Xg, +:= U1 Xg
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The Functional Reverse-Mode Transformation

(X1, %) = U1 Xs
(Xn;)Tn) ﬁnx&
Xg = U Xg X = 0
. ~ .
Xn = UnXs, -1 = 0
Xs, +:= Xn Xn
X5, += X x1
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The Functional Reverse-Mode Transformation

- P
(x1,X1) = Ui Xs
- ' 4—
(X0, %) = Un Xs,
X; = U Xg X = 0
. W -
Xn = UpXs, Xn—1 = 0
Xs, +:= Xn Xn
X5, += X x1
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The Functional Reverse-Mode Transformation

(X, %) = xR X
(X%, %) = Xg, X
X1 = Xg, Xg Xg = 0
: o d
Xn = XRj, Xs Xn—1 = 0
~ ~
Xs, +:= Xn Xn
Tsl +i= X x
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The Functional Reverse-Mode Transformation

( (Xlaxil) = XR, Xg
(Xm%) - Ra X
X1 = Xr, Xg Xo = 0
: ~
X = Xj X5 Xr-1 == 0
~ ~
Xs, +:= Xn Xn
Tsl +i= X x
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The Functional Reverse-Mode Transformation

(((X1,%1) = Xr X
(X0, %) = Ry X
X1 = XRr, Xg Xg = 0
: d
Xn = XRr, Xs Xp—1 = 0
~ ~
Xs, +:= Xn Xn
Tsl +i= X x
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The Functional Reverse-Mode Transformation

X1 = Xr, Xg

X = XR, Xg,

Jeffrey Mark Siskind (Purdue/ECE)

AD of Functional Programs

3 o
x

—
X1 X1

YYale March 2009
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The Functional Reverse-Mode Transformation

(X;]-?Xl) = )/(_R’l)g
%) = R/

~— 1 A

X1 = X Xg Xo = 0(j XO)

>

’ — =

Xn = Xr, Xs, Xn—1 = 0(J " Xn—1)
Xs, D= Xnq Xn
X5, = XX
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The Functional Reverse-Mode Transformation

A
)\Xo let X1 = XR, Xs;;

A
Xn = XRr, X5,
in x, end

Jeffrey Mark Siskind (Purdue/ECE)

Xr X
in (%, (A let % 20 (71 %);
— A — A
Xn-1=0(J X 1);
Xs BER X

— AN ~—
X5 &=X1 X1
in "xo end)) end
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The Functional Reverse-Mode Transformation

A
)\Xo let X1 = XR, Xs;;

A
Xn = XRr, X5,
in x, end

A% let (X1, %0) 2 X, %s;
N L
(Xn,Xn) = XRr, X
Z__ ~— — A — Z__
in (X, (A X let X =0 (7 %);
s A — A
Xn-1=0(J X 1);
Xs BER X

— AN ~—
X5 &=X1 X1
in "xo end)) end

The above is a white lie. The truth is a lot more complicated.

Jeffrey Mark Siskind (Purdue/ECE)
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Modularity

AN f (x) af (x)
V fx = B O
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Modularity

AN f (x) af (x)
V fx = B O
VAN
GRADIENTDESCENTT Xg = o Xipri= .. VXL
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Modularity

AN f (x) af (x)
V fx = B O
VAN
GRADIENTDESCENTT Xg = o Xipri= .. VXL

>

argmin f ...GRADIENTDESCENTf Xp. . .

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 51/67




Modularity

AN f (x) af (x)
Vfx = B O
JAN
GRADIENTDESCENTT Xg = o Xipri= .. VXL
. N
argmin f = ...GRADIENTDESCENTf Xp. . .

(1>

NEUTRONFLUX r
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Modularity

AN f (x) af (x)

Vfx = B O
VAN

GRADIENTDESCENTT Xg = o Xipri= .. VXL

. A

argmin f = ...GRADIENTDESCENTf Xp. . .
VAN

NEUTRONFLUX 1 = classified

1>

DEVIATION r ((NEUTRONFLUX T) — NEUTRONFLUXCmica|)2
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Modularity

AN f (x) af (x)
V fx = B O
GRADIENTDESCENTT Xg = o Xipri= .. VXL
. N
argmin f = ...GRADIENTDESCENTf Xp. . .
A

NEUTRONFLUX r

1>

DEVIATION r ((NEUTRONFLUX T) — NEUTRONFLUthica|)2

(1>

r* argmin DEVIATION
Fermi, E. (1946)The Development of the first chain reaction pile
Proceedings of the American Philosophy Soci@¢20—4.
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BreakingModularity

V fx

I
|
|

GRADIENTDESCENTT Xg = o Xipri=.. VXL
. A
argmin f = ...GRADIENTDESCENTf Xp. . .
VAN T
NEUTRONFLUX 1 = classified
VAN
DEVIATION r = ((NEUTRONFLUX T) — NEUTRONFLUthica|)2

(1>

r* argmin DEVIATION
Fermi, E. (1946)The Development of the first chain reaction pile
Proceedings of the American Philosophy Soci@¢20—4.
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BreakingModularity

vT

>
|
|

X

GRADIENTDESCENTT Xg = o Xipr = VXL
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Monovariant Flow Analysis: 0-CFA

(define (D f)
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Monovariant Flow Analysis: 0-CFA
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Polyvariant Flow Analysisk-CFA

with Bounded Context Sensitivity

(define (D f) ..)

Shivers, I, O. G. (1991)Control-Flow Analysis of Higher-Order Languages
or Taming LambdaPh.D. thesis, CMU.
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Polyvariant Flow Analysis

with Unbounded Context Sensitivity

E:exo—V

vi=#t [# | () |R| (vi,V2) | {0,€)
ou={Xg—Vv,...}

£:exT—V

ve=#t [# [ () |R| (%) ]| (7.€) R
gu={x—V,...}

Memoize€ indexed (by suitable equivalence relations eandz.

Not suitable for arbitrary (i.e., typicalSHEME, ML, HASKELL, etc.) programs.
Is suitable for BRTRAN-like programs.

Necessaryor migrating reflective source-code transformation to pdetime.
Side benefits: union-free, no cyclic abstract values

No tags, tag checking, tag dispatching, indirect calls

Allows complete unboxing: no allocation, reclamation,iredtion
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Game Theory

B
by ... by ... by
ap
A g ... PAYOFF(a;,by)
am

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.
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Game Theory

B
by ... by ... by
ap
A g ... PAYOFF(a;,by)
am

maxmin PAYOFF(a, b)
acA beB

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 56/67



Game Theory

Rn
b

R™ a| ... PAYOFF(ab)

max min PAYOFF(a, b)
acRMbeRn

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.
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Cathode Ray Tubes

Path of Charged Particle

o ke

potential:p(x; w)

(1)
X(t+ At)
] x(t+ At)

When:xq (t + At)
let: At

t

X(t)

Error: E(w)
Find:

10

([ [ I VAN

[l = (10,20 — w)[| 7 + |} — (10,0)| 7

= Vi P(X)x=x(t)
X(t) + AtX(Y)
X(t) + Atx(t)

0

() /()
t+ Aty

X(t) + AtX(D)

%o(t)?
argminE(w)

Sprague, C. S. and George, R. H. (1932athode Ray Deflecting Electrade

US Patent 2,161,437.

George, R. H. (1940 Cathode Ray TubeJS Patent 2,222,942.
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Performance Comparison

particle saddl e
FF FR RF RR FF FR RF RR
STALINV 1.00 1.00 1.00 1.0Q 1.00 1.00 1.00 1.00
ADIFOR 1.52 ] ] ] 2.07 ] ] ]
TAPENADE 3.40 [ [ [ 2.56 [ [ [
FADBAD++ 65.69 [ ] [ ] [ ] 22.44 [ ] [ ] [ ]
MLTON 53.89 88.88 16.08 28.06 40.39 51.21 1.86 2.67
OCAML 160.50 340.35 147.91 263.66 107.71 156.33 6.75 13.51
SML/NJ 106.21 182.45 105.04 185.15 84.38 106.01 3.55 6.31
GHC 165.22 [ [ [ 121.18 [ [ [
BiGLoO 505.90 761.40 104.81 228.86 423.69 440.25 15.77 24.59
CHICKEN 1120.37 2026.31 425.60 1872.85889.58 1144.65 35.73 68.94
GAMBIT 444,13  752.63 138.34 256.30 362.65 420.48 14.08 23.87
IKARUS 192.07 312.28 61.79 114.87 158.88 20597 6.75 11.40
LARCENY 726.59 1108.18 144.55 270.14571.81 613.65 19.14 29.77
MIT SCHEME | 1472.26 2500.00 309.66 591.361243.26 1428.57 51.36 79.10
MzC 2073.26 3434.64 340.30 655.832436.26 1996.40 72.45 150.02
MzSCHEME | 2344.70 4076.16 409.95 843.62000.89 2332.43 80.78 134.00
SCHEME->C 391.42 605.26 109.77 198.43 32495 328.84 12.74 18.28
SCMUTILS 3321.20 ] ] ] 2800.71 ] ] ]
STALIN 208.10 366.08 51.84 91.86 166.96 212.93 7.68 11.40

= not implemented but could implement
m notimplemented in existing tool
m can'timplement

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs Yale March 2009 58/67



Gradient-Based Optimization

(define (e i n)
(if (zero? n)
"0
(cons (if (zero? i) 1.0 0.0)
(e (-1 1) (- n1)))))
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(if (zero? n)
"0
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(e (-1 1) (- n1)))))

(define ((gradient f) x)
(let ((n (length x)))
(map (lanmbda (i) (tangent ((j* f) (bundle x (e i n)))))
(iota n))))

(define (gradient-ascent f x0 n eta)
(if (zero? n)
(list x0 (f x0) ((gradient f) x0))
(gradi ent-ascent f
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x0

((gradient f) x0))
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Gradient-Based Optimization

(define ((gradient f) x) (cdr ((cdr ((*j f) (*j x))) 1.0)))

(define (gradient-ascent f x0 n eta)
(if (zero? n)
(list x0 (f x0) ((gradient f) x0))
(gradi ent-ascent f
(zip (lanmbda (xi gi) (+ xi (* eta gi)))

x0

((gradient f) x0))
(- n1
eta)))
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Neural Networks

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (198&arning
representations by back-propagating errodature, 323533-6.
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Neural Networks in/LAD

(define ((sumactivities activities) bias ws)
((fold + bias) (zip » ws activities)))
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Neural Networks in/LAD

(define ((sumactivities activities) bias ws)
((fold + bias) (zip » ws activities)))

(define (sumlayer activities ws-layer)
(map (sumactivities activities) ws-1ayer))

(define (sigmid x) (/ 1 (+ (exp (- 0 x)) 1)))

(define ((forward-pass ws-layers) in)
(if (null? ws-layers)
in
((forward-pass (cdr ws-layers))
(map sigmoid (sumlayer in (car ws-layers))))))

(define ((error-on-dataset dataset) ws-|ayers)
((fold + 0)
(map (lanbda ((list in target))
(* 0.5 (nmagnitude-squared (v- ((forward-pass ws-layers) in) target))))
dat aset)))

(gradi ent-descent (error-on-dataset '(((0 0) (0))

((0 1) (1)
((10) (1)
((11) (0)))

"(((0 -0.284227 1.16054) (0 0.617194 1.30467))

((0 -0.084395 0.648461)))
1000.0
0.3)
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Performance Comparison

backpr op

Fs Fv R
STALINV 1.00 = 1.00
ADIFOR 11.84 2.68 u
TAPENADE 11.35 433 6.24
ADIC 16.33 3.93 u
ADOL—C 12.34 3.89 35.53
CPRAD 4215 = 23.69
FADBAD++ 98.96 33.15 53.03
MLTON 7394 = 37.94
OCamL 15775 = 149.14
SML/NJ 14271 = 94.97
GHC [ ] L ] [ ]
BIGLOO 57745 = 306.60
CHICKEN 139175 = 971.91
GAMBIT 54520 = 341.73
IKARUS 21642 = 147.49
LARCENY 95598 = 486.64
MIT ScHEME | 1900.04 = 1141.22
MzC 243993 = 1571.52
MZSCHEME 347786 = 1866.28
SCHEME->C 48424 = 233.75
SCMUTILS 454448 = u
STALIN 83268 m 367.84

= not implemented but could implement
m notimplemented in existing tool
m can'timplement
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Where You Can Read About This Work

@ AD 2004(a,b,c,d), 2008(a,b)

@ POPL 2005, 2006, 2008, 2009
e PLDI 2006, 2008, 2009

@ ICFP 2007(a,b), 2008
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Evaluation: C

It is not clear to me how this approach is better than autonatic
differentiation frameworks using C++ tenplates and the C++ type inference
al gorithm

The paper seens correct, and | agree that it is hard to inplenent automatic
differentiation both conveniently and efficiently w thout the proper
programmi ng | anguage support (i.e., efficiently inplemented generics with a
m ni mel anmount of type inference).

It’s not clear to ne that an efficient C++ tenplates inplenentation doesn't
give the benefits listed here: it is "callee derives" (nostly) and efficiently
inplenented (using inlining). (The extent that it’'s not "callee derives" is
that you need to put "tenplate<class X>" in front of every function and declare
all your variables as being of type "X" instead of "double".)

I was sonewhat shocked that the only C++ inplementation you conpared to was
apparently one that uses virtual function dispatch (FADBAD++). | Googl ed
"autonatic differentiation C++ tenplate" and found two papers that do what |
expected you to conpare to:

Dan Piponi: Automatic Differentiation, C++ Tenplates and Photogrammetry, "to be
published in the Journal of Gaphics Tools", Sep. 2004.

and
ME. Jerrell: Function Mnimzation and Automatic Differentiation Using Ct+,
OOPSLA, 1989.

Jeffrey Mark Siskind (Purdue/ECE)

of Functional Programs Yale March 2009 64/6




Eval uation: C Wak paper, but it will not be an
enbarrassnment to have it in POPL
Confidence: Z. | aman inforned outsider and tried
ny best to understand the paper.

Shows how to optimize a functional |anguage with a built-in automatic
differentiation operator.

The results | ook useful, but | wonder whether POPL is the right place to
present them Yes, the devel opnent involves functional progranm ng. But
al so involves a lot of concepts fromscientific conputing that may be
unfam liar to many and that are explained only mnimally or not at all.
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It is, of course, not excluded that the range of arguments or rafgalaes of
a function should consist wholly or partly of functions. The derivative, as t
notion appears in the elementary differential calculus, is a familiar matherr
ical example of a function for which both ranges consist of functions.
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Gottfried Leibniz

Jacob Bernoulli
Johann‘BernouIIi
Leonha‘\rd Euler
Joseph Lo‘uis Lagrange
SimeorL Poisson
MicheI‘ChasIes
Hubert An‘son Newton
Eliakim Ha‘stings Moore

\
Oswald Veblen

\
Alonzo Church
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