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Barak and my Work

AD in functional programs.

AD is easier in functional programs.
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A Neural Network is a (Functional) Program
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A (Functional) Program

1 [wo,wi] [x0,x1] =

let fo = WwWoXXp
h = wixx
y = Ifoth
iny
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A (Functional) Program is a (Neural) Network
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A (Functional) Program is a (Neural) Network

£ [wo,wi] [x0,21] = \/

let 70 = woxxg L)
o~ ’& )
n = wpXxXXx
y = o+t
iny
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A (Functional) Program is a (Neural) Network

A Wo X0 wi X1
f [wo,wi] [x0,x1] = N~
let 10 = woxxg L)
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iny

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 4748



A (Functional) Program is a (Neural) Network

) X0 wi X1
A
I [wo,wi] [x0,x1] =
let 1o = woxxg
1 t
tl = Wy XX 0 B 1
y = 1o+ (+ )
il’ly \\T’/
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A (Functional) Program is a (Neural) Network
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Some Observatior
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Some Observations

Deep learning network ‘frameworks’ are domain specific (functional)
programming languages.
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Some Observations

Deep learning network ‘frameworks’ are domain specific (functional)
programming languages.

A deep neural network is a long running (functional) program.

Can perform backpropagation on (functional) programs

by having an execution of the program generate a network.

This is called reverse-mode automatic differentiation (AD).
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A (Brief) History of Backpropagation aka Reverse-Mode AD
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A (Brief) History of Backpropagation aka Reverse-Mode AD

D.E. Rumelhart, G.E. Hinton, and R.J. Williams, Learning representations by
back-propagating errors, Nature, 323:533-536, 1986.
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Evaluating a Neural Network
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Evaluating a Network
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Some Observations

Only need to store live variables.
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Some Observations

Only need to store live variables.

Most deep learning frameworks store all intermediate variables to allow
subsequent backpropagation.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 9/48



Evaluating a Neural Network to Allow Subsequent Backpropagation
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Some Observations

Only need to store live variables from forward pass until they are used in
reverse pass.

Only need to store live variables during reverse pass.

Most deep learning frameworks store all intermediate forward and
reverse pass variables for simplicity of implementation.

It doesn’t matter because storage use is dominated by maximal use.

Maximal use is proportional to the depth of the network i.e., the running
time of the program.
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Complexity of Rev

If running time of primal is O(¢)
and primal has maximal live storage O(w)

then reverse mode takes O(wt) space
and O(t) time.
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Only need saved intermediate variables from forward pass for current
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Trades off extra running time for reduction in space.

Forward pass of first half performed twice.
Once without saving intermediate variables.
Once with saving intermediate variables.

Backpropagation done in stages.

Interleaved with (re)running forward pass.

Only need saved intermediate variables from forward pass for current
stage.

Can perform divide-and-conquer.
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ide-and-Conquer Checkpointing

u PO P1 P2 r3 P4 pPs P6

B

B
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If running time of primal is O(¢)
and primal has maximal live storage O(w)
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Complexity of Divide-and-Conquer Checkpointing

If running time of primal is O(¢)
and primal has maximal live storage O(w)

then reverse mode takes O(wlogt) space
and O(tlogt) time.

Siskind (Purdue) Checkpointing for Arbitrary Programs
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A (Brief) History of Divide-and-Conquer Checkpointing
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A (Brief) History of Divide-and-Conquer Checkpointing

T. Chen, B. Xu, Z. Zhang, and C. Guestrin, Training deep nets with sublinear
memory cost, arXiv 1604.06174, 2016.

A. Gruslys, R. Munos, I. Danihelka, M. Lanctot, and A. Graves,
Memory-Efficient Backpropagation Through Time, NIPS, 2016.
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A (Brief) History of Divide-and-Conquer Checkpointing

T. Chen, B. Xu, Z. Zhang, and C. Guestrin, Training deep nets with sublinear
memory cost, arXiv 1604.06174, 2016.

A. Gruslys, R. Munos, I. Danihelka, M. Lanctot, and A. Graves,
Memory-Efficient Backpropagation Through Time, NIPS, 2016.

A. Griewank, Achieving Logarithmic Growth of Temporal and Spatial
Complexity in Reverse Automatic Differentiation, Optimization Methods and
Software, 1:35-54, 1992.
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Implemented for DO Loops

L. Hascoét and V. Pascual, TAPENADE 2.1 User’s Guide, Rapport technique
300, INRIA, 2004.
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Implemented for DO Loops

L. Hascoét and V. Pascual, TAPENADE 2.1 User’s Guide, Rapport technique
300, INRIA, 2004.

do 10 i=1, n

10 continue
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Implemented for DO Loops

L. Hascoét and V. Pascual, TAPENADE 2.1 User’s Guide, Rapport technique
300, INRIA, 2004.

c$Sad binomial-ckp n+l 30 1
do 10 i=1, n do 10 i=1, n

~

10 continue 10 continue
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Implemented for DO Loops

L. Hascoét and V. Pascual, TAPENADE 2.1 User’s Guide, Rapport technique
300, INRIA, 2004.

c$Sad binomial-ckp n+l 30 1
do 10 i=1, n do 10 i=1, n

~r
10 continue 10 continue
https://www—sop.inria.fr/tropics/tapenade/fag.html

Assuming that the final number of iterations N is known, and
assuming that each iteration has the same runtime cost,
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Desiderata

A (deep) neural network has no loops (except inside primitives).

Want to implement for arbitrary code (not just a single DO loop).
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Execution Trace of Loop

program point

time
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Execution Trace of Arbitrary Code

program point

time
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Execution Trace of Arbitrary Code

Difficult to make regular and uniform checkpoints

program point
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Execution Trace of Arbitrary Code

Difficult to make regular and uniform checkpoints

program point

12 18 24 30 36 42
time
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Execution Trace of Arbitrary Code

Difficult to make regular and uniform checkpoints

program point

time
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Key Challenges

Need to interleave generation of the network with forward and backward
passes through the network.
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Key Challenges

Need to interleave generation of the network with forward and backward
passes through the network.

Portions of the network need to be (re)generated, and (re)evaluated with
forward and backward passes, multiple times and out of order.
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Key Idea

function main (w)
local x = £ (w)
local y = h(g(x))
local z = p(y)
return z

end
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Key Idea

function main (w)

for i =1, 5

if i==1 then
local x = f (w)

function main (w) elseif i==2 then
local x = £ (w) local t = g(x)
local y = h(g(x))\{ elseif i==3 then
local z = p(y) local y = h(t)
return z elseif i==4 then
end local z = p(y)

elseif i==5 then
return z
end
end
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Core Language

ex=c|x|x.e|ey e |ife; thene,elsees|ce|e;eer
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Adding AD Operators to the Core Language

- v
T fxy e (y,%) T fxyr(y,X)
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Algorithm for Divide-and-Conquer Checkpointing

v
To compute (y,x) = J f xy:

base case (f x fast): (y,X) = (jij) (step 0)
inductive case: hog=f (step 1)
7=gx (step 2)
oV N
(»n2)=Thzy (step 3)
v,
(z,x) =T gxz (step 4)
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What is Needed to Implement the Algorithm?
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Q measure the length of the primal computation
Q interrupt the primal computation at a portion of the measured length

O save the state of the interrupted computation as a capsule
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What is Needed to Implement the Algorithm?

o
o
o
Q

measure the length of the primal computation
interrupt the primal computation at a portion of the measured length
save the state of the interrupted computation as a capsule

resume an interrupted computation from a capsule
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General-Purpose Interruption and Resumption Interface

PRIMOPS f x — [ Return the number / of evaluation steps needed to
compute y = f(x).

INTERRUPT f x [ — z Run the first [ steps of the computation of f(x) and
return a capsule z.

RESUME Z — y If z = (INTERRUPT f x [), return y = f(x).
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Algorithm for Divide-and-Conquer Checkpointing

via General-Purpose Interruption and Resumption Interface

v
To compute (y,x) = J f xy:

base case (f x fast): (y,X) = (jij) (step 0)
inductive case: hog =f (step 1)
7=gx (step 2)
oV N
(»n2)=Thzy (step 3)
v,
(z,x) =T gxz (step 4)
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Algorithm for Divide-and-Conquer Checkpointing

via General-Purpose Interruption and Resumption Interface

v
To compute (y,x) =T f x y:

base case (f x fast): (y,X) = fo y (step 0)
inductive case: [ = PRIMOPS f x (step 1)
z = INTERRUPT f x | 4] (step 2)

Ve
(y,%) = J (AZ.RESUME z) z ¥ (step 3)

(z,%) :Jj (AX.INTERRUPT f x |1 ]) xz  (step 4)

2
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Example of CPS Conversion

function f(c, x)
return g (function (tl)
return h (function(t2)

function f (x) return p (function (t3)
return g(p(g(x), h(x))) [~ return g(c, t3)
end end, tl, t2)
end, x)
end, x)
end
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Implementation

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.

Q Thread step count and limit.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.

Q Thread step count and limit.
Q Translate CPS to C.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
Q Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

v .
J written in C.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
Q Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

v .
J written in C.

@ Compile to machine code.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 30/48



Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
@ Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

Voo .
J written in C.

@ Compile to machine code.

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 31/48



CPS Conversion as a Program Transformation

x|k~ kx
“Oue)k ~ k (MK 2. e[k")
(e1 ex)lk; ~ e (Axy. ea| (Mo (x1 kx2)))),

eo ~ eol(Ax.x)’
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Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
@ Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

Voo .
J written in C.

@ Compile to machine code.
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Treading Step Counts and Limits in CPS Conversion

xlk T~k X
(Axe)k T~k (M xlelk )
(ere)lk T~ le|(A x

rerl(A x.
(x1k  x2)),
)
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Treading Step Counts and Limits in CPS Conversion

xlk,n T~ k(n+1) x
(Me)lk,n T~ k(n+1) (Men xlelk,n )
I(el ez)‘k, n j ~ 161’()\11 X1.

rer|(An xp.
xikn x)),
no)
(n+1) ]

4
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Treading Step Counts and Limits in CPS Conversion

xlk,n,l~ k(n+1)lx
“(Mxe)lk,n, L~ k(n+1) 1 (Menlxlek,n,l)

(e1 ex)lk,n, [ ~ ler|(Anlx.
rea|(An I x;.
(x1 knlxy)),
n, 1),
(n+1),
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xlk,n,l~ k(n+1)1x
(Mxe)lk,n,l ~ k(n+ 1)1 (Menlxlelk,nl)
(e1 ex)lk,n, [, ~ ler|(Anlx.
rea|(Anl x;.
(x1 knlxy)),
nvlj)v
(n+1),1]

(edkni~ if n=1then [k, \knl_e]elsee

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016 34748



Treading Step Counts and Limits in CPS Conversion

£X|k,l’l, L <<k (l’l + 1) lx>>k n,l
c(Axe)k,n,l, ~ (k(n+ 1)1 (Menlx.elk,n, ) )in
Serex)lk,n, 1~ (Ler|(Anlx,.
rea|(Anl x;.
(x1 knlxy)),
n,L),
(n+ 1) Dt
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Treading Step Counts and Limits in CPS Conversion

Xk, n, 5~ (k (n+ 1) Lx)en,
c(Mxe)k,n, [, ~ (k(n+ 1)1 (Menlx. elk,n, ) )ini
(er ex)lk,n, I3 ~ (ler|(An Lxi.
rea|(Anl x;.
(x1knlxy)),
n7lj)7
(I’l + 1)7 lj >>k,n,l

(eNini~ifn=1then [k, \knl _e] else e
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Implementation of the General-Purpose Interruption and

Resumption Interface with Threaded CPS

PRIMOPS fx=A (Anlv.n) 0 oo f x
INTERRUPT f x = A (A lvv)0lfx
RESUME [k,f] = AkOQocof L
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Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
© Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

v .
J written in C.

@ Compile to machine code.
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Code Generation

S7()=null_constant

S 7 true = true_constant

S wfalse = false_constant

S (ci,c2)=cons((Smer), (Swey))

Smn

Sm ‘k’ =continuation

Sm 'n’ =count

S7 1’ =1limit

S ‘x’ =argument

Smx=as._closure (target)->environment [7 x]
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Code Generation

Sm(Anlxe)= ({

})

thing function(thing target,
thing count,
thing limit,
thing argument) {

return (S (de)e);

}

thing lambda = (thing)GCmalloc (sizeof (struct {
enum tag tag;
struct {
thing (xfunction) ();

unsigned n;
thing environment [|¢e|];
1)
}

set_closure (lambda) ;

as_closure (lambda)->function = &function;

as_closure (lambda)->n = |¢e|;

as_closure (lambda)->environment [0] = S7 (¢e)o
as_closure (lambda) ->environment [|pe[ - 11 = S (¢ )y -1
lambda;

Siskind (Purdue) Checkpointing for Arbitrary Programs NIPS 2017 WS 9 December 2016

37/48



Code Generation

S (Mknlixe)= ({

})

thing function(thing target,
thing continuation,
thing count,
thing limit,
thing argument) {
return (S (de)e);
}
thing lambda = (thing)GCmalloc (sizeof (struct {
enum tag tag;
struct {
thing (*function) ();
unsigned n;
thing environment [|¢ e|];
1)
}

set_closure (lambda) ;

as_closure (lambda)->function = &function;

as_closure (lambda)->n = |¢e|;

as_closure (lambda)->environment [0] = S7 (¢e)o
as.closure (lambda) ->environment [|p e[ - 1] = S (¢ )y -1
lambda;
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Code Generation

S (e exeses) =continuation.apply ((S7ey),
(S7er),
(Smes3),
(Smeq))
S (ejexezeqes)=converted.apply ((Smey),
(Smer),
(S7es),
(Smes),
(Smes))
S (ife) theneyelsees) = (!is_false ((Smep)) 2(STer):(Sme3))
S (o) =(No)((Sme))
Sm(ereer)=(Neo)(Smer), (STer))
Sr(Teere)=NT)(Smer), (STer), (Smes))
)

St (Tereres)=(NT)((Swer), (Smex), (Smes))

Sﬂ((7€1 8263)=(/\f{7)((87re1), (Smex), (Sme3))
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Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
Q@ Translate CPS to C.

©Q Combine with general-purpose interruption and resumption interface and

v, i .
J written in C.

@ Compile to machine code.
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Implementation of the General-Purpose Interruption and

Resumption Interface with Threaded CPS

PRIMOPS f x = A (Anlv.n) 0 oo f x
INTERRUPT f x = A (Anlv.y)0lfx
RESUME [k,f]=AkOocof L
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Implementation of the General-Purpose Interruption and

Resumption Interface with Threaded CPS
written in C

static thing lambda_expression_that_returns_x
(thing f, thing n, thing 1, thing x) {
return x;

static thing lambda_expression_that_returns_n
(thing f, thing n, thing 1, thing x) {
return n;

static thing lambda_expression_that_resumes
(thing f, thing continuation, thing n, thing 1, thing x) {
if (!is_interrupt(x)) internal_error();
return converted_apply(as_interrupt (x)->closure,
as_interrupt (x) —>continuation,
make_real (0.0),

l!
null_constant);
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Implementation of the General-Purpose Interruption and

Resumption Interface with Threaded CPS

static unsigned long primops (thing f, thing x) {
thing result = converted_apply (f,
continuation_that_returns_n,
make_real (0.0),
make_real (HUGE_VAL) ,
X);
else if (is_real(result)) return (unsigned long)as_real (result);

static thing interrupt (thing f, thing x, thing 1) {

thing result = converted_apply(f,
continuation_that_returns_x,
make_real (0.0),
1,
X);

if (!is_interrupt (result)) internal_error();

return result;
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Algorithm for Divide-and-Conquer Checkpointing

v
To compute (y,x) = J f xy:

base case (f x fast): (y,X) = (jij) (step 0)
inductive case: hog =f (step 1)
7=gx (step 2)
oV N
(»n2)=Thzy (step 3)
v,
(z,x) =T gxz (step 4)
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Algorithm for Divide-and-Conquer Checkpointing

written in C

static thing checkpoint_starj(thing f, thing x, thing y_cotangent)
{
thing loop(thing f, thing x, thing y_cotangent, unsigned long 1) {
if (l<=base_case_duration) return ternary_starj(f, x, y_cotangent);
else {
thing u = interrupt (f, x, make_real(l/2));
thing y_u_cotangent = loop(closure_that_resumes, u, y_cotangent, 1-1/2);
if (!is_pair(y_u_cotangent)) internal_error();
thing u_x_cotangent =
loop (make_closure_for_interrupt (£, 1/2),

X,
as_pair(y_u_cotangent)->cdr,
1/2);
if (!is_pair(u_x_cotangent)) internal_error();

return cons(as_pair(y_u_cotangent)->car,
as_pair (u_x_cotangent)->cdr);

}
return loop (f, x, y_cotangent, primops(f, x));
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Implementation

Q@ Convert source program to CPS.
Q Thread step count and limit.
Q@ Translate CPS to C.

@ Combine with general-purpose interruption and resumption interface and

Voo .
J written in C.

@ Compile to machine code.
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Determinant Example

(define (car (cons car cdr)) car)
(define (cdr (cons car cdr)) cdr)

(define (matrix-rows a)
(if (null? a) 0 (+ (matrix-rows (cdr a)) 1)))

(define (list-ref 1 i)
(if (zero? i) (car 1) (list-ref (cdr 1) (- i 1))))

(define (matrix-ref a i j) (list-ref (list-ref a i) 3J))

(define (list-set 1 i x)
(if (zero? 1)
(cons x (cdr 1))
(cons (car 1) (list-set (cdr 1) (- i 1) x))))

(define (matrix-set a i j x)
(list-set a 1 (list-set (list-ref a i) j x)))

(define (map-n f n)
(if (zero? n) () (cons (f (- n 1)) (map-n £ (- n 1)))))

(define (identity-matrix n)
(map-n (lambda (i) (map-n (lambda (j) (if (= 1i j) 1 0)) n)) n))
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Determinant Example

(define (determinant a)
(let ((n (matrix-rows a)))
(let loop ((i 0) (b a) (d 1))

(if (= 1 n)
d
(let* ((c (matrix-ref b i i))
(b (let loop ((j i) (b b))
(1f (= J n)
b
(loop (+ j 1) (matrix-set b i j (/ (matrix-ref b i J) c)))))))

(loop (+ i 1)
(let loop ((j (+ i 1)) (b b))
(if (= J n)
b
(loop (+ j 1)
(let ((e (matrix-ref b j 1i)))
(let loop ((k (+ i 1)) (b b))
(if (= k n)
b
(loop (+ k 1)
(matrix-set b j k
(- (matrix-ref b j k)
(+ e (matrix-ref b i k)))))))))))
(x d c)))))))

(write-real (determinant (cdr (checkpoint-xj determinant (identity-matrix (read-real)) 1))))
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Complexity Analysis

| space time
primal 0(n?) o(n*)
no checkpointing 0o(n?) o(n*)

divide-and-conquer checkpointing | O(n*logn)  O(n*logn)
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ace Usage of the Determinant Example

space
350000 T T T T T T T T
a no checkpointing —+—
@ divide-and-conquer checkpointing
¥ 300000 3 A
a 0o(n?)
=< O(n?logn) —»
o 250000 [ —
N
(%]
T 200000 1
c
S 150000 .
0w
o
€ 100000 .
=}
S
= 50000 | —
©
=
O‘.—,g‘.’,_—.r i 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
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Time Usage of the Determinant Example

time
45000 T T T T T T T T
no checkpointing —+—
40000 divide-and-conquer checkpointin4g y
i o(n%) —x—//]
A 35000 0O(n*log n)
S 30000 | .
C
g 25000 - 1
g 20000 T
I 15000 - 7
% 10000 | .
-
5000
OT v w oz M
_5000 1 1 1 1 1 1 1 1

10 20 30 40 50 60 70 80 90 100
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Three Reference Implementations
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Three Reference Implementations

Q Interpreter using CPS evaluator

Q Hybrid compiler/interpreter using CPS conversion followed by
direct-style evaluator

Q@ Compiler using CPS conversion followed by translation to C

All three support exact same source language. No exceptions.
Same space and time complexity. Differ only in constant factors.
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Three Reference Implementations
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Q Hybrid compiler/interpreter using CPS conversion followed by
direct-style evaluator

Q@ Compiler using CPS conversion followed by translation to C

All three support exact same source language. No exceptions.
Same space and time complexity. Differ only in constant factors.

Could add FFI bindings to GPU Tensor library.
Could serve as reference for rewrite to PYTHON,,. ...
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Three Reference Implementations

Q Interpreter using CPS evaluator

Q Hybrid compiler/interpreter using CPS conversion followed by
direct-style evaluator

Q@ Compiler using CPS conversion followed by translation to C

All three support exact same source language. No exceptions.
Same space and time complexity. Differ only in constant factors.

Could add FFI bindings to GPU Tensor library.
Could serve as reference for rewrite to PYTHON,,. ...

All three documented in detail in manuscript.
http://arxiv.org/abs/1708.06799
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Three Reference Implementations

Q Interpreter using CPS evaluator

Q Hybrid compiler/interpreter using CPS conversion followed by
direct-style evaluator

Q@ Compiler using CPS conversion followed by translation to C

All three support exact same source language. No exceptions.
Same space and time complexity. Differ only in constant factors.

Could add FFI bindings to GPU Tensor library.
Could serve as reference for rewrite to PYTHON,,. ...

All three documented in detail in manuscript.
http://arxiv.org/abs/1708.06799

Will release when manuscript is accepted.
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Divide-and-Conquer checkpointing
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Take-Home Message

Divide-and-Conquer checkpointing

is traditionally formulated around loop iterations
but can be extended to arbitrary code
that doesn’t have same-size iterations of a single loop

using CPS to make arbitrary code look like it does.
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Take-Home Message

Divide-and-Conquer checkpointing

is traditionally formulated around loop iterations
but can be extended to arbitrary code
that doesn’t have same-size iterations of a single loop

using CPS to make arbitrary code look like it does.

metaphor: a CPU is an instruction-execution loop
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