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Leibnitz (1664) + Church (1941) = Pearlmutter & Siskind (2005)
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Differential Calculus for Dummies

(in 6 slides)

\
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Notation
€, Y, X, Xa Z‘/, X, X[l]’ €, fa g, u, ba p
comma, right associates

juxtaposition, left associates

function application

— function composition

— matrix-vector multiplication
— matrix-matrix multiplication
— scalar-scalar multiplication

e1 + eo denotes + (e1, ea), left associates

e1 @ ey denotes @ (eq, ea), left associates

n

Z e; denotes e; + --- + ¢,
i=1

X" (X; - X)) =XL - XT
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Derivatives
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Partial Derivatives

0
=0 =
1 ~— —~—
R”—R R”»—>R
9 o
— : R"=R)— (R*"—>R)
ox

D; : (R" >R)— (R" = R)
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V fx

II>

Gradients

(D1 f%x),...,(Dy [ x)

(R" - R) — (R" — R")
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J

Jacobians

R™ — R"
(R™ = R)"

L (vl

(Rm N Rn) N (Rm N RHLXTL)
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Operators

D, V, and J are traditionally called operators.
A more modern term is higher-order functions.

Higher-order functions are common in mathematics, physics, and engineering:

\

summations, comprehensions, quantifications, optimizations, integrals,
convolutions, filters, edge detectors, Fourier transforms, differential
equations, Hamiltonians, functionals, ...
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The Chain Rule

(foglz=(9f)z=g(fx)
D(gflz=(Dgfz)(Dfx)

J@hHx=(Tgfx)(Jfx)
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Everything You Always Wanted to Know About the
Lambda Calculus*

(in 7 slides)

*But Were Afraid To Ask

\ /
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a Church (1941) I

It is, of course, not excluded that the range of arguments or range
of values of a function should consist wholly or partly of functions.
The derivative, as this notion appears in the elementary differential
calculus, is a familiar mathematical example of a function for which
both ranges consist of functions.

\ /
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/ Functional Programming \

int f(int n) fn2ifn=0

{ int i, p = 1; then 1
for (i = 1; i<n; i++) elsen x (f (n—1)) fi
{p=p*is}

return p;r

\ /
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/ Higher-Order Functions \

i=1
. A op o
FOLD i,a, f,g=if i =0
then a

else FoLD (i — 1), (g a, (f 7)), f,g fi
FOLD n, 0, exp, +
FOLD n, 1, sin, X

22i+1
z'=1A
fi=2i+1

FOLD n, 0, f,+
FOLD n, 0, (A\i 20 + 1), +

\ /
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Closures

(A 22)3=6

A dyz+y)34="7

Az dyz+y)3="7

M Xyz+y)3={z— 3} \yx+y)
AT Ay ©+y

A,y x+y
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/ Tail Recursion (Steele 1976) \

1>

fn2ifn=0 gi,p ifi=0
then 1 then p
elsen x (f (n—1)) fi elseg (i —1),(pxi)fi
fn = gn,l

\ /
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/Continuations (Landin 1965, Reynolds 1972)\

fz 2 e1 flex = ceq
A , A
gr = e g c,xr = Ce€
hz = es3 h e,z S es3
px = (g (f 2)) p e x 2 fmQxy g Az b e, x0), 1), 2
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The Lambda Calculus

if e; then ey elsees fi ~ IFe; (Azes) (Azes) []

ex=x|eex|Are
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/ Compositional Derivative Operators—I

J (fn -+ f1) is not compositional in (J f1),...,(T fn)-

~
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/ Compositional Derivative Operators—II \

ﬁfx,)'(
Vrxy

J fxx
(T =)'y

II>

e X is a primal variable
e x is a forward adjoint variable

e X is a reverse adjoint variable

The rows and columns of J f x can be computed as V f x,e and V f x,e for
basis vectors e respectively.

\ /
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/ Compositional Derivative Operators—III \

VhHxt = Vg,V fx%)
Vahxy = Vix(Vg(fx),y)

One cannot compose v f with v g because the input and output of v f are not
of the same type. Similarly for v f-

N /
NEU-2004

January 24, 2005 30




/ Compositional Derivative Operators—IV \

(f %), (V f x,%)
(f %), &M\ V fx3)

7 fx %
7fx,5<

>

o \y v f x,y is a local backpropagator
e X is an input backpropagator

e their composition is an output backpropagator

\ /
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/ Compositional Derivative Operators—V \

V fx,x = CDR(jfx,y’c)
Vixy = oor(T fxD)y
T@h = To 1
T@hH = (T9T5
T fa - £1) = (T fa) (T f)
T (fo - 1) = (T F) - (T A
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/ Traditional Forward-Mode AD—I \

—\
x1 = fi1Xo x1, X1 = J f1X%o0,%0
—\
Xy = faXg X2, X2 = J faX1,%1
7 = 7
Xn = fn Xn—1 XnyXn = jfn Xn—1;Xn—1

\ /
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/ Traditional Forward-Mode AD—II

@y = wan wpdty = (way), (D w my ab;)
Tp = bz, x; T, £ = (bzi,x5), (D1 bz, x; £+
DQ b "Ei,SCj Ii’j)
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/ Traditional Reverse-Mode AD—I \

- A
x1 = fi1Xo x,X1 = J fi1xo,1

4
Xy = faxg X2, X2 J fax1,x1

= ~
i fn Xn—1,Xn—1

Xn = fn Xn—1 Xny Xn
Xp Xp

\ /
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\

Traditional Reverse-Mode AD—II

4
x1 = fixo x,x1 = J fixo0,1
4
Xo = faxy X2, Xp = J fax1,X1
~ L ~
Xn = fn Xn—1 Xn,Xn = jfn Xn—1,Xn—1
A
Xn—1 = \Y fn XnyXn
\ = Y
Xpn—2 = \Y fnfl Xn—1;Xn—-1
Y = N
xo = V fix1,x

~
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Traditional Reverse-Mode AD—III

wy = W @y
L
iy = g, Tk
Z;
Lj

u x;

T; +Duwx; .%j
bxi,xj

LTJZ+D1 bIL’i,ZZ?j Tk
fl’j +D2 b.’Ei,.’Ej L\Ek

~
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/~  Jacobians of CAR, CDR, and CONS—I ™\

e pairs are of type R?
e CAR:R?> -5 R

e CDR:R%2 5 R

cons : (R™ — R) x (R™ = R)) — (R* — R?)

\ /
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/ Jacobians of CAR, CDR, and CONS—II \

JcARx = (10)

Jcrx = (01)
J CARxx = X][1]
JCRxX = X

L)

(Jcorx) § =

(7 carx) = z
(

<O o
S~ ~—

\ /
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Jacobians of CAR, CDR, and CONS—III \

(T fr90)6:1] = (V fx)[i]

(J f,9x)i,2] = (Vgx)[i]
o Difx -+ D,fx
ZDifxx[z]
Jfgxx = | 5!

_ <fof<>
Jgxx
Dy fxy[l]+ D1 gxy[2]
(J f9x)'y = ( : )
D, f x y[1] + Dy g x y[2]
J fxyllleJ gxy[2]
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/ VLAD: Functional Language for AD—I \

e Similar to SCHEME.
e Only functional (side-effect free) constructs are supported.

e The only data types supported are the empty list, Booleans, real numbers,
pairs, and procedures that take one argument and return one result. Thus
VLAD objects are all of the following type:

7 :=null | boolean |R | 7y X 75 | 71 — T2

e Primitive procedures that take two arguments take them as a pair.

e Except that cons is curried.

\ /
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/ VLAD: Functional Language for AD—II \

procedures u : R — R : sqrt, exp, log, sin, and cos.

procedures b: (R xR) =R : +, -, *, /, and atan.

procedures p: 7 — boolean : = < > <= >= zero?, positive?, negative?,
null?, boolean?, real?, pair?, and procedure?.

other : car, cdr, and cons.

\ /
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/ VLAD: Functional Language for AD—III \

e We use [ | to denote the empty list and [e1;...;e,] as shorthand for
€ly--y€ny ]

e We use eq, ey as shorthand for CONS e; es.

We allow lambda expressions to have tuples as parameters as shorthand for
the appropriate destructuring. For example:

A1, (X2,23) ... T3... ~ AT ...CAR (CDRZ)...

\ /
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Adjoint Types

null
boolean
R

TL X T

T — T2

> e 1> e e

null

null

T1L X T2

null

NEU-2004

January 24, 2005




K The Type of ?

-\ N _ —_— _
J:(n—m)— (1 xT1) = (12 XT2))
—\ -\
J:T—> T
—_—
null = null
—_ N A
boolean = Dboolean
R 2 R
A N —_\
T1 X Tg = T1 X Ty
[ A —\ —\
TL — T2 = (7’1 XTil)—>(T2 Xﬁ)

N
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/ The Definition of ? on Non-Procedures

J x

—\
J 21,22

z is not a pair

1> 11>
8

\
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/The Definition of ? on Primitive Procedures\

Tu 2 e, i (u ), (Dux )
Tb 2 Aaw,z), (£1,42)
(b x1,22), (D1 b a1, 29 41 + Do b x1, 29 L2)
Tp £ Maé(pa)l]
T CAR 2 Aay,m2), (#1,%2) 21, %1
T CDR 2 (a1, 2), (1, 42) To, &2
7 coNs 2 Aay,d1 (Aza, & (21, 22), (41, 42)), []
71F = AT, T

(Al‘2,jf2 (/\333,l/‘3 if 1 then 3;‘2,.162 else Z‘3,3§3 ﬁ), [ ]), []

\ /
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/ The Definition of ? on Closures

AN A -\ —\ AN
J {z1— v, ot e)={zi—= T v,y = T v}, €)
AN
T ~ x,T z is bound in e
z ~ z, (0 x) x is free in e
—_— —_\ N
e]1 ea ~» CAR e €y
—_— _
Aze ~  (Ax,ze),[]

0z £ if REAL?  then 0

\

elif PAIR? x then (0 (CAR x)), (0 (CDR z))
else [] fi

NEU-2004
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K The Type of 7

J:(n—m)—((nx{@—7) = (X (72— 73)))
T oo
null = null
— A
boolean = boolean
R 2 R
A A A
T1 X T9 = T1 X Ty
D — A A _ . A _ _
T — T2 = (Tl X(Tl—>7'3))—>(7'2 X(T2—>T3))

N
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/ The Definition of 7 on Non-Procedures

J x

A
J 21,22

z is not a pair

1> 11>
8

\
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/The Definition of 7 on Primitive Procedures\

Tu 2 Az, Z (uz), (Z (Dux))
Ij b é )\(Jil,itg),f
(b x1,22), (% (D1 b w1,72), (D2 b 21, 72))

Tp & Xi(pa) A0
T CAR 2 Aay, @), & 21, Ay & 91, (0 22)
7 cor £ ANy, 22),Z 22, Ay & (0 21), 9
7 CONS é A2, T ()\l‘g,.fg (St?l,.’lﬁg),

Ay &1 (CAR ) ® T2 (CDR ¥)),
)\?) Zi'l (Q 1‘1)
/._7 IF é )\1‘1,.%1

()\1‘2,532 ()\1‘3,533 if 1 then .132,572 else $3,j3 ﬁ),
AY 2 (Q z2)),
)\y 5]1 (Q l‘l)
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/ The Definition of 7 on Closures \

A A A 4 A
J {z1—= v, e ot e)={zi—= T o,z — T v}y €)
where e = \zg €.
~  x,T z is bound in e
~ @, Ay To (0 20) z is free in e

A

X

A

a5
A L L
ep1 e ~ CAR eq €2
A

Ax e ~ (A, T ?), Ay Zo (0 xo)
A,
x1 ® xo = if NULL? 21 then []

elif REAL? z; then z; + 2o
else (CAR z1 @ CAR x2), (CDR x1 & CDR z2) fi

\ /
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Fanout—The Problem

Axg let x4 To + To;

> >

T2 1 + X713

> -

Tn,
in z, end

Tn—1+ Tn-1

NEU-2004
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/ Fanout—One Solution

N
FAN fz = fzx,x

Mt x+x+x ~ AxFAN (Ax1,x FAN (A\xo, 23 T1 + T2 + x3) @) ©

TEAN 2N f Oz 3 let § 2 f (2,2), I
y = CAR §;
A .
7 = CDR §
A S /AN
iny, \yletz =gy
in T (CAR & @ CDR &) end end),

Ay f(Of)

\
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Derivatives

Dfux
Dfx

>

CDR (7\ fx1)
CDR (7 fa )1

NEU-2004
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/ Roots using Newton-Raphson \

N N
RooT f,z,e =let 2/ = x — foza:
inif |z —2/| <e
then z

else RooT f, 2/, ¢ fi end

\ /
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/ Univariate Optimizer (Line Search) I

ARCGMIN f,z, € 2 Roor (D f),x, ¢

\ /

NEU-2004 January 24, 2005 Y




/ Gradients \

Vifzx 2 letn 2 LENGTH z
in MAP (\i CDR (7 faz (el i,n))),
(tn) end

Vfa CDR(7fx,I)1

N /
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Gradient Descent

GRADIENTDESCENT f,z, € 2
let g E Vifax
in if [|g|| < e
then x
else GRADIENTDESCENT
f,(x+ ARGMIN (Ak f (z + kg)),0,€ g), € fi end

NEU-2004

January 24, 2005
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Function Inversion

F~ty 2 Roor (A |(f @) — y]), 70, €

NEU-2004

January 24, 2005



/ A Rational Agent \

e The world is w : (state x action) — state

e Agent perception is pp : state — observation
e Agent reward is rp : observation — R

e Goal is to maximize rg (pp (w s,a))

e But agent doesn’t have s, w, pp, and rp

e Observation o = pp s

e Models wp, ppp, and rgp of w, pp, and rp respectively

A _
ACENT wg,ppB,"BE,0 = ARGMAX (Aa 55 (PBB (WB (pBJlB 0),a))), ag, €

\ /
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/ A Pair of Interacting Rational Agents
(von Neumann & Morgenstern 1944)

YAN
DOUBLEAGENT WA, WAB, PAA; PAB, PABB;TAA, TABB, 0 =

ARGMAX (Aa raa
(PAA
(wa (wa (p14 0),0a),
(ARGMAX (A’ rapB
(pABB
(wap (Paps
(paB
(wa (paa 0),a))),
a'))),
ap, 6)))))

agp, €

\
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/ Neural Nets

NEURON w, x

GRADIENTDESCENT ERROR, wy, €

\

(Rumelhart, Hinton, & Williams 1986)

SIGMOID (w - x)

NEURALNET w, T 2 NEURON w”, ... (NEURON w’, ). ..
A
ERRORw = |[[y1;---59n]—
[NEURALNET w, Z1; . . .; NEURALNET w, 2,,]||

NEU-2004
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/ Supervised Machine Learning \
(Function Approximation)

AN
ERROR w = [|[y1;. . 5yn] = [f w2155 f w, 2]

GRADIENTDESCENT ERROR, wq, €

\ /
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/Maximum Likelihood Estimation (Fisher 1921N

Lx(9) £ [] P(«lo)

zeX

GRADIENTASCENT Ly, 6, €

\ /
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/ Engineering Design

AN
PERFORMANCE SPLINECONTROLPOINTS =
A
let WING = SPLINETOSURFACE SPLINECONTROLPOINTS;
A
AIRFLOW = PDESOLVER WING, NAVIERSTOKES;

A
LIFT, DRAG = SURFACEINTEGRAL WING, AIRFLOW, FORCE
in DESIGNMETRIC LIFT, DRAG, (WEIGHT WING) end

GRADIENTASCENT PERFORMANCE, SPLINECONTROLPOINTS, €

\
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/ An Optimizing Compiler for VLAD \

STALINV:
e polyvariant flow analysis (Shivers 1988)
e flow-directed lightweight closure conversion (Wand & Steckler 1994)
e flow-directed inlining
e compiling with continuations (Steele 1979, Appel 1992)
e unboxing

e partial evaluation

\ /
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K Advantages—I \

Functional programs represent the underlying mathematical notions more closely
than imperative programs.

\ /
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Advantages—I1I \

Greater compositionality:

\

root finders built on a derivative-taker
line search built on root finders
multivariate optimizers built on line search

other multivariate optimizers (with identical APIs) build on Hessian-vector
multipliers
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/ Advantages—III \

Greater modularity: by allowing the callee to specify the necessary AD, rather
than insisting that the caller provide appropriately transformed functions,
internals can be hidden and changed.

\ /
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K Advantages—IV

It is straightforward to generate higher-order derivatives, i.e. derivatives of
derivatives.

\
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/ Advantages—V \

Differential forms become first-class higher-order functions that can be passed to
optimizers or PDE solvers as part of an API. This allow one to easily express
programming patterns, i.e. algorithm templates, that can be instantiated with
different components as fillers. For example, one can construct an algorithm that
needs an optimizer and leave the choice of optimizer unspecified, to be filled in
later by passing the particular optimizer as a function parameter.

\ /
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K Advantages—VI \

Gradients can even be taken through processes that themselves involve AD-based
optimization or PDE solution.

\ /
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/ Advantages—VII \

In traditional AD formulations, the output of a reverse-mode transformation is a
‘tape’ that is a different kind of entity than user-written functions. It must be
interpreted or run-time compiled. In contrast, in our approach, user-written
functions, and the input and output of AD operators, are all the same kind of
entity. Standard compilation techniques for functional programs can eliminate
the need for interpretation or run-time compilation of derivatives and generate,
at compile-time, code for derivatives that is as efficient as code for the primal
calculation.

\ /
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