
Automatic Differentiation of Functional Programs

or

Lambda the Ultimate Calculus

Jeffrey Mark Siskind

qobi@purdue.edu

School of Electrical and Computer Engineering

Purdue University

NEPLS
Harvard University

21 November 2008

Joint work with Barak A. Pearlmutter.

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 1 / 33



The Essence

(define (f x) 2x3)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (g x) sin f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) 〈{f 7→ λx 2x3}, λx sin f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) 〈{f 7→ λx 2x3}, λx sin f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) 〈{f 7→ λx 2x3}, λx sin f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

need reflective transformation of closure bodies

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

need reflective transformation of closure bodies

want transformation done at compile time

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

need reflective transformation of closure bodies

want transformation done at compile time

need flow analysis

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



The Essence

(define (f x) 2x3)  (define (f ′ x) 6x2)

(define (g x) sin f (x))  (define (g′ x) f ′(x) cos f (x))

(D g) =⇒ (D 〈{f 7→ λx 2x3}, λx sin f (x)〉)

=⇒ 〈{f 7→ λx 2x3, f ′ 7→ λx 6x2},
λx f ′(x) cos f (x)〉

(map-closure

f 〈{x1 7→ v1, . . .}, e〉)
=⇒〈{x1 7→ f (v1), . . .}, e〉

need reflective transformation of closure bodies

want transformation done at compile time

need polyvariant flow analysis

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 2 / 33



Nesting

(sqrt (sqrt x))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 3 / 33



Nesting

(sqrt (sqrt x))

(D (D f))

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 3 / 33



Nesting

(sqrt (sqrt x))

(D (D f))

(map (lambda (x) . . . (map (lambda (y) . . .) . . .) . . .) . . .)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 3 / 33



Nesting

(sqrt (sqrt x))

(D (D f))

(map (lambda (x) . . . (map (lambda (y) . . .) . . .) . . .) . . .)

(D (lambda (x) . . . (D (lambda (y) . . .) . . .) . . .) . . .)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 3 / 33



Nesting

(sqrt (sqrt x))

(D (D f))

(map (lambda (x) . . . (map (lambda (y) . . .) . . .) . . .) . . .)

(D (lambda (x) . . . (D (lambda (y) . . .) . . .) . . .) . . .)

max
x

min
y

f (x, y)

Jeffrey Mark Siskind (Purdue/ECE) AD of Functional Programs NEPLS November 2008 3 / 33



The Essence of Forward-Mode AD

f (c + ε) =
f (c)

0!
+

f ′(c)

1!
ε+

f ′′(c)

2!
ε2 + · · ·+

f (i)(c)

i!
εi + · · ·

Taylor, B. (1715). Methodus Incrementorum Directa et Inversa. London.
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Dynamic Overloading: SCMUTILS

(define-structure bundle primal tangent)

(define (primal p) (if (bundle? p) (bundle-primal p) p))

(define (tangent p) (if (bundle? p) (bundle-tangent p) 0))

(define +

(let ((+ +))

(lambda (x1 x2)

(make-bundle (+ (primal x1) (primal x2))

(+ (tangent x1) (tangent x2))))))

(define *

(let ((+ +) (* *))

(lambda (x1 x2)

(make-bundle (* (primal x1) (primal x2))

(+ (* (primal x1) (tangent x2))

(* (tangent x1) (primal x2)))))))

(define ((D f) x) (tangent (f (make-bundle x 1))))
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Preprocessor: ADIFOR and TAPENADE

function f(x)

double precision x, f

f = 2.0d0*x*x*x

end
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Static Overloading: FADBAD++

double f(double x) {return 2*x*x*x;}

double x;

. . . f(x) . . .
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What is the tangent of #t?

What if we take
−⇁
#t = #f?

when f is a rearrangement function

((j* f) x) = (bundle (f (primal x)) (f (tangent x)))

f : (#t x y) 7→ (#t x y) but f : (#f x y) 7→ (#f y x)

f is a rearrangement function

((j* f) (bundle (#t x y) (#f
−⇁x −⇁y )))

= (bundle (#t x y) (#f
−⇁y −⇁x ))

Problem avoided if we take
−⇁
#t = #t
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What is (j* j*)?

when f is a rearrangement function

((j* f) x) = (bundle (f (primal x)) (f (tangent x)))

bundle, primal, tangent, and j* are rearrangement functions
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What is (j* j*)?

when f is a rearrangement function

((j* f) x) = (bundle (f (primal x)) (f (tangent x)))

bundle, primal, tangent, and j* are rearrangement functions

((j* bundle) x)=(bundle (bundle (primal x)) (bundle (tangent x)))

((j* primal) x)=(bundle (primal (primal x)) (primal (tangent x)))

((j* tangent) x)=(bundle (tangent (primal x)) (tangent (tangent x)))

((j* j*) x)=(bundle (j* (primal x)) (j* (tangent x)))
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Modularity

∇ f x
△
=

∂f (x)
∂x1

, . . . ,
∂f (x)
∂xn
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f . . . x . . .

GRADIENTDESCENT
↼−
f x0

△
= . . . xi+1 := . . .∇

↼−
f xi . . .

NEWTONSMETHOD
↼−
f
−⇀↼−
f x0

△
= . . . xi+1 := . . .∇

↼−
f xi . . .H

−⇀↼−
f xi . . .

argmin
↼−
f
−⇀↼−
f

△
= . . . NEWTONSMETHOD

↼−
f
−⇀↼−
f x0 . . .

NEUTRONFLUX r
△
= classified

NEUTRONFLUX
TAPENADE
 

↼−−−−−−−−−−
NEUTRONFLUX

↼−−−−−−−−−−
NEUTRONFLUX

TAPENADE
 

−−−−−−−−−−⇀↼−−−−−−−−−−
NEUTRONFLUX

DEVIATION r
△
= ((NEUTRONFLUX r)− NEUTRONFLUXcritical)

2

DEVIATION
TAPENADE
 

↼−−−−−−−
DEVIATION

↼−−−−−−−
DEVIATION

TAPENADE
 

−−−−−−−⇀↼−−−−−−−
DEVIATION

r∗
△
= argmin

↼−−−−−−−
DEVIATION

−−−−−−−⇀↼−−−−−−−
DEVIATION

Fermi, E. (1946). The Development of the first chain reaction pile.
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Having your cake and eating it too

Convenient

D formulated as a higher-order function in the language

no arbitrary restrictions

applies to all data types and constructs in the language, including code

produced by D and even D itself

higher-order derivatives

(D (D f))

nesting

(D (lambda (. . .) . . . (D (lambda (. . .) . . .)) . . .))

Fast

D implemented by reflective transformation of environments and code

associated with closures

compile away reflection with partial evaluation implemented by flow

analysis
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Polyvariant Flow Analysis: k-CFA
with Bounded Context Sensitivity

(define (D f) . . .)

Shivers, III, O. G. (1991). Control-Flow Analysis of Higher-Order Languages

or Taming Lambda. Ph.D. thesis, CMU.
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...
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Polyvariant Flow Analysis
with Unbounded Context Sensitivity

E : e × σ → v
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E : e × σ → v
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Side benefits: union-free, no cyclic abstract values
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Game Theory

B

b1 . . . bj . . . bn

a1

...
. . .

...

A ai . . . PAYOFF(ai, bj) . . .
...

...
. . .

am

von Neumann, J. and Morgenstern, O. (1944). Theory of Games and

Economic Behavior. Princeton University Press, Princeton, NJ.
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Cathode Ray Tubes

 0

 2

 4

 6

 8

 10

 0  2  4  6  8  10

Path of Charged Particle

w(0)=0
w(1)=-0.272
w(2)=-0.267
w(3)=-0.266
w(4)=-0.266

Sprague, C. S. and George, R. H. (1939). Cathode Ray Deflecting Electrode.

US Patent 2,161,437.

George, R. H. (1940). Cathode Ray Tube. US Patent 2,222,942.
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Performance Comparison

saddle particle

STALIN∇ 1.00 1.00

IKARUS 232.03 319.10

STALIN 360.17 512.83

SCHEME->C 420.77 693.35

CHICKEN 883.98 1268.50

BIGLOO 630.30 930.89

GAMBIT 492.64 731.87

LARCENY 741.12 1139.72

MZC 2308.22 3044.37

MZSCHEME 2733.33 3905.77

SCMUTILS 2651.51 3137.27

MLTON 42.42 69.48

SML/NJ 63.20 84.59

OCAML 79.65 121.60

GHC 117.74 157.47

FADBAD++ 21.64 74.01

ADIFOR 1.96 1.46

TAPENADE 2.47 3.27
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Neural Networks

p

q

r

p q r

0 0 0

0 1 1

1 0 1

1 1 0

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (1986). Learning

representations by back-propagating errors. Nature, 323:533–6.
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Performance Comparison

forward scalar forward vector reverse

STALIN∇ 1.39 1.00

FADBAD++ 103.65 35.38 52.40

ADOL–C 12.80 4.07 32.55

CPPAD 44.10 22.20

ADIC 17.50 4.13

ADIFOR 12.38 2.79

TAPENADE 11.86 4.54 5.80
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Probabilistic Lambda Calculus

P = if x0 then 0 else if x1 then 1 else 2

Koller, D., McAllester, D. , and Pfeffer, A. (1997). Effective Bayesian

Inference for Stochastic Programs. Proceedings of the 14th National

Conference on Artificial Intelligence (AAAI), pp. 740–7.
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Probabilistic Prolog

p(0).

p(X):-q(X).

q(1).

q(2).
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Probabilistic Lambda Calculus

(define (evaluate expression environment)

(cond

((constant-expression? expression)

(singleton-tagged-distribution

(constant-expression-value expression)))

((variable-access-expression? expression)

(lookup-value

(variable-access-expression-variable expression) environment))

((lambda-expression? expression)

(singleton-tagged-distribution

(lambda (tagged-distribution)

(evaluate

(lambda-expression-body expression)

(cons (make-binding (lambda-expression-variable expression)

tagged-distribution)

environment)))))

(else (let ((tagged-distribution

(evaluate (application-argument expression)

environment)))

(map-tagged-distribution

(lambda (value) (value tagged-distribution))

(evaluate (application-callee expression) environment))))))
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Probabilistic Lambda Calculus

(gradient-ascent

(lambda (p)

(let ((tagged-distribution

(evaluate if x0 then 0 else if x1 then 1 else 2

(list Pr(x0 7→ true) = p0 Pr(x0 7→ false) = 1− p0

Pr(x1 7→ true) = p1 Pr(x1 7→ false) = 1− p1

. . .))))

(map-reduce

*

1.0

(lambda (value)

(likelihood value tagged-distribution))

’(0 1 2 2))))

’(0.5 0.5)

1000.0

0.1)
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Probabilistic Prolog

(define (proof-distribution term clauses)

(let ((offset . . .))

(map-reduce

append

’()

(lambda (clause)

(let ((clause (alpha-rename clause offset)))

(let loop ((p (clause-p clause))

(substitution (unify term (clause-term clause)))

(terms (clause-terms clause)))

(if substitution

(if (null? terms)

(list (make-double p substitution))

(map-reduce

append

’()

(lambda (double)

(loop (* p (double-p double))

(append substitution (double-substitution double))

(rest terms)))

(proof-distribution

(apply-substitution substitution (first terms)) clauses)))

’()))))

clauses)))
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Probabilistic Prolog

(gradient-ascent

(lambda (p)

(let ((clauses (list Pr(p(0).) = p0

Pr(p(X):-q(X).) = 1 − p0

Pr(q(1).) = p1

Pr(q(2).) = 1 − p1)))

(map-reduce

*

1.0

(lambda (query)

(likelihood (proof-distribution query clauses)))

’(p(0) p(1) p(2) p(2)))))

’(0.5 0.5)

1000.0

0.1)
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Performance Comparison

probabilistic- probabilistic-

lambda-calculus prolog

STALIN∇ 1.00 1.00

IKARUS 496.11 8143.70

STALIN 1563.02 27563.90

SCHEME->C 929.13 12346.00

CHICKEN 2173.20 56150.56

BIGLOO 1402.28 14049.25

GAMBIT 1113.39 25237.21

LARCENY 2262.34 27007.79

MZC 7211.04 213999.37

MZSCHEME 8684.69 161160.84

SCMUTILS 6225.92 84301.74
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Evaluation: C. Weak paper, but it will not be an

embarrassment to have it in POPL.

Confidence: Z. I am an informed outsider and tried

my best to understand the paper.

===== Summary =====

Shows how to optimize a functional language with a built-in automatic

differentiation operator.

===== Detailed Comments =====

The results look useful, but I wonder whether POPL is the right place to

present them. Yes, the development involves functional programming. But it

also involves a lot of concepts from scientific computing that may be

unfamiliar to many and that are explained only minimally or not at all.
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It is, of course, not excluded that the range of arguments or range of values of

a function should consist wholly or partly of functions. The derivative, as this

notion appears in the elementary differential calculus, is a familiar mathemat-

ical example of a function for which both ranges consist of functions.
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