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@ Introduction
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Introduction

It is, of course, not excluded that the range of arguments or rafgalaes of

a function should consist wholly or partly of functions. The derivative, as t
notion appears in the elementary differential calculus, is a familiar matherr
ical example of a function for which both ranges consist of functions.

(p. 194)

Church, A. (1941)The Calculi of Lambda ConversioRrinceton University
Press, Princeton, NJ.
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Introduction

Gottfried Leibniz

Jacob Bernoulli

Johann Bernoulli

Leonhard Euler
Joseph Louis Lagrange
Simeon Poisson
Michel Chasles

Hubert Anson Newton
Eliakim Hastings Moore
Oswald Veblen

Jeffrey Mark Siskind (Purdue/ECE)

Alonzo Church

Taking Derivatives of Functional Programs

= = E DA
NEPLS October 2005

6/6



Introduction

Leibnitz (1664 Church (1941)= Siskind & Pearlmutter (2005)

Leibnitz, G. W. (1664). A new method for maxima and minima as well as

tangents, which is impeded neither by fractional nor irrational quantities, a
a remarkable type of calculus for thiscta Eruditorum

Jeffrey Mark Siskind (Purdue/ECE)

= &
Taking Derivatives of Functional Programs

Qe
NEPLS October 2005

716



Introduction

Differential Calculus for Dummies
(in 6 slides)
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Derivatives

Introduction
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Derivatives

Introduction

f - f
dX ~—~ ~—~
R—R R—R

Jeffrey Mark Siskind (Purdue/ECE)

[m]

Taking Derivatives of Functional Programs

=3 = = E DA
NEPLS October 2005

9/6



Derivatives

Introduction

% 2ax
dx
d f - f
dX ~—~ ~—~
R—R R—R
dx

: (R = R) (R —R)

Jeffrey Mark Siskind (Purdue/ECE)

[m]

Taking Derivatives of Functional Programs

=3 = = E DA
NEPLS October 2005

9/6



Derivatives

Introduction

f - f
dX ~—~ ~—~
R—R R—R
dx

: (R = R) (R —R)

D:(R—R)

(R — R)

Jeffrey Mark Siskind (Purdue/ECE)

[m] = = =
Taking Derivatives of Functional Programs

E DA
NEPLS October 2005

9/6



Derivatives

Introduction
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Introduction

Partial Derivatives

daxty® daxty®
19)4

ay
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Introduction

Partial Derivatives

daxty’

daxty?
OX oy
D Ax axy’

D Ay ady’
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Introduction
Partial Derivatives
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Introduction
Partial Derivatives

daxty® daxty®
OX oy

D Ax axy’ D Ay ady’
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Introduction
Gradients

VX

(D1 X),...,(DnfXx)

v (R" - R) - (R" - R")
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Introduction
Jacobians
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Introduction

Operators

D, V, andJ are traditionally calle@dperators
A more modern term ikigher-order functions

Higher-order functions are common in mathematics, physics, and engigee

summations, comprehensions, quantifications, optimizations,

integrals, convolutions, filters, edge detectors, Fourier transforms,
differential equations, Hamiltonians, .

Jeffrey Mark Siskind (Purdue/ECE)

o =3 = = E DA
Taking Derivatives of Functional Programs

NEPLS October 2005 13/6



Introduction
The Chain Rule

(fog) x=g(fx)
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Introduction
The Chain Rule

(fog) x=g(fx)
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dx  df dx
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Tutorial on AD

© Tutorial on AD

@ Forward Mode
@ Reverse Mode
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Tutorial on AD | Forward Mode

© Tutorial on AD
@ Forward Mode
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Tutorial on AD

Straight-Line Code and Jacobians

Forward Mode

X1 = f1 Xo
Xn = fn Xn_1

f=fo---of,

T X0 = (T faXn-1) x -+ x (J f1 Xo)
(T fx0)' = (T fixo) x - x (T fnxn1)"
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Tutorial on AD

Forward Mode

One Way to Compute the Jacobian

= (J f1 Xo)

2

= (J fax1) x X1

)Tn = (J faXn—1) X Xpn_1
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Tutorial on AD

Forward-Mode AD

T = (T f1%0) x G

{

x

n = (J faXn—1) X Xn_1

Xn = (J f Xo) X X§
Wengert, R. E. (1964). A simple automatic derivative evaluation program
Communications of the ACM(8):463—4.
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Tutorial on AD

Forward Mode
Interleaving Forward Mode

X1 = f1 Xo

X{ = (J f1 Xo0) x X§
Xn = fn Xn—1 Xh = (j fn Xn—l) X Xn-1
X1 = f1 Xo

X1 = (J f1 Xo) X X§

Xn = fn Xn_1

Ve v 7/
Xn = (j fn Xn—l) X Xn-1
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Tutorial on AD

Forward Mode

Forward Mode as a Transformation

X1:f1X0 Xélzﬁxéo
A

Xn = fo Xn-1 %o = T X1
X = (X, X)

fxx) = ((fx),(Jfx) x X))
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Tutorial on AD
A Unary Sparse Function

Forward Mode

i #ii

- X[m]
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Tutorial on AD

Forward Mode
The Jacobian of a Unary Sparse Function

ji
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Tutorial on AD | Forward Mode

Computing(J fi xi_1) x X;_1 for a Unary Sparse Function

X [1] 1 X [1]
7:Ui —1] ’ 1 7':[J'i —1]
(D ui x[ki]) x X'[k] 0 D ui x[ki] X ii]
Xi + 1 = 1 X i + 1]
(k] 1 X [k]
X [ 1 7.[m}
o =, «= z 9vac
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Tutorial on AD | Forward Mode

A Binary Sparse Function

i’ #li
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Tutorial on AD

Forward Mode
The Jacobian of a Binary Sparse Function

ki li
l l l
1
1
ji— 0 D1 bi (x[ki], x[li]) D by (x[ki], x[li])
1
ki — 1
li —

Jeffrey Mark Siskind (Purdue/ECE)

1

=

Taking Derivatives of Functional Programs

Qe
NEPLS October 2005

26/6



Tutorial on AD

Forward Mode

Computing(J fi xj_1) x X;_1 for a Binary Sparse Function

X 1

-1
(D1 (x0k] xH])) x K TK]) + (D2 by (k] X)) = K1)
i+ 1]

D)
k0

Xm

Jeffrey Mark Siskind (Purdue/ECE)
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Tutorial on AD

Forward Mode

Forward Mode as a Sparse Transformation

X =U X ~ X =T
X == bi (X, %) ~

(X17 X2))7
((D1 b (x1,%2))
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Tutorial on AD | Reverse Mode

© Tutorial on AD

@ Reverse Mode
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Tutorial on AD

Straight-Line Code and Jacobians

Reverse Mode

X1 = f1 Xo
Xn = fn Xn_1

f=fo---of,

T X0 = (T faXn-1) x -+ x (J f1 Xo)
(T fx0)' = (T fixo) x - x (T fnxn1)"
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Tutorial on AD

Reverse Mode
Another Way to Compute the Jacobian

Xno1 = (J fa anl)—r

Xn_2 = (J faz1 anZ)T X Xnp-1

Xo=(J f1xo)" x X1

Xo=(J fxo)"
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Tutorial on AD | Reverse Mode

Reverse-Mode AD

Xn—1 = (J fn Xn—l)T X Xn

Yo = (J f1 %) x X1

o= (7 fx0) x %

Speelpenning, B. (1980Compiling Fast Partial Derivatives of Functions

Given by AlgorithmsPhD thesis, Department of Computer Science,
University of Illinois at Urbana-Champaign.

o =3 = = E DA
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Tutorial on AD

Reverse Mode

Reverse Mode Cannot be Interleaved

X1 = f1 Xo

Xn = fn Xn—1

Xn—1 = (j fn Xn—1>T X “Xn

Yo = (J f1 %) x X1
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Tutorial on AD

Reverse Mode

Reverse Mode via Backpropagators
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Tutorial on AD

Reverse Mode

Reverse Mode as a Transformation

V. = L
X1 = f1 Xo X1 = f1 Xo
PUNN
A
Xn = fn Xn—1 /X_n = fn Xn_1

X = (%X
T x,X) = ((fx), AXX((Jfx)"xX)))

Jeffrey Mark Siskind (Purdue/ECE)

= &
Taking Derivatives of Functional Programs

DA

NEPLS October 2005 35/6



Tutorial on AD

Reverse Mode
Reverse Mode via a Tape

L — s
X1 = f1 Xo 1= T1 Xo
PUNN
L
Xn = fn Xn—1 Tn = fn Xn_1

)

X

=< X

= beginX:= AX X (7 f X)T x “X)
(f x) end

I
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Tutorial on AD
A Unary Sparse Function

Reverse Mode

i #ii

- X[m]
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Tutorial on AD

Reverse Mode
The Jacobian of a Unary Sparse Function
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Tutorial on AD

Reverse Mode

The Transpose of the Jacobian of a Unary Sparse Funct

D u; x[ki]

1
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Tutorial on AD

Reverse Mode

Computing(J fi xi_1)" x *X; for a Unary Sparse Function

X[1] 1 x[1]
7:[ji -1 1 W:Ui —1]
0 0 X[
“X[i + 1 = 1 X +1]
((.D ui X[ki]) > Xji]) + "X[k] D ui X[k] 1 7.[kc]
7:[m] 1 x:[m}
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Tutorial on AD | Reverse Mode

A Binary Sparse Function

i’ #li
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Tutorial on AD

Reverse Mode
The Jacobian of a Binary Sparse Function

ki li
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Tutorial on AD | Reverse Mode

spose of the Jacobian of a Binary Sparse Funci

T 1
1 1
0 ) Dy by (x[k], x[li]) D2 by (x[ki, x[l]) 0 .
1 B Dy (. <) 1
1 D2 by (x[k], x[li]) 1
1 1
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Tutorial on AD | Reverse Mode

Computing(J fi xi_1)" x X; for a Binary Sparse Function

X[1] 1 X[1]
T:Bi —1] i 1 7zﬁi —1]
0 0 “Xlji]
XJji + 1] 1 “X[ji + 1]
(D1 by (XKJ X)) = KG) + X | Dub (xkLxl) 1 Xk
(D2 by (k] X)) % XGil) + X D b (x[k], x[1) 1 Xl
ﬁx:[m] 1 7:[m]
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Tutorial on AD

Sparse Reverse Mode via a Tape

Reverse Mode

X o= Ui X~ X:=A[] begin X +:= (D Ui Xg) X %;;
X =0
X[ ] end;
Xji 1= Ui X
X = by (in’xli)

~ X:= A[] begin X +:= (D1 bi (X, X;)) X "X
X, +:= (D2 by (X, %)) X %5
X =

Jeffrey Mark Siskind (Purdue/ECE)
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Tutorial on AD

Reverse Mode
Traditional AD

Forward Mode:R" — R™ ~» (R" x R") — (R™ x R™)
Reverse ModeR" — R™M ~» R" — (R™ x (R™ — R"))
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Tutorial on AD | Reverse Mode

Functional AD

— —
null = null null = null
7 ) gy
R = R R = R
T X T2 = ?:L'X?p_, ™ X T2 = ?]_X?z
T]{"“’qu 7 T]{,A“,TA ~, D u—
1 T2 = Ty XX Ty T — T2 = Ty X X Ty
—_ _— PA—
null = null x null null = null
—_\ — A
R = RxR R = R
RN RN L A
T1 X T2 = T1 X T2 T1 X T2 = T1 X T2
— — —_—
T]{,.”,T'.,I N T{,...,‘r,: — T]{y'“v‘rr:
T — T2 = T1 — T2 T — T2 =
= —
L Tp5eeey T, ~, D u—
m S (X (= (T xx 1) x )
— N
Forward Mode:J : 7 — 7
— L
Reverse Mode.J : 7 — 7
=} F = = DA
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Examples

© Examples
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Examples
Derivatives

Dfx £ TANGENT(( f) (x» 1))
Dfx = CoR((CoR((T 1) (T %)) 1)
o = = = T 9Dae
Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Roots using Newton-Raphson

RooT (f, xo, €) 2 et ¥ éxo

f X

T Dix

inif |xo — X| < e then xp else RoOT (f, X, €)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Univariate Minimizer
Line Search

LINESEARCH (f, X, €) 2 RooT ((Df),xo,€)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples
Gradients

VX

1>

let né LENGTH X
V fx

in MAP ((Ai TANGENT (7 f) (X » .n))), (1 1))
CoR ((COR (T f) (T X)) 1)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples
Multivariate Minimizer
Gradient Descent

GRADIENTDESCENT(f, Xg, €)
let g2V fx
inif g < e

then xg

=

else GRADIENTDESCENT

(f, (X0 + ((LINESEARCH ((AK f (X0 + (K x Q))),€)) X @)),€)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Saddle Points

Continuous Two-Person Zero Sum Games

X : RM

y:R"

PAYOFF: RM x R" — R
mXin manPAYO FF (X,Y)

A
(x*,y*) = let X* = GRADIENTDESCENT

((Ax GRADIENTDESCENT ((Ay (—PAYOFF (X,Y))), Yo, €)), X0, €)
in (x*, (GRADIENTDESCENT ((Ay (—PAYOFF (x*,¥))), Yo, €)))

von Neumann, J. and Morgenstern, O. (1944)eory of Games and
Economic BehaviorPrinceton University Press, Princeton, NJ.

o =3 = = E DA
Jeffrey Mark Siskind (Purdue/ECE) Taking Derivatives of Functional Programs
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Examples

Carl Gauss
Christoph Gudermann
Karl Weierstrass
Hermann Schwarz

Leopo‘ld Fegr

John von Neumann
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Examples

Function Inversion

f-1 yé RooT (A |(f X) —V]), X0, €)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples
Neural Nets

NEURON (W, X) 2 SigmoId (W - x)
NEURALNET ([w";wj;

, A
Wi, X) =
NEURON (W”, [NEURON (W}, X); . ..; NEURON (Wp,, X)])
ERRORW 2

ya:. -

;¥n)] — [NEURALNET (W, X1);...; NEURALNET (W, Xp)]|

GRADIENTDESCENT (ERROR Wy, €)

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (1986). Learning
representations by back-propagating errblature 323:533-6.

Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Supervised Machine Learning

Function Approximation

ERRORS 2 Iy

Yl = [F(0,xa);- -5 (0, %n0)]]

GRADIENTDESCENT(ERROR 6, €)

Jeffrey Mark Siskind (Purdue/ECE)
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Maximum Likelihood Estimation

GRADIENTDESCENT ((Ae (— 11 P(x|0)>> N e)
XeX

Fisher, R. A. (1922). On the mathematical foundations of theoretical
statistics.Philos. Trans. Roy. Soc. London Sef.222:309-68.

Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Engineering Design

AN
PERFORMANCEOF SPLINECONTROLPOINTS =

AN

let WING = SPLINETOSURFACE SPLINECONTROLPOINTS;
A

AIRFLOW = PDESOLVER (WING, NAVIERSTOKES);

A
LIFT,DRAG = SURFACEINTEGRAL (WING, AIRFLOW, FORCE);

A
PERFORMANCE= DESIGNMETRIC (LIFT, DRAG, (WEIGHT WING))
in PERFORMANCE

GRADIENTDESCENT(PERFORMANCEOF, SPLINECONTROLPOINTS, €)

Jeffrey Mark Siskind (Purdue/ECE)
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Examples

Work in Progress

Lambda: the ultimate calculus
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@ manuscripts and code:
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Jeffrey Mark Siskind (Purdue/ECE) Taking Derivatives of Functional Programs NEPLS October 2005 61/6

e 6 6 © ¢ ¢


http://www-bcl.cs.nuim.ie/~qobi/stalingrad/

	Introduction
	Tutorial on AD
	Forward Mode
	Reverse Mode

	Examples

