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» From programs to gradients
<_
J f=Vf
» From gradients to optimization

argmax f 2 fixpoint of {x;11 = x; — (VVf(x;)) ' Vf(x:)}
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From programs to gradients

T if o Vf

From gradients to optimization

argmax f 2 fixpoint of {x;11 = x; — (VVf(x;)) ' Vf(x:)}
From optimization to a science of design

A
PERFORMANCE SPLINECONTROLPOINTS =
A
let WING = SPLINETOSURFACE SPLINECONTROLPOINTS;
A
AIRFLOW = PDESOLVER (WING, NAVIERSTOKES );

A
LIFT,DRAG = SURFACEINTEGRAL (WING, AIRFLOW, FORCE)
in DESIGNMETRIC (LIFT, DRAG, (WEIGHT WING))

argmax PERFORMANCE
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The Essence of Forward-Mode AD

Q) fe), 1€a,

flete) ="+ 2! i

Taylor, B. (1715). Methodus Incrementorum Directa et Inversa. London.
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The Essence of Forward-Mode AD

fle) fi(e)  f'(c)
O!CjL TR St

flete)=
To compute D f c:
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The Essence of Forward-Mode AD

/ 11 (i) )
Flete) = f(()f)+f1(f)€+f2(!c)52+"'+f i!(6)51+”
To compute D f c:
evaluate f
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The Essence of Forward-Mode AD

Q) fe), 1€a,

flete) ==+ 2! i

To compute D f c:

evaluate f at the term ¢ + ¢
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The Essence of Forward-Mode AD

(¢ (o 1 N (D) () .
PORRR (I AC I AR G

To compute D f c:

evaluate f at the term ¢ + ¢ to get a power series,
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The Essence of Forward-Mode AD

fle+e)= f(()IC)+.f'1(!c‘)E +f2(!c)52+-~-+ 5
To compute D f c:

evaluate f at the term ¢ + ¢ to get a power series,

extract the coefficient of ¢,
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The Essence of Forward-Mode AD

fle+e)= f(()!c)+f1(!c)€+f2(!c)52+m+ 5
To compute D f c:

evaluate f at the term ¢ + ¢ to get a power series,

extract the coefficient of ¢,
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The Essence of Forward-Mode AD

fle+e) = f(()!c)+f1(!c)€+f2(!c)52+m+ 5

To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,

extract the coefficient of ¢, and

multiply by 1!
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The Essence of Forward-Mode AD
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The Essence of Forward-Mode AD

fle+e) = f(()?)#f l(f)e +f2(!c)52+-~+ —

To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,
extract the coefficient of ¢, and

multiply by 1! (noop).

Key idea: Only need output to be a finite truncated power series a + be.
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The Essence of Forward-Mode AD

fle+e)= f(()!c)+fll(!c)s+f”2(!c)52+--~+i!5'+--~

To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,
extract the coefficient of ¢, and

multiply by 1! (noop).

Key idea: Only need output to be a finite truncated power series a + be.

The input ¢ + € is also a truncated power series.
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The Essence of Forward-Mode AD

fle+e) = f(()?)#f 1(!6})5 +f2(!c)52 R e

To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,
extract the coefficient of ¢, and

multiply by 1! (noop).

Key idea: Only need output to be a finite truncated power series a + be.
The input ¢ + € is also a truncated power series.

Can do a nonstandard interpretation of f over truncated power series.

Siskind (Purdue) DALI 2015 10 April 2015

3/93



The Essence of Forward-Mode AD

fle+e) = f(()(,> +f/1(!c)s +f”2(!c)52 + N

To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,
extract the coefficient of ¢, and

multiply by 1! (noop).

Key idea: Only need output to be a finite truncated power series a + be.
The input ¢ + € is also a truncated power series.
Can do a nonstandard interpretation of f over truncated power series.

Preserves control flow: Augments original values with derivatives.
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The Essence of Forward-Mode AD

! /!
fle+e)= f(()!c)+f1(!c)€+f2(!c)€2+m+ 5
To compute D f c:
evaluate f at the term ¢ + ¢ to get a power series,
extract the coefficient of ¢, and

multiply by 1! (noop).

Key idea: Only need output to be a finite truncated power series a + be.
The input ¢ + € is also a truncated power series.

Can do a nonstandard interpretation of f over truncated power series.

Preserves control flow: Augments original values with derivatives.
(D f) is O(1) relative to f (both space and time).
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Arithmetic on Complex Numbers

a+ bi

Hamilton, W. R. (1837). Theory of conjugate functions, or algebraic couples;
with a preliminary and elementary essay on algebra as the science of pure
time. Transactions of the Royal Irish Academy, 17(1):293-422.
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Arithmetic on Complex Numbers

a—+ bi
iZ=—1

Hamilton, W. R. (1837). Theory of conjugate functions, or algebraic couples;
with a preliminary and elementary essay on algebra as the science of pure
time. Transactions of the Royal Irish Academy, 17(1):293-422.
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Arithmetic on Complex Numbers

a—+ bi
iZ=—1

(a1 + b1i) + (a2 + bai) = (a1 + az) + (b1 + b2)i
(a1 + b]i) X (az + bzi) = (a1 X az) + (a1 X by +ap X b])i + (b] X bz)iz

Hamilton, W. R. (1837). Theory of conjugate functions, or algebraic couples;
with a preliminary and elementary essay on algebra as the science of pure
time. Transactions of the Royal Irish Academy, 17(1):293-422.
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Arithmetic on Complex Numbers

a+ bi
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Arithmetic on Complex Numbers
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Arithmetic on Complex Numbers

a—+ bi
iZ=—1
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Arithmetic on Complex Numbers

a—+ bi
iZ=—1

(a1 + b1i) + (a2 + bai) = (a1 + az) + (b1 + b2)i
(a1 + b]i) X (az + bzi) = (a1 X ap—b; X bz) + (a1 X by +ap X b])i

(a,b)

(a1,b1) + (a2, b2) = ((a1 + a2), (b1 + b2))
<a1,b1> X <a2,b2> = <(a1 X ay — by X bz),(al X by + ap X b1)>

Hamilton, W. R. (1837). Theory of conjugate functions, or algebraic couples;
with a preliminary and elementary essay on algebra as the science of pure
time. Transactions of the Royal Irish Academy, 17(1):293-422.
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Arithmetic on Dual Numbers

x+xe

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternions. Proceedings of
the London Mathematical Society, 4:381-95.
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Arithmetic on Dual Numbers

x+xe
g2 =0,bute #0

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternions. Proceedings of
the London Mathematical Society, 4:381-95.
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Arithmetic on Dual Numbers

x+xe

52:O,but57é0

(x1 +xje) + (2 +x5e) = (x1 + x2) + (x] +x5)e
(x1 +xje) X (22 +xbhe) = (01 X x2) + (11 X x5 +x2 X x})e + (x] —i—x’z)s2

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternions. Proceedings of
the London Mathematical Society, 4:381-95.
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Arithmetic on Dual Numbers

x+xe
g2 =0,bute #0
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Arithmetic on Dual Numbers

x+xe
g2 =0,bute #0

(x1 +xje) + (2 +x5e) = (x1 + x2) + (x] +x5)e
(x1 +xje) x (22 +xhe) = (01 X x2) + (11 X x5 +x2 X x))e

(x, x')

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternions. Proceedings of
the London Mathematical Society, 4:381-95.
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Arithmetic on Dual Numbers

x+xe
g2 =0,bute #0

(x1 +xje) + (2 +x5e) = (x1 + x2) + (x] +x5)e
(x1 +xje) x (22 +xhe) = (01 X x2) + (11 X x5 +x2 X x))e

(x, x')

(x1, %)) + (x2,05) = ((x1 + x2), (%] +x3))
<X1,x,1> <XQ,)C2> <()C1 XXZ),()Cl ><x’2+x2 Xx’l)>

Clifford, W. K. (1873). Preliminary Sketch of Bi-quaternions. Proceedings of
the London Mathematical Society, 4:381-95.
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A (Not So) Brief Tutorial on AD

z=g(f(x))

Siskind (Purdue) DALI 2015 10 April 2015 6/93



A (Not So) Brief Tutorial on AD
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A (Not So) Brief Tutorial on AD

z=g(f(x))
= (fog)x)

y=f(x)
=g(y)
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A (Not So) Brief Tutorial on AD

z=2g(f(x))
= (fog)(x)
y=f(x)
=g(y)
dz  dzdy
dr  dydx
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A (Not So) Brief Tutorial on AD

f:flo"'ofn
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A (Not So) Brief Tutorial on AD

f:flo"'ofn

X1 = f1 Xo

X :fn Xn—1
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A (Not So) Brief Tutorial on AD

f:flo"'ofn

X1 = f1 Xo

X :fn Xn—1

ijO:(jfnxn—l)X”'x(jfl XO)
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A (Not So) Brief Tutorial on AD

f=fio--ofy
X1 = f1 Xo
X :fn Xn—1

ijO:(jfnxn—l) X"'X(jfl XO)
(T fx0) = (T fixo) x - x (T fuxao1)"
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A (Not So) Brief Tutorial on AD

X, =J f X
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A (Not So) Brief Tutorial on AD

X, =JfXo
= (T fuXn—1) X - X(T fo x1)x(T fi Xo)
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A (Not So) Brief Tutorial on AD

Xy =T fXo
= (T fo Xn—1) X === X (T fax1)x (T fi xo)

Xi = (J fi o)
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A (Not So) Brief Tutorial on AD

Xy =Jf %o
(jfn X;— l) (jf2 X]) (jf] XO)

= (J fi Xo)
= (T fx) xX|

><J Lal
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A (Not So) Brief Tutorial on AD

=J fXo
(j fn Xp— ]) (j f2 X]) (jf] XO)

= (J fi Xo)
= (T fx) xX|

?ﬂ Lal

= (jfn Xn—l) X )?—1,
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A (Not So) Brief Tutorial on AD

Xo = (T fx0)"
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A (Not So) Brief Tutorial on AD

. T

Xo = (J f x0)
= (jfl XO)—r Xoeee X(jfn—l Xn—Z)TX (jfn Xn—1>T
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A (Not So) Brief Tutorial on AD

Xo = (J fx0)"
= (jfl XO)—r X X(jfn—l Xn—Z)TX(jﬁl anl)T

~ . T

an] - (jfn Xn—l)
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A (Not So) Brief Tutorial on AD

Xo = (J fx0)"
= (jfl XO)—r Xoeee X(jfhfl X}?*Z)Tx(jﬁl anl)T

~_ . T

Xn—1 = (jfn Xn—l)

| P— Ay

anZ - (jﬁ’l*l an2)T X anl
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A (Not So) Brief Tutorial on AD

Xo = (J fx0)"
= (jfl X())T Xoeee X(jfhfl X}?*Z)Tx(jﬁl anl)T

Xn—1 = (jfn Xn—l)T

S~ S

anZ - (jﬁ’l*l an2)T X anl

Xo= (T fixg) x X
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A (Not So) Brief Tutorial on AD

X; = (Jfix) X1 = (Tfaxat)
X; = (JhHhx)xX] Xo2 = (Jfim1X02)" x X,y
X, = (Jfixe1)xXp 1 Xo = (TAix) x X
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A (Not So) Brief Tutorial on AD

)7], (jfl XO) an] - (jfn an])T
X; = (JhHhx)xX] Xo2 = (Jfim1X02)" x X,y
X, = (Jfixe1)xXp 1 Xo = (TAix) x X
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A (Not So) Brief Tutorial on AD

X = (Jfix) X, 1 = (Tfixe)
)?2/ - (jfZ Xl) X fl anZ - (jfn—l Xn—Z)T X Xn—l
X, = (T fp%n1) X Xpt Xo = (JAx) x X;

10 April 2015 10/93
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A (Not So) Brief Tutorial on AD

X, = (J f Xo) X X¢
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A (Not So) Brief Tutorial on AD

Xy

(T f x0) X x§
(T foXn—1) X -+ x (T fi1 Xo0) X X§
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A (Not So) Brief Tutorial on AD

X, = (J f X0) X Xg
= (J fu Xu—1) X ==+ X (T f1 X0) X X§
x; = (J fi Xo0) X X¢

>
I

n (jfn Xn—l) X PT—I/
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A (Not So) Brief Tutorial on AD

X0 = (T fx0) X X,
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A (Not So) Brief Tutorial on AD

X0 = (T fx0) X X,

=(TAixo) % x (T fuXn1) X Xy
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A (Not So) Brief Tutorial on AD

X0 = (T fx0) X X,

=(TAixo) % x (T fuXn1) X Xy

—
Xp—1 =

(jfn Xn—l)T X Yn

X0 = (J fixo) x xq
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A (Not So) Brief Tutorial on AD

y=AXx

Siskind (Purdue) DALI 2015 10 April 2015 13/93



A (Not So) Brief Tutorial on AD

y=A XX
=f(x)
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A (Not So) Brief Tutorial on AD

y=A XX
=f(x)

X, = (J f Xo0) X X¢
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A (Not So) Brief Tutorial on AD
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A (Not So) Brief Tutorial on AD
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A (Not So) Brief Tutorial on AD

.
= f Xo X¢

~ T N~

X0 =(J fX0) X Xy
=f X0 X,
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A (Not So) Brief Tutorial on AD

¥
=

X()?j,

i =
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A (Not So) Brief Tutorial on AD

Xl = x ¢
= (J f x0)[;J]
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A (Not So) Brief Tutorial on AD
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A (Not So) Brief Tutorial on AD

X[ = f %o e

= (J f x0)[;J]
Xol;il ="f x0 e
= (T fx0)';d)
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A (Not So) Brief Tutorial on AD

X[ = f %o e

= (J f x0)[;J]
Xol;il ="f x0 e

= (T fx0)'[; 1]

= (J f x0)[is]
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
(BxA) xx
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
=(BxA)xx
= g(f(x))
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
=(BxA)xx
= 8(f(x))
= (fog)(x)
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
=(BxA)xx
= 8(f(x))
= (fog)(x)

(T foXne1) X - % (T fi X0) = (fi X0) 00 (fy Xn1)
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A (Not So) Brief Tutorial on AD

y =B x (A xx)
=(BxA)xx
= 8(f(x))
= (fog)(x)

(T foXne1) X - % (T fi X0) = (fi X0) 00 (fy Xn1)
(T fix0)" % X (T fuXn1) = (fuXno1) 0+ 0 (fi Xo)
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A (Not So) Brief Tutorial on AD

.. Xifl[Ri} -

xi—i[m]])

X[L,‘] = U; X[Rl‘]
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A (Not So) Brief Tutorial on AD

.. Xifl[Ri} -
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X[L,'} = U; X[Rl‘]
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A (Not So) Brief Tutorial on AD

X[L,'} = U; X{R,‘}
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A (Not So) Brief Tutorial on AD

X1 = (|[xi—1[1] |-~ co X [Ri] | [ X [SH] | Xifl[m]‘)
xi = fixion = ([xiall]]- [bi (i [R] xia [S) |- xR [xia[Si] -+ [xic1 [m]])

Siskind (Purdue) DALI 2015 10 April 2015 17793



A (Not So) Brief Tutorial on AD

X1 = (|xi1[1] |- o Xt [R] ] X [Si] | Xifl[m]‘)
Xi =fiXi1 = ( Xi—l[l]"“ bi (Xi—1[Ri], xi—1[Si]) |- | X1 [Ri] |- - - | Xim1 [Si] |- - - Xi—l[m]‘)
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A (Not So) Brief Tutorial on AD

Xi—1 = (|Xi—1[1] |-+ ""Xifl[R[} s X [Si] ] Xifl[m]‘)
X = fi Xi—1 = ( Xi—l[l]"“ bi (Xi—1[Ril, Xi—1[Si]) |-+ | X1 [Ri] |- -+ [Xima[Si] | -+ - Xi—l[m]‘)
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A (Not So) Brief Tutorial on AD

L; R;
{ |
1
1
L — 0 u'
1
R; — 1
1

u =D u; X;—1 [Rl]
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A (Not So) Brief Tutorial on AD

L; R; Si
| ! I
1
1
L — 0 b, b}
1
R, — 1
Sl‘ — 1
1

by =Dy bi (xi—1[Ri], xi—1[Si])
by, = D> b; (Xi—1[Ri], xi—1[Si])
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A (Not So) Brief Tutorial on AD

— -7 e
x{ = fi Xi—1Xi-]
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A (Not So) Brief Tutorial on AD

— -7 e
x{ = fi Xi—1Xi-]
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Tutorial on AD

_ — .
X/ Ji Xio1 Xi—{

(T fi xi—1) x Xi—{

x;i—i[1] 1

Xi—{[Li — 1] 1
B, x X[R] + b, x %781 0 P
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A (Not So) Brief Tutorial on AD
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X; = fiXo X| = f1 XoXo
— -7 —
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A (Not So) Brief Tutorial on AD

X1 = fixXo
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-7 E—
X_n, = fn Xpn—1 Xp—1

(xi,X7) = ((fi %0), (fi X0 X{))

X X7) = ((fa Xne1)s (fir X1 X 1))

Siskind (Purdue) DALI 2015 10 April 2015 25/93




A (Not So) Brief Tutorial on AD

N — _\
X1 = f1 Xo X; = f1 Xo
PUNN
X :fn Xn—1 z = E X;_1
X =(x, X)
— _ —
[ x=((fx),(f xX))
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A (Not So) Brief Tutorial on AD

—\ —\ N\
XL, = Ui XR; ~ o XL c= U XR;
—\ — —N N\
xp; = bi (X, Xs;) ~ Xy = bi (Xg;,Xs;)
—\
x =(x, X)

% x = ((ux), (Dux)x x))

B (3, 5) = (b (¥1,:), (D1 b (31,%)) x F) + (D2 b (31,%)) x H)))
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A (Not So) Brief Tutorial on AD

~ N4 N~
X|] = fl X0 Xp—1 = fn Xp—1 Xp
N N . N~
Xy = JfoXno1 X = fiXo Xy
X1 = fixo
Xn - fn Xn—1
D W— N D Y—
Xn—1 = fn Xn—1 X
N~ N L N
X0 = fiXo x
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A (Not So) Brief Tutorial on AD

X] = f1 Xo

I ~ /N
X]=AX X (f1Xo

~—

X)

Xn :fn Xpn—1

X =AX X1 (fiXo X)
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A (Not So) Brief Tutorial on AD

X1 = fixo

I N R N N
X] = Ax X (fixo Xx)
Xpn = fn Xpn—1

I N N N
X, = AX X1 (fixo X)

{
(x1,%1) = ((fix0),(\'x Xo (/i %o

—

x)))

~—

x)))

(anfn) = ((fn )‘1171)7()\ﬁX m(? X
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A (Not So) Brief Tutorial on AD

X] = f1 Xo Xi=f X

Xy :fn Xn—1 X;n = E /Xn——l
X = (x,X)

fX=((Fx).(\x x(fxx))
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A (Not So) Brief Tutorial on AD

[ x eglnx—)\x x(fx?);
(f x) end
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A (Not So) Brief Tutorial on AD

X = A[] begin xg +:= (D u; Xg) X x.;
i
Xp, 1= Ui Xg, ~s XL = O;
X[]end
L A
XL = Ui XR;
X := A begin xg +:= (D; b; (Xg,¥5)) X *xL;
D — A
x5, +i= (D2 by (Xg,, ¥5,)) X x5
xp, = bi (Xg;, xs;) X =0
X[]end
L L
xr,:= bi (Xg;, Xs;)
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A (Not So) Brief Tutorial on AD

XL, = Ui XR;
XL; = Uj XR; ~ s —
xr,+:= (D u; xg,) X xr,;
N
x,:=0
A L L

xp, = b (xg,,xs,)  ~ xg,+:= (D1 b; (xr,Xs,)) X xr,;
N~ L L ~
X, 1= (DZ b; (anxSi)) X XL
>
XLi+= 0
A
X =x
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The Functional Reverse-Mode Transformation

XL, 1= Uj Xs,

XL" = Uy )CSn
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The Functional Reverse-Mode Transformation

(
XL, = Ui Xxs,
X, = UpXs,
o
Xp = 0
XL, = ur Xxs,
-
~ e x, = 0
N N
X[, = Uy Xs, xs, +:= (Du,xs,) X xp,
o
XL, = 0
A N
xs, +:= (Duxs)Xx xp
o)
L XL, = =0

Siskind (Purdue) DALI 2015 10 April 2015 36/93



The Functional Reverse-Mode Transformation

(
XL, = Ui Xxs,
X, = UpXs,
o
Xp = 0
XL, = ur Xs,
-
~ e x, = 0
N N
X[, = Uy Xs, xs, +:= (Du,xs,) X xp,
o
XL, = 0
A N
xs, +:= (Duxs)Xx xp
o)
L XL, = =0

Siskind (Purdue) DALI 2015 10 April 2015 36/93



The Functional Reverse-Mode Transformation

(
XL, = Ui Xxs,
X[, = Uy Xs,
o
Xp = 0
XL, = ur Xxs,
-
~ e x, = 0
N N
X[, = Uy Xs, xs, +:= (Du,xs,) X xp,
o
XL, = 0
A N
xs, +:= (Duxs)Xx xp
o)
L XL, = =0

Siskind (Purdue) DALI 2015 10 April 2015 36/93



The Functional Reverse-Mode Transformation

(
XL, = Ui Xxs,
X, = UpXs,
o
Xp = 0
XL, = ur Xxs,
-
~ e x, = 0
N N
X[, = Uy Xs, xs, +:= (Du,xs,) X xp,
o
XL, — 0
A N
xs, +:= (Duxs)Xx xp
)|
L XL, = =0

Siskind (Purdue) DALI 2015 10 April 2015 36/93



The Functional Reverse-Mode Transformation

X = up Xs,
Xn = Un Xs,
-
X1 = um X51 X0 = 0
PUNN
-
Xp = UpXs, Xp—1 = 0
D — D —
xs, +:= (Duyxs,)x xp
~ ~
xs, +:= (Dujxs)x xi
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The Functional Reverse-Mode Transformation

Xy = Uy xs,
Xn = Un Xs,
-
X1 = up X51 X0 = 0
PUNN
-
Xp = UpXs, Xp—1 = 0
D — N
xs, +:= (Duyxs,)x x,
~ ~
xs, +:= (Dujxs)x x
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The Functional Reverse-Mode Transformation

VAN ~—
Ui =\ x (Dujxs)x x
X1 = U Xs,
Xn = Un X8,
—
X1 = upXxs, X0 = 0
A
—
Xp = UpXg, Xn—1 = 0
h I S
xs, +i= Uy X
~ I W
Xs, +i= up X
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The Functional Reverse-Mode Transformation

(x1,%1) = up Xs,
o P
(’Clza-xn) - Un Xs,
2
X1 = UupXs, X0 = 0
A
—
Xp = UpXs, Xp_1 = 0
~ I
Xs, +:= Xp X
~ D —
Xs, +i= X1 X
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The Functional Reverse-Mode Transformation

(x1,%1) = up Xs,
. L
(xn;xn) = Up Xs,
o
Xy = upxs, X0 = 0
VNN
-
Xp = Uy Xs, Xp_1 = 0
~ I
Xs, +:= Xp X
~ I
Xs, +i= X1 X
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The Functional Reverse-Mode Transformation

4L 4L L
(x1,X1) = XR, X,
L ’ 4L L
(xn 7xn) = 'XRH 'xSn
X = 0
X1 = Xp, Xs; X0 =
VNN
-
Xp = Xg, Xs, Xp—1 = 0
D W— X
Xs, +t:= X4 X
~ I
xs, +:= X x
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The Functional Reverse-Mode Transformation

1 L L
(x1,X1) = XR, X,
L ’ L L
('x” 7xn) = an 'xSn
N~ L O
X1 = Xp, Xs; X0 =
A
-
Xp = XR, Xs, Xp—1 = 0
D W— X
Xs, +t:= X4 X
~ I
xs, +:= X x
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The Functional Reverse-Mode Transformation

L L L
(x1,%1) = XR, Xs,
L ’ L L
(xn 7xn) = 'an 'xSn
xg = 0
X1 = Xp, Xs; X0 =
A
—
Xp = XR, Xs, Xp_] = 0
D W— X
Xs, T = Xy Xp
~ I
Xs, += X1 X
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The Functional Reverse-Mode Transformation

i L s
(x1,%1) = XR, X,
i ’ L s
(xn’xn) = XR, XS,
N~ L _l A
X1 = XR, Xs X0 = 0(;7 x())
PONN
— =12
—1
Xn = XR, Xs, X1 = 0(T 7 xa)
~— N R
xs, D= X, X
~ N I
Xxs, D= X1 x1
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The Functional Reverse-Mode Transformation

AXg let (x7,%7)

i DN s
('x’77'xn) = 'an 'xSn

A R A ~— — A = o

Axg let x; = xg, xs,; in (x;,(Ax,let xo=0 (7 1 X0);
A
A — A F—] __
Xn = XR, XS, X1 =0 (j xnfl);
in x, end ) LA__~—

Xs, D=Xn Xp;
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The Functional Reverse-Mode Transformation

AXg let (x7,%7)

i DN s
('x’77'xn) = 'an 'xSn

A R A ~— — A = o

Axg let x; = xg, xs,; in (x;,(Ax,let xo=0 (7 1 X0);
A
A — A F—] __
Xn = XR, XS, X1 =0 (j xnfl);
in x, end ) LA__~—

Xs, D=Xn Xp;

The above is a white lie. The truth is a lot more complicated.
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Dynamic Overloading: SCMUTILS

(define-structure bundle primal tangent)
(define (primal p) (if (bundle? p) (bundle-primal p) p))
(define (tangent p) (if (bundle? p) (bundle-tangent p) 0))

(define +

(let ((+ +))
(lambda (x1 x2)
(make-bundle (+

(define «*
(let ((+ +) (% *))
(lambda (x1 x2)

(make-b

(» (primal x1) (primal

(+ (x (primal x1) (tan
(» (tangent x1) (

(define ((D f) x) (tangent (f (make-bundle x 1))))
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(define-structure bundle primal tangent)
(define (primal p) (if (bundle? p) (bundle-primal p) p))
(define (tangent p) (if (bundle? p) (bundle-tangent p) 0))

(define +
(let ((+ +))
(lambda (x1 x2)
(make-bundle (+ (primal x1) (primal x2))
(+ (tangent x1) (tangent x2))))))

(define «*
(let ((+ +) (% *))
(lambda (x1 x2)
(make-bundle (x (primal x1) (primal x2))
(+ (» (primal x1) (tangent x2))
(+ (tangent x1) (primal x2)))))))

(define ((D f) x) (tangent (f (make-bundle x 1))))

(define (f x) (* 2 (* X (* X x))))

(D 1)

(D (D 1))

(D (lambda (x) ... (D (lambda (y) ...) ...) ...) ...)
Convenient
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ADIFOR and TAPENADE

function f (x)

double precision x, f
f = 2.0d0*x*x*x

end

10 April 2015 44793
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ADIFOR and

function f (x)

double precision x, f
f = 2.0d0*x*x*x

end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end
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ADIFOR and

function f (x)

double precision x, f
f = 2.0d0*x*x*x

end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end

Fast
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end
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Preprocessor: ADIFOR and TAPENADE

function f (x) AD_TOP = f
double precision x, f

f = 2.0d0*x*x*x

end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end

Fast but inconvenient
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Preprocessor: ADIFOR and TAPENADE

function f (x) AD_TOP = f
double precision x, f AD_TIVARS = x
f = 2.0d0*x*x*x AD_DVARS = f
end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end

Fast but inconvenient
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Preprocessor: ADIFOR and TAPENADE

function f (x) AD_TOP = f
double precision x, f AD_IVARS = x
f = 2.0d0*x*x*X AD_DVARS = f
end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end
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Preprocessor: ADIFOR and TAPENADE

function f (x) AD_TOP = f

double precision x, f AD_IVARS = x

f = 2.0d0*x*x*X AD_DVARS = f

end

function gf (x, gx, gresult) AD_TOP = gf

double precision x, gx, gf, gresult AD_IVARS = x, gx
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gresult = 6.0d0*x*x*gx

end
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Preprocessor: ADIFOR and TAPENADE

function f (x)
double precision x, f

f = 2.0d0xx*x*x

end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end

function ggf (x, gx, gx, ggx, gresult,
double precision x, gx, gx, ggx, ggf,

ggf = 2.0d0xx*x*x
gresult = 6.0d0*x*x*gx

AD_TOP = f
AD_IVARS = x
AD_DVARS = f

AD_TOP = gf
AD_IVARS = x,
AD_DVARS = gf,

gx
gresult

ggresult,
gresult,

gresult)

gresult, ggresult

gresult = 6.0d0*x*x*gx
ggresult = 6.0d0xx*x*ggx+12.0d0*xX*gx*gx
end

Fast but inconvenient
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Preprocessor: ADIFOR and TAPENADE
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Preprocessor: ADIFOR and TAPENADE

function f (x)
double precision x, f

f = 2.0d0xx*x*x
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Preprocessor: ADIFOR and TAPENADE

function f (x)
double precision x, f

f = 2.0d0*x*x%*x

end

function gf (x, gx, gresult)

double precision x, gx, gf, gresult
gf = 2.0d0*x*x*x

gresult = 6.0d0*x*x*gx

end

function hgf (x, hx, gx, hgx, gresult,
double precision x, hx, gx, hgx, hgf,

AD_TOP = f
AD_IVARS = x
AD_DVARS = f

AD_TOP = gf
AD_IVARS = x,
AD_DVARS = gf,
AD_PREFIX = h

gx
gresult

hresult)
gresult,

hgresult,

hresult, hgresult

hgf = 2.0d0xx*x*x

hresult = 6.0d0*x*xxhx

gresult = 6.0d0*x*x*gx

hgresult = 6.0d0xx*x+xhgx+12.0d0*x*gx*hx
end

Fast but inconvenient
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Static Overloading: FADBAD++

double f (double x) {return 2xx*x+*x; }
double x;
. f(x)
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Static Overloadir

double f (double x) {return 2xx*x+*x; }
double x;
f(x)

F<double> f (F<double> x) {return 2+xxx*X;}
F<double> x;
x.diff (0, 1);

. f(x).d(0)
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Static Overloadir

double f (double x) {return 2xx*x+*x; }
double x;
f(x)

F<double> f (F<double> x) {return 2+xxx*X;}
F<double> x;
x.diff (0, 1);

. f(x).d(0)

F<F<double> > f (F<F<double> > x) {return 2+x*X*X;}
F<F<double> > x;
x.diff (0, 1);
x.diff (0, 1).diff(0,1);
. f(x).d(0).d(0)

Siskind (Purdue) DALI 2015 10 April 2015 45/93



Static Overloadir
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F<F<double> > f (F<F<double> > x) {return 2+x*X*X;}
F<F<double> > x;
x.diff (0, 1);
x.diff (0, 1).diff(0,1);
. f(x).d(0).d(0)

Slow
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Static Overloadir

double f (double x) {return 2xx*x+*x; }
double x;
f(x)

F<double> f (F<double> x) {return 2+xxx*X;}
F<double> x;
x.diff (0, 1);

. f(x).d(0)
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Monovariant Flow Analysis: 0-CFA

(define (D f£)
L)
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Monovariant Flow Analysis: 0-CFA

(define (D f£)
L)

(D (lambda (x) 2x°))
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Monovariant Flow Analysis: 0-CFA

(define (D f:(\x2x))

(D (lambda (x) 2x°))
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Monovariant Flow Analysis: 0-CFA

(define (D f:(Ax2x%))
(A 6x2))

(D (lambda (x) 2x°))
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Monovariant Flow Analysis: 0-CFA

(define (D f:(Ax2x%))
(A 6x?))

(D (lambda (x) 2x°)) :(\x6x?)
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Monovariant Flow Analysis: 0-CFA
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Monovariant Flow Analysis: 0-CFA
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Monovariant Flow Analysis: 0-CFA
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Monovariant Flow Analysis: 0-CFA

(define (D f:(Axe*)U(Mx2e)U (Mx4e™)U...)
(A 2eF) U (A deF) UL L)

(D (D (lambda (x) €¥)):(Ax2e®)U(Mxde*)U...)
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Polyvariant Flow Analysis: k-CFA

with Bounded Context Sensitivity

(define (D £) ...)

Shivers, III, O. G. (1991). Control-Flow Analysis of Higher-Order Languages
or Taming Lambda. Ph.D. thesis, CMU.
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Polyvariant Flow Analysis: k-CFA

with Bounded Context Sensitivity
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Polyvariant Flow Analysis

with Unbounded Context Sensitivity

E:exo—v
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Polyvariant Flow Analysis

with Unbounded Context Sensitivity

E:exo—v

vo=#t | #E£] O | R| (vi,») ]| {(o,€)
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vo=#t |[#£| O |R| (v;,m) | (7,e) | R
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Memoize € indexed (by suitable equivalence relations on) e and .

Not suitable for arbitrary (i.e., typical SCHEME, ML, HASKELL, etc.) programs.
Is suitable for FORTRAN-like programs.

Necessary for migrating reflective source-code transformation to compile time.
Side benefits: union-free, no cyclic abstract values

No tags, tag checking, tag dispatching, indirect calls

Allows complete unboxing: no allocation, reclamation, indirection
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Two player non-zero-sum continuous-strategy game

Player A’s strategy is a. Player B’s strategy is b.
Player A’s return is A(a, b). Player B’s return is B(a, b).
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Two player non-zero-sum continuous-strategy game

Player A’s strategy is a. Player B’s strategy is b.
Player A’s return is A(a, b). Player B’s return is B(a, b).

Equilibria must satisfy:

a* = argmaxA(a,b") b* = argmax B(a", b)
a b
Find by solving:
a* = argmax A(a, argmax B(a*, b))
a b
NN A
nesting

aka

root argmax A(a, argmax B(a*, b)) — a*
a* a b

N

more nesting

Siskind (Purdue) DALI 2015 10 April 2015 49/93



root argmax A(a, argmax B(a*,b)) — a*
a* a b

Five levels of nesting. (One from ROOT, two from each ARGMAX.)
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Continuous-Strategy Two-Person Nonzero-Sum Game

FARFEL/FARFALLEN

subroutine deriv2(f, x, y, yprime)
external f

adf (tangent (x) = 1.0)

y = £(x)

end adf (yprime = tangent (y))
end

function root (f, x0, n)

x = x0

do 1669 1 =1, n

call deriv2(f, x, y, yprime)
1669 x = x-y/yprime

root = x

end

function derivl (f, x)
external f

adf (tangent (x) = 1.0)

y = £(x)

end adf (derivl = tangent (y))
end
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Continuous-Strategy Two-Person Nonzero-Sum Game

VLAD/STALINV

(define (deriv2 f x) (j* £ (times 0 f) x 1))

(define (root f x n)
(if (zero? n)
X

(let (((cons y yprime) (deriv2 f x))
(root £ (- x (/ y yprime)) (- n 1)))))
(define (derivl f x)

(let (((cons y y-tangent) (j* £ (times 0 f)

ind (Purdue)

x 1))) y-tangent))
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Continuous-Strategy Two-Person Nonzero-Sum Game

FARFEL/FARFALLEN

function argmax (f, x0, n)
function fprime (x)

fprime = derivl(f, x)

end
argmax = root (fprime, x0, n)
end

subroutine eglbrm(biga, bigb, astar, bstar, n)
external biga, bigb
function f (astar)
function g(a)
function h(b)
h = bigb(astar, b)

end
bstar = argmax(h, bstar, n)
g = biga(a, bstar)
end
f = argmax (g, astar, n)-astar
end
astar = root (f, astar, n)

end

10 April 2015
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Continuous-Strategy Two-Person Nonzero-Sum Game

VLAD/STALINV

(define (argmax f x0 n)
(define (fprime x) (derivl f x))
(root fprime x0 n))

(define (eglbrm biga bigb astar bstar n)
(define (f astar)
(define (g a)
(define (h b) (bigb astar b))
(biga a (argmax h bstar n)))
(- (argmax g astar n) astar))
(let ((astar (root f astar n)))
(define (h b) (bigb astar b))
(let ((bstar (argmax h bstar n)))
(cons astar bstar))))

ind (Purdue)
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Continuous-Strategy Two-Person Nonzero-Sum Game

FARFEL/FARFALLEN

function gmbiga(a, b)
price = 20-0.1%a-0.1+b
costs = ax (10-0.05*a)
gmbiga = a*price-costs
end

function gmbigb (a, b)
price = 20-0.1%xb-0.0999%a
costs = b*(10.005-0.05%b)
gmbigb = bxprice-costs
end

program main

read *, astar

read *, bstar

read *, n

call eglbrm(gmbiga, gmbigb, astar, bstar, n)
print *, astar, bstar

end
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Continuous-Strategy Two-Person Nonzero-Sum Game

VLAD/STALINV

(define (gmbiga a b)
(let ((price (= (= 20 (x 0.1 a)) (x 0.1 b)))
(costs (x a (- 10 (* 0.05 a)))))
(- (x a price) costs)))

(define (gmbigb a b)
(let ((price (= (= 20 (x 0.1 b)) (x 0.0999 a)))
(costs (* b (- 10.005 (x 0.05 b)))))
(- (x b price) costs)))

(let (((cons astar bstar) (eglbrm gmbiga gmbigb 0 0 (real 500))))
(cons (write-real astar) (write-real bstar)))
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The full EQLBRM example

FONGEION GUBiCE R, 5
PRICE =

FUNCTION EoLERIL G_H (ASTAR, B)

QLB ¥ F G

suBROUTINE Lo sHB TG ouB1G, X v

- EQLBRI_GHBIGA_GUBIGE_F_G_H (ASTAR,

FUNCTION DERIVI_EQLBRM_GMBLGA_GMBIGE_E_G_H (ASTAR, X)

X6l =1

a1 =
caLL _so G1(ASTAR, ASTARG1, X,
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P T e
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SUBROUTINE DER
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n
Do 1555 1 =1, N
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1669 RIE
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8D
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EQLERM_GMBTGA_GHBIGB_F_G_ADF (A %
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FUNCTION DERIVI_EQLERM GMEIGA_GMBIGE_F_G(ASTAR, BSTAR, N, X)

ASTAR_G3 = 0.0

+, BSTAR_G3,
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o B G

N0
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4_GHBIGA_GMBIGE_F_G_FPRINE = X

BsT

FUNCTION ARGHAX_EQLSRI_GHBIGA_GHBIGH F_G(ASTAR, R, W)
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FuNCrION QLSRG
7

EQLBRI_( e AR EaLSRL B Ton U (asan, =5
e
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CALL DERIV2_EOLER G
YeR
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#! /bin/bash

tapenade -root derivl_2_ adf2 -d -o eqglbrmé2
—-diffvarname "_g2" -difffuncname "_g2"
egqlbrm4z2. f

tapenade -root deriv2_1_2_adfd4 -d -o eqlbrmd?2
—diffvarname "_g4" -difffuncname "_g4"
eglbrm42{,_g2}.f

tapenade -root derivl_1_ adfl -d -o eglbrmé42
—diffvarname "_gl" -difffuncname "_gl"
eqlbrmé42{,_g2,_g4d}.f

tapenade -root deriv2_1_1_adf3 -d -o eqglbrmd?2

—diffvarname "_g3" -difffuncname "_g3"
eglbrm42{,_g2,_g4,_gl}.f

tapenade -root deriv2_2_adfb -d -o eqglbrméd2
—-diffvarname "_g5" -difffuncname "_g5"
eqlbrm42{,_g2,_g4,_gl,_g3}.f

—~
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Performance Comp:

CPU Time (seconds)

Tapenade Adifor Stalingrad
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P = if xy then O else if x; then 1 else 2
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Probabilistic Prolog

Pr(p(O) ) = Po

Pr(p (X) :=q(X) .)=1—po
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v T e = (52)
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Probabilistic Lambda Calculus

(define (evaluate expression environment)
(cond
((constant-expression? expression)
(singleton-tagged-distribution
(constant-expression-value expression)))
((variable-access—expression? expression)
(lookup-value
(variable—access-expression-variable expression) environment))
((lambda-expression? expression)
(singleton-tagged-distribution
(lambda (tagged-distribution)
(evaluate
(lambda-expression-body expression)
(cons (make-binding (lambda-expression-variable expression)
tagged-distribution)
environment)))))
(else (let ((tagged-distribution
(evaluate (application-argument expression)
environment)))
(map-tagged-distribution
(lambda (value) (value tagged-distribution))
(evaluate (application-callee expression) environment))))))
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Probabilistic Lambda Calculus

(gradient—-ascent
(lambda (p)
(let ((tagged-distribution
(evaluate if xothen(Oelse if x; then ] else?2
(1ist Pr(xg~ true) =py Pr(xg — false) = 1 — py
Pr(x; +— true) = p; Pr(x; — false) = 1 — p;
-2))))
(map—-reduce
*
1.0
(lambda (value)
(likelihood wvalue tagged-distribution))
(01 22))))
(0.5 0.5)
1000.0
0.1)
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Probabilistic Prolog

(define (proof-distribution term clauses)
(let ((offset ...))
(map-reduce
append
"0
(lambda (clause)
(let ((clause (alpha-rename clause offset)))
(let loop ((p (clause-p clause))
(substitution (unify term (clause-term clause)))
(terms (clause-terms clause)))
(if (boolean? substitution)
"0
(if (null? terms)
(list (make-double p substitution))
(map-reduce
append
")
(lambda (double)
(loop (* p (double-p double))
(append substitution (double-substitution double))
(rest terms)))
(proof-distribution
(apply-substitution substitution (first terms)) clauses)))))))

clauses)))
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Probabilistic Prolog

(gradient—-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p(X) :—a(X) .)=1—po
Pr(a(1).)=p1
Pr(g(2).)=1-=p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(l) p(2) p(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p (X) :=q(X) .) =1—po
Pr(q (1) .) = p
Pr(g(2).)=1—p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(l) p(2) p(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient—-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p(X) :—a(X) .)=1—po
Pr(a(1).)=p1
Pr(g(2).)=1-=p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(l) p(2) p(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p(X) :—a(X) .)=1—po
Pr(a(1).)=p1
Pr(g(2).)=1-=p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(1l) p(2) P(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p (X) :=q(X) .) =1 —po
Pr(q (1) .) =pi
Pr(g(2).)=1—-p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(1l) p(2) pP(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient—-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p (X) :=q(X) .) = 1—po
Pr(q (1) .) =p
Pr(g(2).)=1-p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(l) p(2) p(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Probabilistic Prolog

(gradient—-ascent
(lambda (p)

(let ((clauses (list Pr(p(0).)=po
Pr(p(X) :—a(X) .)=1—po
Pr(a(1).)=p1
Pr(g(2).)=1-=p1)))

(map—-reduce
*
1.0
(lambda (query)
(likelihood (proof-distribution query clauses)))
"(p(0) p(l) p(2) p(2)))))
(0.5 0.5)
1000.0
0.1)

Siskind (Purdue) DALI 2015 10 April 2015 65/93



Generated Code

static void £2679(double a_£2679_0,double

int £272381=((a_f2679_2==0.)20:1);

double t272406;

double t272405;

double t272404;

double t272403;

double t272402;

1£((£272381==0)) {
double £272480=(1.-a_£2679_0)
double t272572=(1l.-a_£2679_1)
double £273043=(a_f2679_0+0.)
double £274185=(£272480%a_f26
double t274426=(t274185+0.);
double £275653=(t272480%t272572) ;
double t275894=(t275653+0.);
double £277121=(t272480%t272572) ;
double t277362=(t277121+0.);
double t277431=(£277362%1.);
double t277436=(t275894%t277431);
double t277441=(t274426%t277436) ;
double t277446=(t273043%t277441);

79_1);

double t1777107=(t1774696+t1715394);
double 0.-t1745420);
double
£272406=a_. _
£272405=a_£2679_1;
£272404=t277446;

£272403=t1778533;
£272402=t1777107; }

else {...}
r_£2679_0=t272406;
r_£2679_1=t272405;
r £2679_2=t272404;
r_£2679_3=t272403;
r_£2679_4=t272402;}

£2679_1,double a_f2679_2,double a_£f2679_3) {
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Performance Comparison

probabilistic— probabilistic—
lambda-calculus | prolog
F R F R

STALINV 1.00 1.00 1.00 1.00
MLTON 106.45 124.95 789.41 483.47
OCAML 215.73 538.68 1207.13 1534.61
SML/NJ 197.75 272.45 2448.02 1471.94
GHC ] ] ] ]
BIGLOO 832.92 1048.11 14422.16  8286.06
CHICKEN 2305.98 3283.00 | 66948.70 37792.84
GAMBIT 879.88 1153.86 | 24316.03 13649.81
IKARUS 437.46 531.10 824292  4845.86
LARCENY 1651.01 1673.22 | 25589.62 14833.53
MIT SCHEME | 3491.10 4130.19 | 85819.57 48335.38
MzC 5289.17 5929.14 | 154206.95 83480.27
MZSCHEME 6235.78 7134.71 | 166129.12 91630.70
SCHEME->C 682.15 794.31 10530.66  5980.27
SCMUTILS 6456.99 ] 80100.23 ]
STALIN 1240.73 1137.41 22511.79 10986.43

m not implemented but could implement, including FORTRAN, C, and C++
m not implemented in existing tool
m can’t implement
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of Inverting Motor Programs

Help Abort Park Arm Reset Arm || Write PPM_ || Play [ cCalikrate | Quit ]
Track Tracks\iew Viewfinder Overlay | Beginning | -T Il +T Il End
Above Red Above Green Above Blue | Above vellow | Move Left | Move Right || Move Up || Move Down
Pick Up Green| Put Down |[PUt On Yellow| Push Green
Brightness || +Brightness || —Contrast “Contrast “Eoloar || +Eolour || —Whitensss || +Whitensss |
Set Red Set Green Set Blue Set_rellow I\ Record [ Snapshot || Initial || Best |
Red Green Blue Yellow Load RGEY || Save RGBY | Load Pose | Save Pose
M 442 —CPM 20 —CP 4 —MPM_200 —MP 8
+M_442 +CPM 20 TP 4 +HMPM_200 MNP 8
Hame U

10, P=-115
2 32768, C=32768, W=32768

T=-10, P=-72.5
B=32768, C=32768, C=32768, W=32768

Tui
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z world coordinates of executor’s end effector
arm configuration
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= (Ceh Cer)’ Co = (Cnla Cor)

world coordinates of executor’s end effector
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robot pose
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a
b
Ce = (Ceh Cer)’ Co = (Cnlacor)
Xe = (xel-,xer)v Xo = (xolvxor)

world coordinates of executor’s end effector
arm configuration

robot pose

camera poses

image coordinates of executor’s end effector
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Z
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b
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S QN
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Z world coordinates of executor’s end effector
a arm configuration
b robot pose
Ce = (Cety Cer)s €o = (Coty Cor) camera poses
Xe = (Xets Xer)s Xo = (Xol, Xor) image coordinates of executor’s end effector
z=f(a,b) forward kinematics
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z=p! (%1, %, c15 C1) inverse optics
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S QN

Ce = (CL’[7 Cer)’ Co = (Cnlacor)

=
(

Xe
z=f(a,
X =

p(z,c)
(xl,-xr, c, Cr)

z=p

1

Xel, xer)v Xo = (xolvxor)

b)
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How It Works
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How It Works
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How It Works
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a arm configuration
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How It Works

a=m(x,)

Xo = p(f(m(pwil(xm CO)* Cl’))v h) Cﬂ)

argmin,, ||x, — Ish(x,)||

argmin,,

Vb,corcelIXo — Ish(%,)]]

ming,c, ¢, [[Xo — Ish(%,)||

world coordinates of executor’s end effector
arm configuration
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image coordinates of executor’s end effector
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inverse optics
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robustness in the face of occlusion

visual servoing along all axes

motor program

inverse kinematics

closed-loop visual servoing

imagination capacity

classification

pose estimation by gradient descent
calculated using AD
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How It Works

Forward kinematics

). :f(evp)
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How It Works

Forward kinematics

). :f(evp)

Estimating the parameters of the kinematic chain

= argmanIIXz (4, p)[I?
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How It Works

Forward kinematics

). :f(evp)

Estimating the parameters of the kinematic chain

= argmanIIXz (4, p)[I?

Inverse kinematics

0=f""'(x,p)

= arggninllx —f(6,p)|
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Maximum-Likelihood Methods

Probabilistic Programming

(flip p)
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Maximum-Likelihood Methods

Probabilistic Programming

(flip p)

(probability e)
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Maximum-Likelihood Methods

Probabilistic Programming

(flip p)

(probability e)

(argmax f xp)
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Reduced Gradient

Wolfe (1962, 1967)

argmax f (X)
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Reduced Gradient

Wolfe (1962, 1967)

argmax f (X)

argmax f (X)

X
x>0
Ax=b
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Reduced Gradient

Wolfe (1962, 1967)

argmax f (X)

argmax f (X)
ng
Ax=b
argmax f (X)
x§0

S x=1

(argmax f x0)
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A Unified Computational Framework

Comprehensive Stochastic Cognitive Models

(define (lexicon game-state)
(let ((things
(append
(map-n (lambda (position) (list ’position position)) 9)
(map-n (lambda (position)
(list ’"position-state
position
(list-ref game-state position)))
9))))

(list

(cons ’the (meaning for the))

(cons ’x (meaning for x))

(cons ’is-on (meaning for is on))
(cons ’center (meaning for center)))))
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A Unified Computational Framework

Comprehensive Stochastic Cognitive Models

(define (draw distribution)
(let loop ((p 1)
(pairs
(remove—-1if
(lambda (pair) (zero? (cdr pair)))
distribution)))
(if (or (null? (rest pairs))
(flip (/ (cdr (first pairs)) p)))
(car (first pairs))
(loop (- p (cdr (first pairs)))
(rest pairs)))))
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A Unified Computational Framework

Comprehensive Stochastic Cognitive Models

(define (position-state-draw distribution)
(draw (map cons

" (empty x 0)

distribution)))
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A Unified Computational Framework

Comprehensive Stochastic Cognitive Models

(define (word-draw distribution)
(draw (map cons
" (the x is—on center)
distribution)))
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A Unified Computational Framework

Comprehensive Stochastic Cognitive Models

(define (interpret words game-state)
(if (= (length words) 1)
(cdr (assqg (first words) (lexicon game-state)))
(letx ((i (+ (draw
(map
cons
(enumerate (- (length words) 1))
(uniform (- (length words) 1))))
1))
(left (interpret
(sublist words 0 1)
game-state))
(right (interpret
(sublist words i (length words))
game-state)))
(if (flip 0.5) (left right) (right left)))))
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A Unified Computational Framework

Language Generation

(argmax
(lambda (distributions)
(probability
(interpret
(map word-draw distributions)
" (empty empty empty
empty x empty
empty empty empty))))
(map-n (lambda (i) (uniform 4))
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A Unified Computational Framework

Language Generation

(argmax
(lambda (distributions)
(probability
(interpret
(map word-draw distributions)
" (empty empty empty

empty x empty
empty empty empty))))
(map-n (lambda (i) (uniform 4))
#(#(0 41 0 59) ; x/center
#(100 0 0 0) ; the
#(0 0 100 0) ;is-on
#(100 0 0 0) ; the
#(0 41 0 59)) ; x/center
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A Unified Computational Framework

Language Understanding

(argmax
(lambda (distributions)
(probability

(interpret

" (the x is—-on the center)

(map position-state-draw distributions))))
(map-n (lambda (i) (uniform 3)) 9))
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A Unified Computational Framework

Language Understanding

(argmax
(lambda (distributions)
(probability

(interpret

" (the x is—-on the center)

(map position-state-draw distributions))))
(map-n (lambda (i) (uniform 3)) 9))

#(#(67 0 33) #(67 0 33) #(67 0 33) ;empty/o empty/o empty/o
#(67 0 33) #(0 100 0) #(67 0 33) jempty/o x empty/o
#(67 0 33) #(67 0 33) #(67 0 33)) ;empty/o empty/o empty/o
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Recognition by Sequences ¢ pearance and Motion

Given a set of labeled training videos with bounding boxes
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Recognition by Sequences ¢ pearance and Motion

Given a set of labeled training videos with bounding boxes

Learn the characteristic sequence of appearance and motion of each action.
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Recognition by Sequences of Appearance and Motion

Given a set of labeled training videos with bounding boxes

Learn the characteristic sequence of appearance and motion of each action.
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Recognition by Sequences of Appearance and Motion

Given a set of labeled training videos with bounding boxes

Learn the characteristic sequence of appearance and motion of each action.

4,
SENES
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Representing Appearance
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Representing Appearance

Histograms of Oriented Gradients (HOG) (Dalal & Triggs 2005a)

Image within box HOG Feature Learned HOG model
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Representing Appearance

Histograms of Oriented Gradients (HOG) (Dalal & Triggs 2005a)

Image within box HOG Feature Learned HOG model

Matching score computed with a dot product
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Representing Motion Patterns

Histograms of Oriented Flow (HOF) (Dalal & Triggs 2005b)

Image within box Learned Flow model
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)

D1 D2 [ ] DT
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)

D1 D2 [ | DT

o1 02 03 04
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)

Likelihood of sequence computed with the Forward Algorithm

Siskind (Purdue) DALI 2015 10 April 2015 87/93



Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)

Likelihood of sequence computed with the Forward Algorithm
MAP computed with the Viterbi Algorithm
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Representing the Sequence of an Action

Hidden Markov Models (HMM) (Baum & Petrie 1966)
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Modification to the Event tracker
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Modification to the Event tracker

Use the HMM state output models as our object detectors.
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Modification to the Event tracker

Use the HMM state output models as our object detectors.
Detect unusual poses
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Modification to the Event tracker

Use the HMM state output models as our object detectors.
Detect unusual poses

Siskind (Purdue) DALI 2015 10 April 2015 88/93



Learning the Sequence of Appearance and Motion
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Learning the Sequence of Appearance and Moti

Maximize the classification margin on a set of training videos

@ Score of correct

model
margin

‘ Maximum score
among
. incorrect models
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Learning the Sequence of Appearance and Moti

Maximize the classification margin on a set of training videos

@ Score of correct

model
margin

‘ Maximum score
among
. incorrect models

Minimize a cost function O, the sum of individual video costs O

0, = max(0, 1 + SOFTMAX({s,;[j # kv}) — (sui,))?
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Learning the Sequence of Appearance and Moti

Maximize the classification margin on a set of training videos

@ Score of correct

model
margin

‘ Maximum score
among
. incorrect models

Minimize a cost function O, the sum of individual video costs O

0, = max(0, 1 + SOFTMAX({s,j|j # k})
Optimized via
Siskind (Purdue)

- (Svky))z

gradient descent.
DALI 2015

10 April 2015
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Computing the Gradient

To optimize, need % for each parameter / of each class j.
Xt

0syj
8)6/ zv:zA\/iaxl

where A = —1if j = k,, otherwise
Ae Sy exp(sl,j)s)
Z exp( u)
i=1,...,C
ik,

Use techniques of Automatic Differentiation to compute gi‘f; through the
7
HMM forward algorithm.
transition models

output models
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”

return a label:
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Given a video with boxes around the actor:

”

return a label: bend
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return a label: bend
Given a video without boxes:

Return a set of boxes and a label:
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Given a video with boxes around the actor:

w;ﬁ

return a label: bend
Given a video without boxes:
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Given a video with boxes around the actor:

w;ﬁ

return a label: bend
Given a video without boxes:

Near chance performance!
Siskind (Purdue) DALI 2015 10 April 2015 91/93




Add resulting tracks to training set.

Scores on video v Maximum score

among
___incorrect models

negatlve

margm
Score of correct
model
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Add resulting tracks to training set.

Scores on video v

Score of correct
model

:: margin
Maximum score
among
' incorrect models
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Using tracker to p

onal negative samples

Obtain optimal tracks on training videos for all models.

Add resulting tracks to training set.

Scores on video v

Score of correct
model

margin

Maximum score
among
incorrect models
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Examples
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