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Automatic Differentiation: Inverse Accumulation Mode

Barak A. Pearlmutter” Jeffrey Mark Siskind'

Abstract. We show that, under certain circumstances, it is possible to automatically compute Jacobian-
inverse-vector and Jacobian-inverse-transpose-vector products about as efficiently as Jacobian-vector and
Jacobian-transpose-vector products. The key insight is to notice that the Jacobian corresponding to the use
of one basis function is of a form whose sparsity is invariant to inversion. The main restriction of the method is
a constraint on the number of active variables, which suggests a variety of techniques or generalization to allow
the constraint to be enforced or relaxed. This technique has the potential to allow the efficient direct calculation
of Newton steps as well as other numeric calculations of interest.

1 Inverse automatic differentiation: the dream. Automatic Differentiation (AD) is the mechanical
transformation of computer programs to calculate derivatives of interest, with useful complexity guarantees. The
two most important “modes” of AD are forward and reverse, which access the Jacobian (the matrix of derivatives
of each output of the computation with respect to each input) by multiplication, or transpose-multiplication, with
a vector. Here we consider first-order numeric computations, where inputs and outputs are vectors of reals. Given
the primal computation

y = f(z) with f:R™" > R"

and therefore z € R™ and y € R", we use Ji2) € R™™ for the Jacobian of the function f at z, whose (i,j)th

element is df;(z)/dz;. Forward and Reverse AD compute
. . 4T
(1.1) U=Jf) @ and T=Jy Y

respectively, with * and = denoting tangents and cotangents. Our objective here is to solve for the starred vectors
on the right-hand sides of

(1.2) T =Jp) 7 and g =Jpa .
If this solution can be done efficiently, it would allow efficient Newton steps (where f is a gradient calculation,
say) and other sorts of second-order optimization. For this problem to be well posed it is necessary for J¢(,) to be
invertible, so n = m, and as we shall see, further restrictions on the form of f will be required. Inverse Jacobians
can be used to find roots of systems of equations. Inverse Hessians (which can be computed with Inverse AD over
traditional AD) can be used for second order optimization, and for this reason are the topic of intensive research
in the optimization community [3].
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2 Inverse automatic differentiation: the reality. Let us review Forward and Reverse AD. Since we
are evaluating the function f at a point x, we consider control flow resolved and represent the corresponding
computation as a data flow graph: a DAG whose edges hold “active” reals and whose vertices represent numeric
basis functions such as

+,—, X, +, \/7, log, exp, sin, cos, tan_l, etc.,

that are primitives, intrinsics, or library functions in a typical programming language. There are n edges entering
from the inputs z1,...,,, and n edges exiting to the outputs yi,...,y,. If we topologically sort the data flow
graph, and cut it before and after each vertex, we observe that the primal computation proceeds through a
sequence of T'+ 1 machine states, Xg, ..., Xt holding a vector of active variables, where the initial and final states
are the input and output of the computation,

Xg =T and X7 =9,

respectively. We use f; for the transition function from the machine state at time ¢ — 1 to the machine state at
time ¢,

x¢ = fe(x4-1),
and J,; for the Jacobian of the function f; at x;—1, keeping in mind that f; involves applying a single numeric
basis function to some elements of x;_; and putting the result in some elements of x;, copying the other elements

unchanged.
Since the function f is the decomposition of the transition functions,

f=frofroio--0fyof,

the Jacobian matrix is a product,
Ji)y =Jr Ip_q-J2 Iy,

and Forward and Reverse AD amount to appropriate associativity:

(2.1) 9= J50) @ = Ip(Ipog(Io(Iy &) and Z=T 5 =31(35 (I (I7 7))

Solving (1.2) in the form of (2.1) while assuming each J; is invertible is the basic idea of Forward Inverse
Accumulation and Reverse Inverse Accumulation:

(22) g =37 (7L (32T (3T 7)) and &= 3732 (375 (37 ) ),

where M ' = (M_l)T. These will be practical if the matrix-vector products J; 1y* and J; TZ* can be calculated
efficiently.

Assuming the computation of f is constant-width, so x; € R", and its local linearization is invertible, then
each f, must write its result to a slot where one of the inputs to the invoked basis function was stored, yielding
Jacobians of the form

Ry
!
1
(2.3a) 1
Rt d a
1
1
= d9(xea[Re])
a= O%x;_1[Ry]
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for unary basis functions g that read and write to variable/slot R;, and

Rt St
1) 1
1
(2.3b) 1
Rt i a b
1

1
a = Oh(x-1[Re]x4-1[Se])

O%x;_1[R¢]

b= On(x4-1[Re],x¢-1[Se])
axt—l[st]

for binary basis functions h that read from variables/slots R; and S; and write to variable/slot R;. We now note
that these Jacobians can be trivially inverted. If we consider only variables involved in the basis function being
invoked, and reorder them so the output values are first, a basis function with k inputs and a scalar output results
in

alby o by
(2.4a) Jt=( b . ’“)

0|
and

Db b
2.4b Il a|.
o e
We can generalize from scalar to [ outputs, giving the form

A B
(240) Jt = (0 I)
and
-1 -1
-1 (A -A B

oo )

where A :[x[and B : X (k—1). Although J, is not structurally symmetric, J; ! has the same structural sparsity
as J;. And although the amount of arithmetic is the same as for conventional Forward and Reverse modes, these
are transposed, so Forward Inverse Mode writes to the derivative-related quantities associated with all involved
variables of each basis function invocation, while Reverse Inverse Mode writes only to the quantities associated
with slots written to in the primal computation of each basis function.

Figure 2.1 shows how all four AD modes transform atomic portions of a computation graph. Figure 2.2
illustrates all four AD modes on a simple program. Figure 2.3 illustrates how Figure 2.2(bcef) are derived from
Figure 2.2(a) with the transformations of Figure 2.1 together with the layering technique of [15].

Traditional forward mode can be computed without saving intermediate values from the primal, as the
primal and tangent can be computed in tandem. However, traditional reverse mode requires a tape to save the
intermediate values from the primal computed during the forward sweep for use in reverse order during the reverse
sweep. Analogously, forward inverse mode does not require a tape while reverse inverse mode does.

It is apparent from (2.4c) that any computation step that takes k inputs and produces ! outputs will have an
invertible Jacobian if A : 1 X [ is nonsingular. In particular, when [ = 1, that will be when a # 0.
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Figure 2.1: Graphical representation of transformation of computation graph of binary atomic program step, for
all four AD modes discussed. These are formulated for scalar inputs and outputs. In the case where the first
input/output is a vector of length ! and the second input is a vector of length k — [, one simply replaces a with A,
b with B, the fraction % with A™", the fraction _?b with —A~'B, the symbol 0 with 0, and 1 with L
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Figure 2.2: Tllustration of all four AD modes for the straight-line code in (d). This corresponds to the data flow
graph (a). The intent is that there are three registers, 1, r9, and r3, illustrated by the three columns in (a) from
left to right. These are initialized with =1, x5, and x3 respectively. Since 7 is not used after the first line of code,
it is overwritten with z;. Since rs is not used after the second line of code, it is overwritten with z,. Forward
mode and reverse mode are shown in (b) and (c) respectively. In these graphs, addition occurs whenever there
is fan in to a vertex (the circled vertices) and labels on edges denote multiplication by the indicated coefficient.
Reverse mode is derived from forward mode by edge reversal, which can change which vertices perform addition
due to fan in. Forward inverse mode and reverse inverse mode are shown in (e) and (f) respectively. These have
the same vertices as forward mode and reverse mode but different edges and edge labels, which changes which
vertices perform addition due to fan in. Again, forward inverse mode is derived from reverse inverse mode by
edge reversal.
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Figure 2.3: Illustration of the derivation of Figure 2.2(f) from Figure 2.2(a). Panel (a) corresponds to Figure 2.2(a).
Panel (b) corresponds to construction of a layered flow graph [15] by carrying live variables forward. Panel (c)
corresponds to applying the transformation of Figure 2.1(e). Panel (d) corresponds to shifting each operation
one time step earlier to eliminate the noop in the first time step. Panel (e) corresponds to removing the layering.
Panel (f) corresponds to Figure 2.2(f). Figure 2.2(b,c) are derived from Figure 2.2(a) using standard AD methods.
Figure 2.2(c) is derived from Figure 2.2(b) using edge reversal. Figure 2.2(e) is derived from Figure 2.2(f) using
edge reversal.
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3 Constant width graph. The limitation of the methods proposed above is that they require the
computation to be constant width. What that means is that when the overall function is R™ — R", there
are precisely n live active variables (active in the AD sense) at each intermediate point between computation
steps. This requires that every output value of a computation step overwrite some input value. Not all programs
have this property. Some programs have varying numbers of live active variables as the computation proceeds,
i.e., temporary variables. If ever the number of live active variables is less than n, the Jacobian of the computation
is necessarily singular.

But if ever the number of live active variables is greater than n, the computation can be partitioned into
“lumps” where the number of live active variables between lumps is n. Each lump can be treated as a macro
step and processed according to (2.4). The question then reduces to how to best partition a computation into
lumps, and whether when doing so [ is small. This process can be viewed as performing a topological sort of the
computation graph, and then breaking that fully-ordered computation up into “lumps” at points where there are
exactly n live variables. But there are many possible topological sorts, which may break the computation into
different numbers of lumps of different sizes, as shown in Figure 3.1. We conjecture that a “greedy” algorithm will
perform optimally here, but proving this conjecture is left for future work. We have implemented a system using
preliminary answers to this question, which will be exhibited when its efficiency properties have been further
explored.
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Primal Data Flow Graph Topological ordering that results in one lump, of width four.
That lump has [ = k = 2.
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Topological ordering that results in two lumps, each of width three.
Each lump has [ = k = 1.

Figure 3.1: Illustration of lumpification’s dependence on how a total ordering is imposed on the partially-ordered
data-flow graph.
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4 Notation. We have a bit of a combinatorial explosion of AD modes on our hands: forward vs. reverse,
and noninverse vs. inverse, yielding four modes. To reason about these more easily, and facilitate their inclusion
as first-class operators in programming languages, we propose notation which is short and mnemonic. Using
a horizontal flip to indicate forward vs. reverse and a vertical one to indicate inverse, with a calligraphic J for
Jacobian surmounted by an arrow to indicate flow, we have:

forward reverse

. - LA . Ay _A ST
noninverted J fxx=Jp,) T Y,fxy=Jf($)y
. _x A =T _x ok A -1 K3
inverted '_&)fxx =Ji) 7 éfxy =J i)V

which obey a number of algebraic invariants:

(4.1a) (Nfeg)-i=g-(F foi)
(4.10) FLfai) = (Y fea)
(4.1¢) FfeoL fe=2\faoX fe=id
(4.1d) VizoNfe=Lfaod fo=id

5 Inverse automatic differentiation of an ordinary differential equation. Consider a primal
computation ¥y ~ xp where x(Ty) = x( is the initial condition of an ordinary differential equation (ODE)

(5.1) Co = g(a)

and xp = x(T}) is its final condition, the result of integrating (5.1) from Ty to T;. (If we wish to give g side
parameters we can concatenate them onto x and extend g to give them zero derivatives, thus incorporating them
into the current treatment without loss of generality. Alternatively, these can be treated as constants rather than
active variables, so as non-active variables they do not enter into the constant-width calculation.)

We will discretize (5.1) with time-step At > 0, AD-transform the discretized system (using all four modes
under consideration, using an approximation for the inverse of a near-identity matrix), and take the limit as
At = 0, yielding ODEs for the four modes. We use

xy, = x(Ty + kAt),

so the Euler approximation

z(t + At) = z(t) + At%m(t)

becomes

= fe(g-1),
where
fru(z) =z + At - g(x).
This situation makes for step-wise Jacobians
Je = I gy =T+ AL Tga,)

which determine the steps of the four AD accumulation modes under consideration,

—
(52&) Tpe1 = Jp Tg, =.’tk+At‘(jg.’Ek xk)
_ T_ _ Al _
(5.2b) T = I T = Tpar + AL (N, g g Tporr)
Lk -1 . % Lk - Lk
(5.2¢) B = Ty Eper = dper — At (T g Tp )
_* -T_x _* < _x
(52(:1) Tl+1 =Jk: Ty =$k—At'(Y,g(Ek xk).
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Using the identity (I + AtA)™" = I — AtA + O(At?) gives per-step errors of O(At?), which over the course of
O(1/At) time-steps gives a final numeric error of O(At). Putting these in the form (vj4+1 — vy, )/At = b and taking
the limit At — 0,

(5.3a) %3’3 =Tgui i(Ty) » (1)
(5.3b) Ci=Ngaa #(Ty) = a(T})
(5.3c) %x* =Tgzi & (Ty) < 2" (Th)
(5.3d) %i* = -Ngrz 2 (Ty) = 27 (T1).

Note that (5.3a) and (5.3c) are identical, as are (5.3b) and (5.3d), except that the specified/calculated boundary
condition differs in location between T, and T3, so the direction of integration is reversed. If the primal
equation (5.1) is stable, the linear ODEs (5.3a) and (5.3b) are also stable, and therefore (5.3¢) and (5.3d) would
be unstable. This is an intrinsic property: if a linear operator is stable its inverse will be unstable, since the
eigenvalues are inverted.

In a system which allows AD transforms of basis functions to be user-specified, and which has higher-order
functions including differential equation solvers, this would suggest efficient direct transforms of such solvers not
just for forward and reverse AD, as is now routine (see for example the Diffrax’ subsystem [8] for the AD-enabled
language JAX, or torchode” for PyTorch [10]) but also for inverse AD.

6 Implementation. We have developed a prototype implementation for inverse AD of constant-width
computations. Work is currently underway to automatically detect “lumps” and handle them appropriately. This
problem is more difficult than it might initially appear, because the computation graph can be broken up in
different ways. To avoid treating this as a brute-force combinatorial problem, either heuristics must be employed,
or connections to efficient graph algorithms like max flow must be made. See section 3 for further discussion of
this issue.

7 Related work.

7.1 Classic work on the inverse problem. The idea of direct calculation of the solution of a linear
system resulting from the linearization of a function represented as a computer program was introduced by [6]
and elaborated by [4], [21], and [7, Chapter 4], using a framework in which the multiple J; matrices here are
replaced by a single much larger matrix. That framework is quite general, but requires that the computation
graph be stored and manipulated in a fashion which seems difficult to migrate to compile-time. At root this is
because that formulation is not compositional. The present framework, which is compositional, is amenable to
efficient implementation, which we have done in a preliminary implementation.

7.2 Recent related work. An early version of this work was publicly discussed in 2019° and its
implementation in JAX was proposed in 2022 by Neil Girdhar and discussed at length,4 and added and removed
from JAX proper by Matt Johnson.” Reference [15] discussed some of the ideas presented in that work and here,
but did not cite the earlier work just discussed. It also does not contain equations (2.2), (2.3), or (2.4), does
not discuss the fact that simple operations that preserve width result in A : I X[ and B : [ X (k — 1), does not
discuss the fact that although J, is not structurally symmetric, J; ! has the same structural sparsity as J; and
therefore the amount of arithmetic is the same as for conventional Forward and Reverse modes, but that these
are transposed so Forward Inverse Mode writes to the derivative-related quantities associated with all involved
variables of each basis function invocation, while Reverse Inverse Mode writes only to the quantities associated
with slots written to in the primal computation of each basis function, does not discuss “lumpification,” does not

1h‘ctps://docs.kidger.site/dii"ﬁax/

2https://github.com/martenlienen/torchode

3https://openreview.net/forum?id:Bygj2YSGIS https://openreview.net/pdf?id=Bygj2Ys6IS
4https://github.com/jax-ml/jax/issues/12494

5https://g;ithub.com/j ax-ml/jax/commit/902fc0c3d2b3ecIb6034c66074984386ec35606f
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show a compositional method analogous to Figures 2.1 to 2.3, does not discuss the invariants (4.1), and does not
discuss issues of stability of inverse AD, e.g., of inverse AD of a stable ODE.

Naumann [15] does explore a number of technical issues not discussed here. It introduces a formulation
in which “pass through” nodes are added to the computation graph, so that width is defined in terms of node
cuts rather than edge cuts. It also shows that a variety of scheduling issues associated with inverse AD are
NP-complete.

The NP-hardness result might not impact the formulation here as it seeks to determine the minimal number
of arithmetic operations to perform inverse AD. In the case with basis functions with multiple outputs, as would
arise when coalescing lumps, this would involve selecting a lumpification that made A and B suitably sparse to
minimize the number of arithmetic operations to compute A" and —A7'B. If one was not concerned with the
sparsity of these operations, treating them as atomic, and one was interested only in doing forward inverse AD or
reverse inverse AD to compute inverse Jacobian (transpose) vector products, and not some hybrid that involved
vertex, edge, or face elimination to compute the full inverse Jacobian, the requisite lumpification process reduces
to selecting a topological sort that minimizes maximal lump size, maximal lump width, or maximal values of [
and k. We conjecture that a greedy algorithm may suffice for this.

7.3 Linguistic support and program inversion. Invertible computation in general, and automatic
program inversion in particular, has been a subject of study in programming language theory for decades [5],
with applications in protocol design, automatic model updates, etc. This is closely related to a special case of
the present formulation, namely fully invertible numeric computations. The idea of program inversion has been
pursued by a small but dedicated community, with some striking results {13, 14, 9.

Here we have focused on a computation which is locally invertible, meaning that its linearization around a
point is invertible. This property necessarily holds when a computation is globally invertible and also differentiable.
Techniques developed there for statically guaranteeing complete invertibility using a type system may be applicable
here as well, to guarantee local invertibility: guaranteeing by construction that the data flow graph of active
variables will be constant width.

We also note that it is well known that if the primal is stepwise invertible then the tape normally used in
reverse mode to store values computed during the forward sweep for use in the reverse sweep in reverse order can
be eliminated as these values can be recomputed in reverse order during the reverse sweep [18, 11]. Analogously,
under this constraint the tape can also be eliminated from reverse-inverse mode.

7.4 Quantum computing and machine learning. Quantum computation is also invertible and
differentiable in the precise sense used in this manuscript. On a topical note, invertible differentiable programs
form the kernels of a variety of generative AI systems: methods like BS-Infomax [2] and its context-sensitive
generalizations like cICA [17, 19], monotonic neural networks [22], normalizing flows [16], and stable diffusion [20],
have at their hearts multi-layer structures carefully constructed to be invertible, along with manually-derived
inversion procedures. Bread-and-butter deep learning models like ResNet [1] or CNNs frequently used in deep
learning can be easily modified to maintain a constant width, particularly if re-cast as differential equations [12].
Efficient support for locally invertible numeric computations, using inverse AD, would allow models of the above
classes to be generalized and much more easily implemented, as the extremely tedious and error-prone manual
derivations and coding would be avoided.
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