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Abstract— The optimal sojourn time control (OSTC) problem
tries to find the feedback control law with reasonable cost
that can keep the system state in a certain subset of the state
space, called the safe set, for the longest time under random
perturbations. The radial symmetry property of its solutions has
been proved previously when the state dimension is higher than
one. However, the proof does not apply in the one dimensional
case. This paper generalizes the OSTC problem by introducing
arbitrary weighting functions for both the cost function and
the performance measure function, and shows that the solution
to the 1-D generalized OSTC problem is radially symmetric.
Our proof can also be extended to the multi-dimensional case.
Numerical simulation is performed to verify the proof.

I. INTRODUCTION

Safety is a critical issue in many engineering problems,
such as intelligent transportation systems [6], [7], control
of Unmanned Aerial Vehicles (UAV) [11], [12], chemical
processes, etc. In these applications, the system state is
required to stay in a certain subset of the state space
called the safe set; and whenever the system state gets into
the unsafe set, the system crashes or at least some costly
procedure must be invoked to bring the system back to order.
Safety of deterministic systems is relatively easy to maintain
by properly designed feedback control strategies. However,
in practice, systems are often perturbed by random noises,
which may steer the state outside the safe set despite the
control efforts. Therefore, for such systems, a meaningful
problem is to find a feedback control law with a reasonable
cost that can keep the randomly perturbed system states in
the safe set for as long as possible. This type of control
problem is called the optimal sojourn time control (OSTC)
problem, and will be the focus of this paper.

While the general stochastic optimal control problem
has been widely studied ([8], [13]), the OSTC problem
is relatively new. It is first proposed in [1] and is later
extended to the general setting of stochastic hybrid systems
in [4]. By assuming the symmetry of the solutions, the OSTC
problem with one-dimensional state space is simplified and
an analytical solution is obtained in [1]. It turns out that the
symmetry property becomes even more important in finding
the optimal solution for the multi-dimensional case. Hence,
before further studying the solutions of the problem, it is
necessary to formally prove this property.

By using the symmetrization method [3], the symmetry
property is proved when the state dimension n > 2 in [2].

However, when n = 1, certain multi-dimensional concepts,
such as surface and volume, and some key steps in the proof
such as the application of the isoperimetric inequality, are not
applicable. Thus an alternative proof for the case n = 1 is
needed. In addition, the OSTC problem [2] assumes that the
control cost .J(u) is the integral of the L, norm of the control
u, and the performance measure W (u) to be maximized is
just a simple average of the system sojourn time over the safe
set. However, for some applications, the control cost may not
be equally weighted and the sojourn time in some regions in
the safe set may be more important than the others. Thus it
is desirable to generalize the OSTC problem to allow some
weighting functions for J(u) and W (u).

The contributions of this paper are threefold. Firstly, the
generalized OSTC problem is formulated, where the control
cost and performance measure are extended to incorporate
some weighting functions. Secondly, we prove that with arbi-
trary symmetric performance weighting and constant control
weighting functions, the solution to the one-dimensional gen-
eralized OSTC problem is symmetric. Finally, since the way
we deal with the newly-introduced performance weighting
function does not depend on the state dimension n, our
proof can be extended to the higher-dimensional case. Thus
together with our previous contribution [2], the results of
this paper establish completely the radial symmetry property
of the solutions to the generalized OSTC problem with an
arbitrary state space dimension.

The rest of the paper is organized as follows. In sec-
tion Il, the generalized OSTC problem is formulated. To
better present the proof, the problem is transformed into
another form in Section I1l. Section 1V reviews some basic
definitions and properties of the symmetrization procedures.
Then, in Section V, we prove the symmetry property of
the 1-dimensional generalized OSTC problem. A numerical
example is given in Section VI to verify the results.

Il. GENERALIZED OSTC PROBLEM

Let X; € R" be the state of a dynamical system, and
let ©2 be the safe set of the system which is a bounded open
connected domain in R™. The derivative of state X, is subject
to the perturbations of the white noises dB;/dt; and one
wants to find a feedback control law «(X;) that keeps X; in
Q for the longest time. Mathematically, the above system can



be described by the following stochastic differential equation
dXt = U(Xt) + dBt (1)

Define T = inf{t > 0: X, ¢ Q} as the first exit time of
X; from Q. The expected value of T is denoted by

V() £ E*[T],

where E* denotes the expectation taken under the initial
condition X, = z. Thus V'(z) is the expected sojourn time of
X, in Q starting from z. By the standard results of stochastic
calculus [9], V (z) is the solution to the PDE
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with the boundary condition V(x)|aqa = 0. In particular,
V' (x) is bounded and second order differentiable with piece-
wise continuous second order derivatives.

As discussed earlier, one wishes to maximize the expected
sojourn time V' (x) of the state X, in the safe set Q2. Without
any constraint on u, the problem will obviously result in the
trivial solution of an infinite ». Thus a well-posed problem
is to find a control u with at most certain amount of cost
J(u) that can maximize the weighted average of V' (x) over
the safe set 2. Compared with [2], the generalized OSTC
problem adopts a more general control cost function defined
as:

T2 [ @) ds.

and a more general performance function of v defined as:

W(u) & / u(@yw(V (@))d,

while in [2] only the special case A(z) = p(z) = 1 is
studied. Here the weighting functions A(x) and u(z) are
positive, and w(+) is required to be monotonically increasing
on Ry = [0,00) with w(0) = 0. For example, w(z) =
x* 2 > 0, for some positive integer k. Given a control u, the
sojourn time V' is always positive and is the unique solution
to the PDE (2). Therefore, W (u) is essentially the weighted
average sojourn time of X, over the safe set 2 under the
control u, which is a reasonable performance measure.

Given the above definitions, two formulations of the
generalized OSTC problem are given below.

Problem 1 (Generalized OSTC Problem): Find the piece-
wise continuous u that achieves the largest W (u) with an
cost J(u) < Jo for some positive constant Jg.

Problem 2 (Dual Generalized OSTC Problem): Find the
piecewise continuous u with the least cost .J(u) subject to
W (u) > W, for some positive constant W, > W (0).

Remark 1: Under zero control u = 0, it still takes the state
X some time to exit €, i.e., W(0) > 0. So Wy > W(0) is
required in Problem 2 to avoid trivial solution.

The above two problems are dual to each other, and
solving one is equivalent to solving the other [2]. In the rest
of this paper, for convenience, we may switch freely between
these two formulations.

I1l. PROOF SETUP

We now study Problem 1 with n = 1, i.e., the one-
dimensional case. Then 2 becomes an interval [—a,a] and
the sojourn time V' is the solution to the ODE

V' (z) + 2u(z)V'(z) +2 =0, (3)

with boundary conditions V' (a) = V(—a) = 0.
Equation (3) gives a one-to-one correspondence between
V and wu. In particular, u can be recovered from V' by

L+ 1V
= 4

Thus to show the symmetry of the solution u to Problem 1,
we need only to show the symmetry of the corresponding
V. To this purpose, we write J(u) in terms of V' as:

a |1 + %V//|2
SO
This substitution is validated by the following lemma proved
in [2].

Lemma 1: Suppose that V' : [—a,a] — R is the expected
sojourn time corresponding to some optimal control « that
solves the 1-D version of Problem 1 (or 2). Then V satisfies

1) V>0,and V(—a) =V(a) =0;

2) V is second order differentiable with piecewise con-

tinuous second order derivatives;

3) 1+3V" <0ae,and 14+ V" = 0 whenever V' = 0;

4 u(m)%dm < oo, for an arbitrary posi-

J(u) = dzx. (5)

tive integrable function p : [-a,a] — RT, with
l 1712
p(z) 7|1+‘3,‘|/2 ” 0 at those = where V' = 0.

Part 3) of Lemma 1 guarantees that the substitution (4) is
valid for every optimal V', namely, the one corresponding to
an optimal control u. Moreover, if we define V([—a,a]) as
the setof all V' : [—a, a] — R satisfying the above properties,
then Lemma 1 implies that we need only to focus on the
functions V' in V([—a, a]) to find the optimal ones. Hence
an equivalent formulation of the Problem 1 in terms of V
for the 1-D case is

Problem 3: Find V € V([—a,a]) that

maximize W(u) = / wx)w(V)de
a 1 lV// 2
subject to J(u) = A(x)%dm < Jo.

Under this setting, the ggal of the rest of this paper is to
show the following proposition.

Theorem 1: If A(z) is constant, i.e., no control weight-
ing, then for any symmetric function u(x), the solution to
Problem 3 is also symmetric.

IV. SYMMETRIZATION

In the calculus of variations, the symmetrization method is
a powerful tool to prove that the minimizers of functionals
are symmetric functions [3]. Although symmetrization has
been widely used in mathematics and physics, it is relatively
new to the control society. So before using it in the proof,



we shall first review some basic concepts and properties of
the classical symmetrization method.
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Fig. 1. An example of Schwarz symmetrization.

Roughly speaking, symmetrization is a way of mapping a
nonsymmetric function V (z) to a symmetric one V (z) while
preserving certain properties. Fig. 1 illustrates the geometric
idea of symmetrization through a one-dimensional example.
Here, Q = [a,b] and V(z) € [0, p]. For each p € [0, ppy],
denote by C, = {z € Q|V(z) = p} the level set of V(z).
The symmetrization is performed by symmetrizing the level
sets C, of V(z). More precisely, for each p € [0, pm), C,
contains two points z; and z, that may be nonsymmetric
with respect to the origin. Define r = |21 — x2|/2, and let the
function V take the value f(p) at the two symmetric points
+r, where f : [0, p,,] — RT is some nonnegative function.
Typically, f(p) is chosen so that the resulting V (z) satisfies
certain properties, such as preserving certain integrals. If
f(p) = p, the above procedure becomes the 1-dimensional
Schwarz symmetrization [10], as is the case in Fig. 1. In this
case, we denote the resulting symmetric function by V*(z)
instead of V(z).

More generally, we can define the symmetrization of
functions on multi-dimensional spaces as follows.

Definition 1: Let u : 2 — RT be a nonnegative measur-
able function on Q@ C R”. Define D(u) = {z € Q : u(z) >
u} and denote by D(u)* the ball centered at the origin that
has the same Lebesgue measure (volume) as D(u). If the
Lebesgue measure of the set D(u) is finite for every p, then
the symmetrization of u(z) is defined as

u(z) =f(p(x))
where p(z) =sup{p:z € D(p)*}.

Here f : Rt — RT is a nonnegative function.

Remark 2: In the literature, the definition of symmetriza-
tion usually does not involve f, i.e., u(x) = p(x). Here we
introduce a general function f to be consistent with the proof
in Section V. The conventional definition can be thought of
as a special case of our definition.

If f(p) = p, the symmetrization is called the Schwarz
symmetrization, and has the following properties [10].

Lemma 2: Let » and g satisfy the conditions specified
in Definition 1. Denote by the superscript * the Schwarz
symmetrization operator of a set or a function. Then,

1) uw*(z) is radially symmetric, i.e., u*(z) = u*(|z|);

2) If ¢(-) is a continuous function, then

[ stu@ide = [ ol @
Q Q*
3) If uw and g are continuous, then

u(z)g(z)dr < u*(z)g* (x)dx.

Note that Le(rznma 2 can not er applied directly in the
proof of this paper as the integrand in (5) involves the first
and second order derivatives of V. Instead, some careful
construction of V' is necessary.

V. PROOF OF SYMMETRY

The basic idea of the proof can be described as follows.
For any candidate solution V € V([—a, a]), we wish to find
a symmetric V € V([—a,a]), such that J(V) = J(V) and
W (V) < W(V). If such a V always exists for arbitrary
V € V([—a,a]), then the solution to Problem 3 must be
symmetric. More precisely, we shall prove the following
theorem, which is equivalent to Theorem 1.

Theorem 2: For any function V' € V([—a, a]), there exists

a symmetric function V € V([—a, a]), such that

a |1_+_1V”|2 a |1_|_-l‘7//|2
/ de:/_a R @

p(@)w(V)da, ()

—a
a

and w(x)w(V)dx S/
for arbitrary positive symmetric function u(x).

The key of the proof of Theorem 2 is the construction of
the symmetric function V' that satisfies the two requirements.
According to the discussion in Section 1V, this can be done
by properly choosing the function f(-). Following this idea,
we now go over the symmetrization process to derive the
necessary conditions for the desired f(-).

V(%)

V(X)

A\ %0

0
1 A(p)

X

Fig. 2.

Symmetrization of V.

According to Lemma 1, V" < —2 < 0. So V is concave
on [—a,a]. Since V(a) = V(—a) = 0, V achieves its
maximum value p,, at a unique point z. in [—a,al, as is
shown in Fig. 2. Thus V'(z.) = 0. Define

Vi(z) =V (x),
and  Vh(z) =V (z),

for z € [—a, z.],
for z € [z, a].



Then V4 and V5 are monotone functions with inverse

91(p) =V (p) € [~a, 2],
and  g2(p) =Vy ' (p) € [zc,a],  p € [0, puil,
respectively. Define C, = {z € [—a,a]|V(z) = p}. Then
for each p € [0, p,), C, consists of two points z1 = g1(p)
and zo = go(p) whose distance is denoted by A(p):

A(p) = 2 — 21 = g2(p) — 91(p) > 0.
According to the concavity property,
91(p) >0, and g5(p) < 0. ®)
Therefore, A’'(p) can be written as
A'(p) = = (I91(p)] + 1g2(p)]) < 0. ©)
Thus to symmetrize C,,, we shall let
=A(p)/2, (10)
and define
V(r) = f(p), (11)

where f(p) is an unknown function to be decided in order
for V(r) to meet the required conditions in Theorem 2.

Since the symmetrized function V (r) is defined in terms
of p, it is convenient to use change of variables to express the
integrals in Theorem 2 in terms of p. Recall the derivative
formula of an inverse function, we have

1
V/(z) = ——, i=1,2,
@) 9:(p)
Furthermore, we can derive that
_ _
V() :di< ,1 ): 9i (Ip)dpQ/dw _ 4 (pg_
z \9;(p) l9i(p)] l9:(p)]

Therefore, the integral over [—a,a] on the left-hand side
of equation (6) can be splitted on two subintervals to derive

a|1_+_ V/I|2
sv)=[ E =]
where
0 = 280~ g | o) = g5 ()]

3 3
41g1(p)| 41g5(p)|
In deriving the above two equations, (8) is used to determine

the sign of each term.
As for the right-hand side of equation (6), by the symmetry
property of V(zx), we have
B a|1 + %V//|2
JV)=2 [ —=——dr.
R
From (10) and (11), we can further obtain

(12)

dr =3 A'(0)dp,
o dV dVdp L, 2
v =G =T = o
by dV'dp d T, . 1] 4
Ve =G =i PO 35| 1

Hence, (12) reduces to

/p”‘ A'(p)
0 |A/(4p)|2 [f’(p)]Q

By equating the integrand in (13) with Q(p), we set up the
following ODE that the desired f(p) needs to satisfy:

2 d [ f(p) )F_ [ f'(p) ]2 Q(p)
[ rwomas (ron)| = [ien| o 00
Here, we have used (9) to determine the sign of each term.
Besides the ODE (14), in order for the associated V (r)
to belong to V([—a, a]), f(-) must satisfy some extra condi-

tions. First of all, since in (11) p = 0 corresponds to r = a,
and V' (a) is required to be zero, we must have

f(0)=0.
In addition, the requirement that 1 + £V < 0 implies that

[1 et (Ifl((/;))lﬂ =0

Moreover, we assume that f(p) is increasing in p, i.e.,

f'(p) > 0. (17)

Under the above three conditions, the ODE (14) reduces to

y'(p) + G(p)y(p) + y(0) =0,

where y(p) = hif, and G(p) = Q(p)*]4'(p)| . The so-

lution of equation (18) yields y(p), which in turn determines
f'(p) as

F(p)= S 14" (p) e J8 GOnan / A ()|l Srange. (19)
2 p

J(V) =-

(15)

(16)

S =0, (18)

The function f(p) can be obtained by integrating f’'(p):

-/ " Fdx

Since f(p) satisfies the conditions (15), (16), and (17), the
V constructed in (11) belongs to V([—a, a]) and satisfies the
condition (6). Thus the only thing left now is to show that
V' also satisfies condition (7). To this purpose, we introduce
the following lemma.

Lemma 3: The P(p) defined as follows

1 1
PO =101 T a0
has the following properties:
1) P(p)lA(p)| > 4;
2) Plpm) =0;
3) Q(p)2P(p)2 > A'(p) — 5P'(p).
Proof: The first two are obvious, thus we only prove
the third one. By Cauchy-Schwarz inequality, the following
is true for nonnegative numbers p;’s and ¢;’s.

(20)

(21)

(P1 + 23) (G + @) > (prar + p2ge)”.



Hence, we have

1 1201(p)°= 91 (p) |, |295(p)*— g5 (p)
P 2 > - .
S _‘ 291(p)? ‘ ‘ 2g5(p)?
Integrating both sides over [p1, p2] C [0, pm], We have

r 1 P2 ! 3
[ @t - [* 2O A0,
N /:’2 292(2 )é( (p) dp
_ —/m[gi(p) p)dp - % 2[;2 2} "
= [A(p2) = A(p)] = 5 [P(p2) = P(p)]. 22)

where in deriving the flrst inequality we use (8) and the fact
that

291‘(p)3_gl‘l(p) 1, .
LAY 4\t V. < =12
29'(p)? 1+ 2VZ (£) <0, i=1,2
Therefore, the desired result can be obtained by dividing both
sides of (22) by p2 — p; and letting p2 — ps. [ |

Lemma 3 can be used to prove an important property of the
function f(p) defined in (20).

Lemma 4: The solution f(p) to the ODE (14) satisfies
f'(p) > 1 forall p €0, pp).

Proof: For any p € [0, p.), by part 1) of Lemma 3,
we have
1 1 ,
1P ()G (p) = 7P(0)| A (0)|Q(p) = Q(p).

Taking square root, multiplying both sides by Pz (p) and
applying part 3) of Lemma 3, we have
> P'2(p)Q'*(p)

SP(P)G() > 4(p) - 5P'(p),

which implies
#(m)dn

1, ,
S CDI = (p)edi ©

>~ [=P'(p) — P(p)G(p)] eds Gl

N

Hence,

p‘l'ﬂ,
/ Laeekic
o 2

1 JE Gn)d
> 1 PP = PEG(Q]elo 7
p
1 3 §=pm 1
R Js G(n)dn —— J& G(n)dn

1 [FP@el S| T = 2P(p)el

where we have used part 2) of Lemma 3. Then by the
expression of f'(p) in (19), we have

(m)dn ge

prn
f’(p)z%lfl’( e~ W”/ |A'(¢)|efs Gmdnge
p
>|A'(p)le™ I G Zp(p)els Gmin > 1,
which is the desired result. -

With Lemma 4, we are ready to prove Theorem 2.

Proof: [Proof of Theorem 2] Given an arbitrary V €
V([—a,al), let V(r) = f(p), where r and p are related
by (10), and f(p) is defined by (20). The way we compute
f guarantees that V € V([—a,a]) and V satisfies (6).
Moreover, f(0) = 0, and by Lemma 4, f'(p) > 1, which
implies that f(p) > p. Therefore,

W) = 1 " @) w(7)de
= / " WA 2wl ()] (4, (0)] + lgb(P)]) dp
- / " WA 2wl F (]| (p)]dp
> | " WA 2w (p) A ()dp
Oa a
- / i (@) (V)de = / (™ (V)de,

—a —a

(23)

where we have used the symmetric property of u(z), and the
nondecreasing property of w(z). The last step of the above
derivation follows directly from the definition of the Schwarz
symmetrization, which preserves the function value during
the symmetrization process. Applying part 3) of Lemma 2
to (23), the desired result can be obtained:

W) > [ " @t (V)de

—a

a

> [ uau(v)de = w(v),
—a

Thus V € V([—a,a]) and V satisfies both (6) and (7). This

completes the proof of the theorem. ]

As a result, Theorem 1 is also proved.

In summary, the proof of Theorem 2 consists of two parts.
The first part proves that the f(p), whose corresponding V/
satisfies (6), has the property f(p) > p. The second part uses
this result and the property of the Schwarz symmetrization
(Lemma 2) to derive the inequality (7). The properties in
Lemma 2 hold for an arbitrary Euclidean space, thus only
the first part of the proof depends on the state dimension
n. Since [2] proves that the f(p), corresponding to the
symmetrization of multi-dimensional state space (n > 2),
satisfies f(p) > p, the following theorem follows immedi-
ately.

Theorem 3: Suppose that the safe set 2 is radially sym-
metric. If A(x) is constant over Q and wu(z) is a positive
radially symmetric function defined on €, the solution to
the general OSTC problem (Problem 1 or 2) is radially
symmetric for an arbitrary state dimension n.

V1. NUMERICAL VERIFICATION

In this section, a numerical example is given to verify our
proof in Section V. To this end, we will numerically solve a
1-D OSTC problem without assuming the symmetry property
to see whether the solution is symmetric. In particular, we
focus on Problem 2.

The goal is to find a control  that minimizes .J(u) subject
to the 1-D PDE (3) and [“, pu(z)w(V)dz = Wy. To deal



TABLE |
SIMULATION PARAMETERS

Az) h2 ()
1 Sz 11| V

Para. a
Value | 1

Wo |
10 |

p(z)
T0[z] + 1

with the constraints, define y1 = [* p(z)w(V)dz, y» =V,

and y3 = y5. Then the 1-D generalized OSTC problem is

equivalent to the following optimal control problem:
Problem 4: Find u that

M

Minimize Az)u® (z)dx
y1(z) = p(x)w(yz (z))
Subject to § y5(z) = ys(z)
yh(z) = —2u(x)ys(x) — 2
y1(—a) =0, y1(a) = Wy, and ya(—a) = y2(a) = 0.
In our simulation, we choose A(z) =1, and W (V) = V.
Define the Hamiltonian

H=u>+ ALp(2)y2 + Aayz + Az (—2uys — 2).

According to the standard result of the optimal control
theory, the following costate equations can be obtained:

Xi(a) =~ =0

Xy(z) = =57 = =i (2)u(x)
Xy(z) = = G = 2u(2)As(2) — Mo (),

with boundary conditions Az (—a) = Az(a) = 0. The optimal
control u is determined by

O0H
u
= u(z) = A3(z)ysz(z).

Generally speaking, there is no analytical solution to the
above problem. To solve it numerically, the major difficulty
lies in that the boundary conditions are not given at the same
point. Here, the classical shooting method [5] is employed
to tackle this two-point boundary condition problem. The
optimal solutions corresponding to two different u(z) are
shown in Fig. 3, where the parameters used in the simulation
are summarized in Table 1. The simulation shows that the
solution V' (z) is indeed symmetric. Moreover, this example
also demonstrates the effect of the proposed weighting func-
tions. When the weighting function decreases from p (x) to
u2(z), to maintain the weighted average sojourn time at Wy,
a larger V»(z) is resulted.

= 2u(z) — 2A3(x)ys(z) =0

VI1I. CONCLUSION

In this paper, we generalize the optimal sojourn time con-
trol (OSTC) problem by introducing weighting functions for
both the control cost function and the performance measure
function. It is shown that without control weighting, the
solution to the 1-D generalized OSTC problem is symmetric.
Numerical simulations are performed to verify the results.
The way we deal with the performance weighting function
does not depend on the state dimension n. Therefore, this
paper, together with [2], completely proves that without
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Fig. 3. Simulation Result

control weighting, the solution to an arbitrary dimensional
generalized OSTC problem is radially symmetric. Future
research will focus on using the the symmetry property
to analytically or numerically solve the generalized OSTC
problem.
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