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ABSTRACT

X-ray propagation-based phase contrast tomography (XPCT)

has become popular as a method for tomographically recon-

structing the complex refractive index of a material from sin-

gle distance measurements. XPCT has two major advantages

over traditional X-ray computed tomography (CT): It can be

used at higher cone-beam magnifications, and it typically pro-

duces higher contrast. However, current XPCT reconstruction

algorithms are limited to near-field diffraction, which limits

both their use and the quality of reconstructions.

In this paper, we present a model-based iterative recon-

struction (MBIR) algorithm called complex refractive index

tomographic iterative reconstruction (CRITIR). CRITIR is

based on a non-linear physics based model for X-ray prop-

agation and a prior model for the complex refractive index

of the object being imaged. Unlike conventional methods,

CRITIR is designed to work within and beyond the near-

field diffraction region. We use simulation to show that our

algorithm accurately reconstructs the object while the con-

ventional methods result in inaccurate reconstructions with

blurry edges beyond the near-field region.

Index Terms— Phase retrieval, phase contrast, X-ray to-

mography, complex refractive index, Fresnel diffraction.

1. INTRODUCTION

Traditional X-ray computed tomography (CT) is widely used

to reconstruct the X-ray absorption index (i.e., the imaginary

part of the refractive index), and it assumes no X-ray diffrac-

tion. In practice, X-rays diffract whenever the object to de-

tector distance is large, as happens in cone beam systems at

high magnifications. So traditional CT is restricted to lower

cone-beam magnifications. Alternatively, X-ray phase con-

trast tomography (XPCT) has become increasingly popular as

a method for tomographic imaging when both diffraction and

absorption occur. Moreover, since the contrast in the real part

of the index of refraction that is responsible for diffraction is

typically orders of magnitude greater than the imaginary part,

XPCT typically has much higher contrast than traditional CT.
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However, existing XPCT reconstruction algorithms have

severe limitations [1]. First, all existing XPCT reconstruc-

tion algorithms either assume that the object is weakly ab-

sorbing [2,3] or that the real part of the refractive index is lin-

early related to the imaginary part [3–6]. More importantly,

existing XPCT algorithms generally assume that the diffrac-

tion is weak. For example, the widely used reconstruction

algorithms presented in [2, 4–6] assume the near-field con-

dition where only the first order Fresnel diffraction fringe is

resolved. These methods result in inaccurate reconstructions

with artifacts and excessively smooth edges beyond the near-

field region. Other methods allow for more diffraction in the

form of higher-order Fresnel diffraction fringes obtained be-

yond the near-field region [1, 3]. However, they assume that

the scattered field is weak in both amplitude and phase [1, 3],

which severely limits the variety of samples that can be used

for imaging. Nevertheless, these methods are widely used

outside the scope of their validity due to the lack of better

algorithms for XPCT.

In this paper, we present a model-based iterative recon-

struction (MBIR) algorithm called complex refractive index

tomographic iterative reconstruction (CRITIR) that does not

make simplifying approximations beyond the assumption of

Fresnel diffraction. In CRITIR, the reconstruction of the com-

plex refractive index is given by iteratively minimizing a cost

function consisting of a forward model term and a prior model

term that enforces sparsity in reconstruction. The forward

model accounts for both absorption and phase contrast in the

measurements by modeling the physics of X-ray interaction

with the object and Fresnel diffraction [7]. However, the for-

ward model is highly non-linear due to the loss of phase dur-

ing measurement and the complex exponential form of atten-

uation and refraction. To minimize this non-convex cost func-

tion, we propose a novel algorithm that uses variable splitting

and the method of alternating direction method of multipli-

ers (ADMM) [8] to decompose the original problem into an

iterative solution of multiple simpler optimization problems.

2. PROPAGATION MODEL

In this section, we express the X-ray electric field in the de-

tector plane as a function of the complex refractive index that



is defined as [9],

n(u, v, w) = 1− δ(u, v, w) + jβ(u, v, w) (1)

where j =
√−1, β(u, v, w) is the absorption index, and

δ(u, v, w) is the refractive index decrement of the object at

the spatial coordinates (u, v, w). The relation between the

X-ray electric field incident on the object, fI(u, v), and the

electric field at the exit plane of the object, fO(u, v), is [7,9],

fO(u, v) = fI(u, v) exp

{
2πj

λ

∫
w

[1− δ(u, v, w)

+jβ(u, v, w)] dw} (2)

where λ is the wavelength and w-axis is the direction of X-ray

propagation. Note that the absorption index, β, is related to

the linear attenuation coefficient, μ, as μ = (4π/λ)β. From

(2), we can see that the real part of the refractive index mod-

ulates the phase whereas the imaginary part, the absorption

index, modulates the amplitude of the incident electric field.

In PCXT, the scattering is mainly confined within a small

angular range along the direction of propagation. Therefore,

paraxial approximation can be safely used in the near-field

diffraction regime and beyond. Thus, we use the Fresnel

integral to express the electric field in the detector plane,

fD(u, v), as a linear convolution of fO(u, v) with the Fresnel

impulse response [7] as shown below,

fD(u, v) =
j exp(jkR)

λR

∫
u′

∫
v′
fO(u

′, v′)

exp

((
jπ

λR

)[
(u− u′)2 + (v − v′)2

])
du′dv′. (3)

where R is the object to detector distance and k = 2π/λ
is the wavenumber. Note that it is sufficient to consider the

case of parallel beam since the physics of cone-beam can be

expressed in the form of an equivalent parallel beam configu-

ration [7].

The partial coherence of the X-ray electric field limits

the achievable spatial resolution. This effect is modeled

in Fourier space by multiplying the Fresnel frequency re-

sponse by a window such as a Gaussian [7]. Thus, the

relation between the Fourier transform of fD(u, v) denoted

by FD(μ, ν), and the Fourier transform of fO(u, v) denoted

by FO(μ, ν) is [7],

FD(μ, ν) = W (μ, ν) exp(jkR)

exp
(
(−jπλR)

(
μ2 + ν2

))
FO(μ, ν) (4)

where (μ, ν) are the spatial frequency coordinates in inverse

units of (x, y), W (μ, ν) = exp
(−(μ2 + ν2)/(2γ2)

)
, and γ

is the standard deviation of the Gaussian window [7].

3. PROBLEM FORMULATION
In MBIR, the reconstruction is given by solving the following

optimization problem,

x̂ = argmin
x≥0

{− log p(y|x)− log p(x)} (5)

where log p(y|x) is the forward log-likelihood function for

the data, y, given the object x and log p(x) is the prior log-

likelihood function for the object, x.

We first derive the forward likelihood function p(y|x). Let

the real part of the vector x give the refractive index decre-

ment and the imaginary part give the absorption index voxel

values in discrete space. Then, the electric field in the exit

plane of the object is given by numerically evaluating equa-

tion (2) as, D exp (−Aix), where Ai is the matrix that imple-

ments the line integral in (2) at the ith view, D is a diagonal

matrix such that the diagonal elements give the incident X-

ray electric field, and exp(z) is element-wise exponentiation

of the vector z. Here, the object independent constant phase

multiplier in (2) is ignored as it does not contribute to the mea-

surement. In case of plane wave illumination, D is an identity

matrix with a fixed multiplicative constant.

The detector response is proportional to the X-ray inten-

sity, which is the magnitude square of the X-ray electric field

after it propagates from the object to the detector. The vari-

ance in detector count measurements is typically modeled us-

ing Poisson statistics [10]. By the variance stabilizing prop-

erty of the square root transformation for Poisson random

variables, we can show that the square root of detector mea-

surements, yi, is well approximated by a constant variance

Gaussian distribution with mean equal to |HD exp (−Aix)|
where H is the matrix that implements the Fresnel diffrac-

tion integral in Fourier space using (4) [11] and |.| gives the

element-wise magnitude of a vector. Thus, the relation be-

tween the data, yi, at the ith view and the object, x, is,

yi = |HD exp (−Aix)|+ ni (6)

where ni is the noise in data, yi, at the ith view.

Thus, the forward log-likelihood function of y given x is,

− log p(y|x) =
M∑
i=1

1

2σ2
||yi − |HD exp (−Aix)|||2 + g(y)

(7)

where σ2 is the noise variance, M is the total number of

views, and g(y) is a constant.

Next, we derive the prior log-likelihood function, log p(x).
Typically, there is a strong correlation between the refractive

index decrement, x
(R)
j , and absorption index, x

(I)
j , values of

an object [4, 5] . The transform, T , that decorrelates the real

part, x
(R)
j , and the imaginary part, x

(I)
j , of the voxel xj is

given by, [
x
(+)
j

x
(−)
j

]
=

[
1 α

1 −α

][
x
(R)
j

x
(I)
j

]
(8)

where α is the ratio of standard deviation of x
(R)
j to x

(I)
j .

In the prior model, we independently regularize the sum

component, x
(+)
j , and the difference component, x

(−)
j , of xj

using a 26−point local neighborhood based qGGMRF prior

model [12]. The prior model is given by,

R(x) =
∑

i,j∈N
ρ (Txi − Txj) (9)



where N is the set of all pairwise cliques in 3D space and

ρ(Δ) is the potential function given by,

ρ

([
Δ(+)

Δ(−)

])
=

∣∣Δ(+)/σ+

∣∣2
c+

∣∣Δ(+)/σ+

∣∣2−q +

∣∣Δ(−)/σ−
∣∣2

c+
∣∣Δ(−)/σ−

∣∣2−q

(10)

where q = 1.2, σ+, σ−, and c are qGGMRF parameters. The

decorrelating transform in (8) and the prior model in (9) can

be used to enforce prior knowledge about the object. For in-

stance, if we know that the refractive index decrement, δ, is

approximately proportional to the absorption index, β, then

we can set α = δ/β and σ−/σ+ << 1.

By substituting (7) and (9) in (5), we can formulate the

reconstruction as,

x̂ = argmin
x≥0

{
M∑
i=1

1

2σ2
||yi − |HD exp (−Aix)|||2 +R(x)

}

(11)

where − log p(x) = R(x) is the prior model.

The above form of the cost function is non-convex and

difficult to minimize directly. To simplify the problem, we

will use variable splitting using the auxiliary vectors wi =
exp(−zi) and zi = Aix, and formulate the problem as a con-

strained optimization problem of the form,

(x̂, ẑ, ŵ) = argmin
x≥0,z,w

{
1

2σ2

M∑
i=1

||yi − |HDwi|||2 +R(x)

}

subject to wi = exp(−zi) and zi = Aix ∀ i (12)

The above form of constrained optimization problem can

be solved using the augmented Lagrangian and the method of

alternate direction method of multipliers (ADMM) [8].

4. OPTIMIZATION ALGORITHM
Using ADMM [8], we can solve (12) by iteratively solving

multiple but simpler optimization problems shown in algo-

rithm (1). Here ui and vi are the scaled dual vectors, μ > 0
and ν > 0 are the augmented Lagrangian parameters, and

Kmax and Lmax are the maximum number of outer and inner

loop iterations respectively.

In algorithm (1), the optimization problem given by (13)

is solved using the algorithm in [10, 13–15]. The minimiza-

tion problem shown in (14) is separable in each element of

the vector, zi, and reduces to multiple 2-dimensional mini-

mization problems (in real and imaginary parts of zi,k) that is

solved using the Nelder-Mead simplex algorithm [16].

To solve the optimization problem in (15), we will use a

diagonal phase matrix Ωi such that |Ωi,k,k| = 1 to account

for the unknown phase of yi. Thus, we will minimize (15) by

solving the alternate optimization problem given by,(
ŵ, Ω̂

)
= argmin

w,Ω

1

2σ2

{
M∑
i=1

||yi − ΩiHDwi||2

+
ν

2

M∑
i=1

||exp(−ẑi)− wi + vi||2
}

s.t. |Ωi,k,k| = 1 (16)

Algorithm 1 RECONSTRUCTION

1: for all k in 1 to Kmax do
2: THE TOMOGRAPHIC INVERSION STEP -

x̂ ← argmin
x≥0

{
μ

2

M∑
i=1

||ẑi − ui −Aix||2 +R(x)

}

(13)

3: for all l in 1 to Lmax do
4: ESTIMATING THE COMPLEX EXPONENTIAL -

ẑ ← argmin
z

{
μ

2

M∑
i=1

||Aix̂− zi + ui||2

+
ν

2

M∑
i=1

||exp(−zi)− ŵi + vi||2
}
. (14)

5: PHASE RETRIEVAL STEP -

ŵ ← argmin
w

{
1

2σ2

M∑
i=1

||yi − |HDwi|||2

+
ν

2

M∑
i=1

||exp(−ẑi)− wi + vi||2
}
. (15)

6: vi ← vi + (exp(−ẑi)− ŵi)
7: end for
8: ui ← ui + (Aix̂− ẑi)
9: end for

To solve (16), we will alternately minimize over w and Ω till

convergence is achieved. Since (16) is quadratic in w, the

minimization over w is solved using the steepest-descent al-

gorithm [17]. The minimization over Ωi is separable in each

of its diagonal elements and reduces to the problem of com-

puting projections onto a circle with unit radius.

5. SIMULATION RESULTS
In this section, we compare CRITIR with the conventional

approach to reconstruction in the limit of the near-field ap-

proximation. Under the near-field assumption, if the width

of the smallest feature that is resolved is a, then the Fresnel

number defined as, NF = a2/(λR), is assumed to be much

larger than unity. If this assumption does not hold, it means

that even if the detector is capable of resolving a feature with

width a, it cannot be resolved by an algorithm that makes the

near-field approximation. One such widely used method in

the near-field is the Paganin’s phase retrieval method that as-

sumes that the object is composed of a single homogeneous

material embedded in a material with negligible attenuation.

Here, the phase is retrieved from the measured image at each

view of the object using Paganin’s phase retrieval [4] and the

object is reconstructed by filter back-projection [18] of the

retrieved phase images.

We generated a phantom ground-truth of size Nu ×Nv ×
Nw = 128 × 512 × 512 with a voxel width of 0.175μm.

The phantom consists of three latex spheres [4] with aver-



Fig. 1. (a) is the phantom ground-truth. (b) is the measured

image at the detector. (c) is the FBP reconstruction of Pa-

ganin’s phase retrieved images. (d) is the reconstruction us-

ing CRITIR. (e) and (f) are line plots of the refractive index

decrement and absorption index respectively through the cen-

ter of all three spheres. (a-d) correspond to the same 2D slice

along the u−axis (vertical axis) and v−axis (horizontal axis).

CRITIR accurately reconstructs the object while Paganin with

FBP results in blurry edges and artifacts.

age values of β = 2.7218 × 10−08 for the absorption and

δ = 2.6639 × 10−06 for the refractive index decrement em-

bedded in a material with negligible absorption and refrac-

tion. A slice of the phantom along the u − v axes is shown

in Fig. 1 (a). The measurement data is generated for a detec-

tor of size Nu × Nv = 32 × 128 by simulating the physics

of X-ray propagation at an energy of 3keV, object to detector

distance of R = 400mm, and γ = 0.5898μm−1 in (4). The

Table 1. Root mean square error comparison

Description
Refractive index

decrement, δ
Absorption index, β

Paganin & FBP 1.7850× 10−7 1.8100× 10−9

CRITIR 1.1705× 10−7 1.1938× 10−9

noise variance is equal to the simulated measurement value,

where we assume an average photon count of 2500 for unat-

tenuated projections. This leads to an average SNR of 35dB.

A measured image along the u − v axes is shown in Fig. 1

(b).

The absorption and refractive index decrement values of

the object are reconstructed from measurements at 128 view

angles. The reconstructions have a size of Nu ×Nv ×Nw =
32× 128× 128 and a voxel width of 0.7μm. In Fig. 1 (c-e),

we compare the reconstructions of the refractive index decre-

ment using CRITIR with the traditional approach of Paganin’s

phase retrieval followed by FBP reconstruction. A u− v slice

of the reconstruction using Paganin phase retrieval and FBP is

shown in Fig. 1 (c). For CRITIR, we used the reconstruction

obtained using Paganin and FBP as an initial estimate to avoid

converging to a local minima due to the non-convex nature of

(11). We set α = 98 and σ−/σ+ = 0.1 in the prior model

shown in (9). The regularization parameter σ+ is adjusted to

get the best subjective trade off between edge resolution and

noise reduction. A u − v slice of the reconstruction using

CRITIR is shown in Fig. 1 (d). Fig. 1 (e, f) show a line

plot of the refractive index decrement and absorption index

through the center of the three spheres. For comparison pur-

poses, the phantom line plot in Fig. 1 (e, f) is downsampled to

the reconstruction resolution. We can see that the reconstruc-

tion of edges is much sharper and more accurate with CRITIR

when compared to that with Paganin and FBP. CRITIR also

dramatically improves the overall reconstruction quality by

increasing resolution and reducing artifacts. The root mean

square error between the reconstructions and the phantom for

different algorithms is shown in table (1).

6. CONCLUSIONS

We presented a new algorithm called CRITIR that recon-

structs the complex refractive index using a physics based

model for X-ray propagation and a sparsity enforcing prior

model for the object. Unlike traditional methods, CRITIR

does not make simplifying approximations beyond the as-

sumption of Fresnel diffraction. We generated simulated data

beyond the near-field region and showed that CRITIR accu-

rately reconstructs the object while the conventional approach

results in excessive blurring of edges and reconstruction arti-

facts. CRITIR will enable a new generation of experiments

that was not possible until now due to various limitations

imposed by the conventional reconstruction methods.
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