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Abstract—Computed tomography is increasingly enabling sci-
entists to study physical processes of materials at micron scales.
The MBIR framework provides a powerful method for CT
reconstruction by incorporating both a measurement model and
prior model. Classically, the choice of prior has been limited
to models enforcing local similarity in the image data. In some
material science problems, however, much more may be known
about the underlying physical process being imaged. Moreover,
recent work in Plug-And-Play decoupling of the MBIR problem
has enabled researchers to look beyond classical prior models,
and innovations in methods of data acquisition such as interlaced
view sampling have also shown promise for imaging of dynamic
physical processes.

In this paper, we propose an MBIR framework with a physics
based prior model - namely the Cahn-Hilliard equation. The
Cahn-Hilliard equation can be used to describe the spatio-
temporal evolution of binary alloys. After formulating the MBIR
cost with Cahn-Hilliard prior, we use Plug-And-Play algorithm
with ICD optimization to minimize this cost. We apply this
method to simulated data using the interlaced-view sampling
method of data acquisition. Results show superior reconstruction
quality compared to the Filtered Back Projection. Though we
use Cahn-Hilliard equation as one instance, the method can be
easily extended to use any other physics-based prior model for
a different set of applications.

I. INTRODUCTION

Computed tomography is witnessing increasing use for
imaging of materials at micron scales, and the model based
image reconstruction(MBIR) framework has proved to be
a powerful tool for solving inverse problems in computed
tomography [1]-[3]. The MBIR framework has been suc-
cessfully applied to helical CT [4], BF electron tomography
[5] and synchrotron X-ray CT [6], producing better quality
reconstructions from fewer views and reducing noise and
artifacts.

MBIR algorithms incorporate a measurement model [7],
statistical noise model [8], and a prior model [9]. However,
the classical choice of priors to be used in the MBIR frame-
work has been under discussion recently [10]. Conventionally,
MBIR prior models have been based on local neighborhood
operations such as Markov-Random-Fields [4]. which pe-
nalize the dissimilarity between neighboring voxels using a
neighborhood based penalty function.

In contrast, some other methods which exploit non-local
patterns have also been employed for solving inverse prob-
lems. These methods include bilateral filtering [11], non-local
means [10], [12], [13], BM3D denoising [14], and k-SVD
[15].

However, in some applications, the object being imaged is
known to obey certain well-defined physical model equations.
For example, phase-field equations model the evolution in
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time and space of the phases of a material, and are typically
used to model separation of the liquid and solid phases during
the solidification of a metal. A widely used phase-field model
is known as the Cahn-Hilliard equation, which consists of a
partial differential equation in space and time that models the
evolution of the binary phases [16]. Interestingly, some earlier
work has connected phase-field models with image processing
in applications such such as segmentation, denoising [17], [18]
and image in-painting [19].

In this paper, we propose an MBIR framework for inverse
problems with a physics-based prior, based on a phase-field
model known as the Cahn-Hilliard equation. We used the
physics-based model of the Cahn-Hilliard equations to create a
prior distribution that constrains the form of the reconstruction
in space and time. This is unique since prior models are
typically ad-hoc distributions or empirically trained from an
ensemble of example data. Since this is a strong prior than
conventionally used ones, we demonstrate that this prior can
reconstruct the phase separation process using a limited set
of interlaced view samples. Thus, the method can be used
to perform a 4D reconstruction using a 3D helical manifold.
Though our method can not be applied directly to medical
imaging, there may be other appropriate physical models for
specific applications in medical imaging that can be used as
priors.

One challenge in applying such a physics-based prior for
MBIR is the difficulty in optimizing the resulting MBIR
cost function [10]. Our approach is to use the Plug-And-
Play algorithm [20] to decoupling of the forward and prior
models, thereby easing inclusion of physics based prior. We
apply our algorithm to simulated data using interlaced view
samples and demonstrate better reconstruction quality than the
Filtered Back Projection reconstruction.

II. THE CAHN-HILLIARD EQUATIONS

For a binary fluid with concentration u(r,y,t), the Cahn-
Hilliard equation is given by
% = MV? (—EZVZu + %) (1)
where M is a diffusion coefficient ( length?/time), € gives
the coefficient of gradient energy (length?) and f(u) is the
energy function [16]. Using a double-well energy function
described in literature [21], we have f(u) = u?(u — 1)? such
that f’(u) = 4u® — 6u? + 2u for our purposes. Intuitively,
0 < wu(ry,my,t) < 1 represents the local concentration of
the binary phase with, for example, v = 0 representing liquid
phase and u = 1 representing solid phase. Equation (1) can
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be simplified to the form

% = —aVtu + bV (u) 2)

where & = Me2, b= M.
We formulate the model in 3D with two spatial dimensions
and time. So the discretized version of u is given by

Unp, 5,5 = U(ZvajAzanAs) )

where A, and A; are the discretization steps in space and
time, respectively; and the discrete indices range over n €
{1,---,N:} and i,5 € {1,--- , N, }. In addition, we use u,,
to denote each N, x N, image at time n.

In order to discretize the Cahn-Hilliard equation, we first
define the operator

[Dunlij = Un,it1,j +Unim1,j+FUnij—1+Unij+1—Uni; -
Then the discretized Laplacian operator is given by
[D(un)i
(Ag)2
Using this notation, equation (1) becomes
Upt1 — Up = —aD(Duy) + bD(4ui — 6ui +2upt1) (3)

b
From this, we define the function
[H(u,0)]n =tnt1 — uy +aD(D(uy))
- b‘D(4u§L - 6“% + 2up1)

2 ~
Voulia, jn. na,) =

where a = %AS, b=

C)

where 6 = [a,b]’ is a parameter vector. The Cahn-Hilliard
equations can then be represented as
H(u,0)=0.

IT1I. MBIR WITH THE CAHN-HILLIARD PRIOR

The goal of computed tomography is to reconstruct the
attenuation coefficients from the acquired synchrotron data.
We use MBIR framework to perform this reconstruction. The
generic form of maximum a posteriori (MAP) reconstruction
is given by

i = argmin (—log p(yu, ¢) — log p(u)) . 5)

u

where y represents the vector of noisy projection measure-
ments obtained from the physical system and u encodes the
solution to the phase-field as a column vector. Then employing
a widely used X-ray transmission model [22], the first term
in (5) can be approximated as

—logp(ylu) ~ |ly — Aul|3 + h(y) -
where A is the forward projection matrix, and A is a diagonal
matrix of detector photon counts for each projection.
Using this approximation and the parameterized Cahn-
Hilliard function of (4), the MAP estimate with the Cahn-
Hilliard prior is given by

. (1 1 ||H(u,0)[]?
@ = argmin (§Hy — Au|l} +7TN§ (6)

20%
Notice that the prior term in equation (6) implies that
the MAP estimate should approximately solve the Cahn-
Hilliard equations. The accuracy of that approximation can be

controlled through the selection of the parameter og. As og
approaches 0, the Cahn-Hilliard equations are exactly solved.
But as the value of Cahn-Hilliard regularization increases,
then some approximation in the solution is allowed.

IV. PLUG-AND-PLAY WITH CAHN-HILLIARD DE-NOISING

In order to solve the reconstruction problem (6), we make
use of the variable-splitting approach described in Plug-and-
Play algorithm for Model Based Reconstruction [20]. Plug-
And-Play formulation works by splitting the state variable in
order to decouple the forward model and prior terms of MBIR
problem (5), and applying the method of Alternating Direc-
tions Method of Minimization (ADMM) on the subsequent
problem. This allows the MBIR reconstruction problem to be
split into two decoupled problems, one for the forward model
and one for the prior term.

Algorithm 1 shows the procedure for the Plug-and-Play
algorithm. Notice that step 5 requires solving the tomographic
inverse problem with simple quadratic regularization. Step 7
is denoising step that requires minimization of the following
function.

1 1 ||H(u,0)|?
=55 (llz —ull3) + E”]\(ﬁiNﬁ” ™
We minimize equation (7) as a function of u using iterative co-
ordinate descent (ICD) optimization. For each ICD iteration,
we update every voxel in u, ; ; by setting [V f(u)]n,i; = 0
and solving for u,, ; ;. Since the de-noising cost (7) is not
convex in Uy ; j, if we get multiple solutions for wu, ; ;, we
choose the one that minimizes the cost (7).

g(u7 Z79> JH7J)

Algorithm 1 Plug-And-Play with Cahn-Hilliard De-noising
procedure PNPWITHCH

1:
2 Initialize 4 < FBP(y),n + 0,0 <+ 4
3 repeat
4 U—0v—n
5: 12<—argmin%(\|y—AuH%)—i—ﬁHu—ﬁH%
u
6 V4= U+n
7 procedure DENOISEWITHCHPRIOR
8
0 < argmin g(v;0,0,0m,7) (8)
v
9: end procedure
10: n<n+(t—10)
11: until stopping criterion is met

12: end procedure

V. EXPERIMENTAL RESULTS

In order to demonstrate our method’s performance, we
apply the PNPWITHCH algorithm to image the phase sep-
aration process in a phantom alloy. We use a numerically
stable discretization of [21] that allows us to solve the Cahn-
Hilliard equation for long times. We choose the Cahn-Hilliard
parameters such that the different stages of phase separation
process take place over N; = 64 time instants of simulation.
Instead of the conventional progressive set of views, some
recent work has proposed interlaced sets of views spread
over multiple half-rotations for better quality of reconstruction
using limited set of view angles [6]. For a total of Ny angles
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Fig. 1: Illustration of interlaced views we get with K =
4, Ny =180
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Fig. 2: Reconstruction with progressive interlaced view sam-
pling using FBP and Cahn-Hilliard prior at different times.
With Ny = 64, K = 8,r = 1, the view angles used for each
reconstruction = %7’ = 8. The first row (a-c) shows the
phantom. Reconstruction using FBP is shown in second row

(d-f) and using MBIR with Cahn-Hilliard prior in third row
(g-1)

with angular range limited to 7 radians, the interlaced view
angles as a function of frame index n are

Ng nk s
0, = Kn modf) K + B, ({EJ mod K)} ﬁa

with K being the number of interlaced views, and d = 3, (c)
is the bit-reverse function which takes the binary representa-
tion of ¢ and reverses it to produce d. This bit-reverse method
has been used in literature of ordered subset methods to group
projection views [23] With Ny = 180, K = 4, we illustrate
the view angles we get using the interlaced view sampling in
Fig 1

In Fig 2, we attempt to model the phase separation as it
happens in fluid mixtures. We start with independent and
identically distributed (IID) random initial conditions and

Phantom

FBP

30 40
Time index n

(c)

Cahn-Hilliard
Prior

10 20 50

30 40
Time index n

Fig. 3: Reconstruction with progressive interlaced view sam-
pling using FBP and Cahn-Hilliard prior. (b-d) show the time
evolution of a v-axis slice of the phantom(along the red line

in (a))

show the different stages of phase coarsening, as modeled by
Cahn-Hilliard equations in (a-c) of Fig 2. We use progressive
interlaced view sampling to reconstruct this phantom data
using PNPWITHCH algorithm and compare it with Filtered
Back Projection. We acquire Ny = 64 distinct views over
every K = 8 time instants, and reconstruct at a rate of r =1
time sample per frame, such that we obtain %r = 8 views
per reconstruction. We reconstruct the phantom for N, = 64
time instants. In Fig. 3, we show the time evolution of a v-
axis slice and its reconstruction using FBP and Cahn-Hilliard
prior.

As we use only %r = 8 views per reconstruction to image
a dynamic physical process, the FBP reconstruction exhibits
bad quality as well as artifacts due to small set of views ob-
tained. However, as we only require the initial conditions and
Cahn-Hilliard parameters to completely define a Cahn-Hilliard
solution, this strong prior allows us to reconstruct the whole
sequence using only %r = 8 views per reconstruction, such
that the different stages of phase separation are accurately
reproduced.

The PNPWITHCH algorithm takes 10 iterations to con-
verge. In practice, the speed of convergence of PNPWITHCH
depends upon the number of views used for each reconstruc-
tion and the regularization coefficient op.

Although our MBIR framework with Cahn-Hilliard prior
produces almost perfect reconstruction of the phantom data,
the additional problem of estimating the Cahn-Hilliard param-
eters may also be of interest in some applications. Therefore,
we also present a first attempt to estimate ¢ from the recon-
structed object @ using 6 arg;ninﬁHH(ﬂﬂ,AsH%. We
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Simulated € |Noise std| Estimated 8
a p |deviation a b
8 1 0.0001% 7.961 0.995
0.001% 5.020 0.617
0.002% 2.524 0.296
0.003% 1.390 0.150
0.004% 0.853 0.081
0.005% 0.563 0.044
0.006% 0.398 0.022
0.007% 0.293 0.009
0.008% 0.222 0.000
0.009% 0.173 -0.007

Fig. 4: Illustration of sensitivity of ¢ estimates to noise
inx

0.0028
0.1591
our expectation. To further investigate the reason for 6 #0,
we start with = such that H(u,0) = 0. Keeping the same
discretization and scaling, we add White Gaussian noise to «
with a range of standard deviation values and find the least-
squared estimate 6 for each value of noise standard deviation.
We show the 6 estimate against each value of noise standard
deviation in Fig. 4.

We can see from this table that the least square estimate
of 6 is very sensitive to noise in w such that very small
noise variance can result in deviation of # from true 0. This
sensitivity that might be inherent from the structure of the
equation can form a challenge in estimation of Cahn-Hilliard
parameters in real data.

see that 6 = { } such that 6 # true 6, contrary to

VI. CONCLUSIONS

We have provided a framework for including physics-
based priors to inverse problems in imaging. This has been
difficult conventionally due to tight coupling of forward and
prior models in MBIR framework, resulting in difficulty in
optimization. Using Plug-And-Play to decouple them, we
have successfully applied MBIR with Cahn-Hilliard prior
to simulated alloy data, reproducing the stages of phase
separation using less data than needed with conventional
methods. Therefore, our work is the first to have successfully
done tomographic reconstruction using a physics based prior.
Moreover, the Plug-And-Play framework we developed for
the problem can be easily extended to a different prior for
a different set of applications. Our results show promise
for tomographic reconstruction in presence of physics-based
priors in binary alloys. However, the difficulty of estimating
parameters of phase-field model might pose a limitation.
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